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PREFACE 


This book is based upon the algebra section of a course entitled 
the ‘Fundamental Concepts of Mathematics” as it has evolved 
at the University of Illinois during the past forty years. Topics 
from analysis are developed and used along with those from the 
algebra. The part of the above course that is not included here is 
primarily concerned with the fundamental concepts of geometry and 
is offered as an independent unit. 

This book adopts a modern viewpoint of the algebra and the 
analysis. It recognizes a basic need for a knowledge of the funda- 
mental concepts of these subjects apart from what is gained in the 
specialized courses in each of their many subdivisions. Such a need 
is especially felt by prospective teachers of secondary mathematics, 
students preparing for specialized advanced undergraduate courses 
in mathematics, and anyone desiring a broad liberal education. 

The author and others have used this book in mimeographed form 
as a text at the advanced undergraduate-graduate level for several 
years. Most of the students have previously studied college mathe- 
matics through the calculus. However, this book has also been suc- 
cessfully used where the calculus was not a prerequisite. There is 
ample material for a course having 45 class hours. 

The development of the complex number system and the elementary 
theories of numbers, polynomials, and equations (Chapters 1-4) 
are discussed using the concepts and terminology of modern algebra. 
Chapters 5 (Determinants and Matrices) and 6 (Constructions) 
depend upon the first four chapters but are independent of each 
other. The broad scope of this book is made possible by considering 
primarily the fundamental concepts of the various subjects. These 
concepts are illustrated by numerous examples, and the theory is 
frequently extended by suitable sequences of exercises. Basically — 
this book is concerned with the fundamental concepts of higher 
mathematics (algebra and analysis) with relation to elementary 
mathematics. In this way it aims to introduce the concepts of 
higher mathematics and bring the reader to a thorough understand- 
ing of elementary mathematics. 

The author is deeply indebted to Professor E. B. Lytle, Pro- 
fessor Echo Pepper, and Professor J. H. Chanler for their part in the 
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evolution of the course on which this book is based. Professor 
Chanler has in addition used this book in mimeographed form as a 
text in her classes and offered many valuable suggestions throughout 
the preparation of the manuscript. Acknowledgments are also due 
to the constructive criticisms of many students, to Professor F. E. 
Hohn who read the manuscript, to my wife who typed the manu- 
script, and to the publishers for their cooperation and very efficient 
service. To each and all the author is sincerely grateful. 
B. E. M. 

December, 1952 
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CHAPTER 1 
OUR NUMBER SYSTEM 


Nearly everyone uses a number system daily, yet few people can 
describe a number system accurately. We shall endeavor in this 
chapter to gain an appreciation of numbers and some of the relations 
among them. The following is a presentation of one method of 
developing the three number systems that are most commonly used 
today: the rational, the real; and the complex number systems. It 
will become evident in this development that these three systems 
are related in that the real numbers include the rational, and the 
complex include the real and the rational. A few other number 
systems will be mentioned briefly. 


1-1 Sets. Numbers are frequently associated with sets of objects. 
Three men, three stones, three logs have in common a property that 
may have been first indicated by ///. We shall introduce a few 
properties of numbers in terms of sets (defined below) and cor- 
respondences between sets. Later we shall adopt a postulational 
approach as a basis for a more intensive study of numbers. 

The concept of a set, class, aggregate, ... of elements is funda- 
mental, not only in mathematics but also in daily living. For 
example, one often considers a pair of shoes, a set of golf clubs, a set 
of chessmen, a deck of cards, a set of books, a set of tires for a car, ete. 
In mathematics one might consider the set of positive integers, the 
three vertices of a triangle, the set of roots of a polynomial equation, 
the set of positive even integers less than 1000, the set of positive 
prime numbers, the totality of real numbers, etc. Formally, we shall 
paraphrase G. Cantor and define a set* S as a collection into a whole 
of distinct, perceived, or considered objects called the elements of S. 
In practice, the reader’s grasp of the full meaning and importance 
of this concept (as well as many others) will develop as extensive use 
is made of it. 


* Throughout this text new terms will be italicized when they are defined 
or first identified. , 
1 
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The numbers that primitive man first used in counting the elements 
of a set of objects are called natural numbers or positive integers. 
Technically, the positive integers are symbols. They may be written 
as /,//, ///,...351, ii, ili,...; 1, 2,3,...; or in many other ways. 
There also exist many other symbols, such as 0, —3, V2, and 7, 
which we shall later define to be numbers, i.e., we shall extend the 
meaning of ‘‘number” to include symbols that are not positive 
integers. First, however, we shall consider some of the basic proper- 
ties of positive integers. 

When the positive integers are used to count the elements of a set, 
they are sometimes called ordinal numbers; when they are used to 
designate the number of elements in a set, they are called cardinal 
numbers. We shall consider the concept of a cardinal number in 
terms of the common properties of the sets in any class of sets that 
have the same cardinal number. 

The common property of the sets of three men, three stones, three 
logs may have been first observed when each man had a stone in his 
hand or sat on a log. This common property is most easily under- 
stood in terms of one-to-one correspondences, another fundamental 
concept of mathematics. There is a one-to-one correspondence 
between the elements of two sets A, B whenever each element of the 
set A corresponds to exactly one element of the set B, and each 
element of Bis the correspondent of exactly one element of A. The 
cardinal number 6 of any set B designates a common property of all 
sets A, such that the elements of each set A, may be placed in one- 
to-one correspondence with the elements of B. 

We may associate the same number, 3, with each of the sets of men, 
stones, and logs if and only if we may count the elements of each 
set using the integers 1, 2, 3, i.e., if there is a one-to-one correspond- 
ence between each set and the set of positive integers 1, 2,3. Thus 
the number 3 represents a common property of the sets of three 
integers, three men, three stones, three logs, and any other set of 
elements that can be placed in one-to-one correspondence with any 
one of these sets. In other words, all sets that can be placed in 
one-to-one correspondence with the set 1, 2,3 have a common 
property that is designated by the cardinal number 3. In this sense 
the cardinal number 3 denotes an arbitrary set of this class of sets. 
This concept and that of one-to-one correspondences between sets 
form the basis for our discussion of properties of cardinal numbers. 
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EXERCISES 


1. Give or describe two sets of elements having cardinal number 4 and 
indicate how a one-to-one correspondence may be obtained between them. 

2. Repeat Exercise 1 using a different pair of sets having cardinal number 4. 

3. Repeat Exercise 1 for the cardinal number 10. 

4. Repeat Exercise 1 for the cardinal number 20. 


1-2 Cardinal numbers. If for a given set of elements S there exists 
a positive integer N such that the elements of S may be placed in 
one-to-one correspondence with the set of positive integers 1,2,..., N, 
we say that S is a finite set with (finite) cardinal number N. If there 
does not exist a positive integer N with this property, and if S has 
at least one element, we say that S is an infinite set. The cardinal 
number of any finite set may be obtained by counting the elements 
of the set, i.e., it corresponds to the greatest ordinal number used in 
counting the elements of the set. The concept of a cardinal number 
as an arbitrary representative of a class of sets makes it possible to 
associate transfinite cardinal numbers with infinite sets (Section 
1-18). 

Comparisons between cardinal numbers must agree with the 
corresponding comparisons between the sets of elements represented 
by the cardinal numbers. Accordingly, the cardinal numbers a, b 
associated with sets A, B are equal (written a = b) and the sets are 
said to be equivalent if there exists a one-to-one correspondence 
between the elements of the two sets. The cardinal number a is 
less than the cardinal number b (written a < b) and b is greater than a 
(written b > a) if after associating each element of A with an element 
of B (one-to-one) there remains at least one element of B that ‘has 
not been associated with an element of A, and there does not exist 
a one-to-one correspondence between the elements of B and the 
elements of A. The second condition is superfluous in the case of 
finite sets but necessary for infinite sets. For example, if both of the 
sets A, B consist of the set of all positive integers n, there exists 
the one-to-one correspondence (n to n) of each integer with itself, 
and the set A has the same cardinal number as the set B. However, 
there also exists the one-to-one correspondence (n to 2n) of all the 
integers in A with the even integers in B. In this correspondence 
between the infinite sets there remain elements of B (the odd integers) 
that have not been associated with elements of A. We shall consider 
this problem in more detail in our discussion of transfinite cardinal 
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numbers (Section 1-13). For an example in the case of finite sets, 
let A be the set of students in a class and B the set of chairs in the 
classroom. If each student has a chair and each chair is occupied by 
a student, then a=. If each student has a chair and at least one 
chair is unoccupied, then a < b. If each chair is occupied and at 
least one student does not have a chair, then a > b. 

A set of elements B is called a subset of a set A if each element of B 
is an element of A, a proper subset if it is a subset and there is at least 
one element of A that is not an element of B. The set that does not 
contain any element is called the null set or empty set and is con- 
sidered a subset of every set. Using this terminology, a = b if A is 
equivalent to a subset. of B and B is equivalent to a subset of A; 
@ < bif A is equivalent to a proper subset of B and B is not equiva- 
lent to any subset of A. Given any two finite sets 4, B with cardinal 
numbers a,b, we may compare the cardinal numbers using the 
subsets 1,2,...,a@ and 1,2,...,b of the set of positive integers. 
Let C be the set 1, 2,..., c of positive integers that are in both these 
subsets. If c= a and c#b, thena<b. If c=aandc=b, then 
a=b. Ife=bandc#a, then 6b <a. Thus we have proved that 
for any two finite sets A, B with cardinal numbers a, b exactly one 
of the relations a < b, a= b, a > b must hold. 

’ The above example of students may be extended to illustrate the 
addition of cardinal numbers. Let G be the set of girls in the class, 
B the set of boys, C the set of chairs, and g, b, c the respective cardinal 
numbers of these sets. If each student has a chair and each chair is 
occupied by a student, then c=g+b. In general, given sets 
A, B,C, where A and B have no elements in common (i.e., the sets A 
and B are mutually exclusive), we write a+b =c when there is a 
one-to-one correspondence between the elements of C and the totality 
of elements of A and B;i.e., C is equivalent to A + B where addition 
of sets is understood to be in a set-theoretic (totality of elements) 
sense. Thus the addition of any two cardinal numbers may be 
easily understood in terms of one-to-one correspondences. Multipli- 
cation may also be defined for cardinal numbers. Subtraction and 
division may be defined only in special cases. For example, we may 
write c — b = a if and only if there exists a cardinal number a such 
that c=a-+ b. 
The product of two cardinal numbers, like the product of two 
positive integers, may be expressed using the concept of successive 
} addition: l-a=a, 2-a=a+a, 3-a=a+a+a,.... If the 
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number of boys is equal to the number of girls in the class discussed | 
above, then g = b and c=b+b=2-b6. In this case, the product’ 
ab = 2b is the cardinal number of a set ( equivalent to the set- 
theoretic sum of the set C, of chairs occupied by the girls and the set 
C, of chairs occupied by the boys. In general, we write c = ab 
whenever C is equivalent to a set-theoretic sum of mutually exclusive 
sets Ci, C2,...,Ca; each C; is equivalent to B, and there exists a 
one-to-one correspondence (which we have indicated by the sub- 
scripts) between the elements of A and the set of sets C;. In the 
above example C is equivalent to B+ G, B is equivalent to G, and 
there exists a one-to-one correspondence between the elements of A, 
say 41, d2, and the set consisting of the two elements B,G. We may 
also write c/b = a whenever c = ab. 

The above four rational operations (addition, subtraction, multipli- 
cation, division) will be considered extensively throughout this text. 
In the case of cardinal numbers we have seen that the sum of any 
two cardinal numbers is a cardinal n he difference between 
two cardinal numbers is a cardinal number whenever it. is defined, 


the product of any two cardinal bers is a cardinal number, and s 
re auotient of two cardinal numbers is a cardinal number whenever 
it is defined. Furthermore, our definitions are sufficient to enable us* 
se ) 
to prové (a) that cardinal numbers satisfy the usual order relations | 
for positive integers (Exercises 7 and 8), and (b) that addition | 
(Exercise 9) and multiplication (Exercise 10) of cardinal numbers 
have the basic properties that we shall expect for addition and multi- 
plication of positive integers (Section 1-5). 

Before discussing the properties of positive integers it appears 
desirable to discuss briefly the words “operation” and “relation.” 
Given any two elements a, b of a set S, we often associate with them 
other elements such as a + b, a — 6, a- b, a/b of S. Such operations 
are called Binary operations in S. In general, a set S is closed under 
a binary operation ©, and the operation is uniquely defined over the 
set S if for all elements a, b in S the element a ® bis a unique element 
of S. The binary operations of addition and multiplication have 
been defined over the set of cardinal numbers. 

We may also compare two elements a,b ofaset S. For example, 

a >b and a=b indicate comparisons or binary relations among 
elements of S. A binary relation © is defined over a set S if for 
every ordered pair (a, 6) of elements of S it can be determined 
whether or not the relation holds. We shall assume that any binary 
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relation must either hold or not hold. Basically, we shall assume 
that given any two numbers a, b, exactly one of the relations a = b, 
a~b must hold. Throughout this text we shall be concerned with 
binary operations and binary relations. In general, the set S will 
be specified. The set S might be a particular set of numbers or a 
set of polynomials in certain specified variables with coefficients 
from a particular set of numbers. We shall endeavor to specify or 
characterize each relation used in terms of its basic properties, i.e., 
we shall state properties of the relation such that all statements 
involving the relation will hold for all relations having these proper- 
ties. 

The binary operations of addition and multiplication will be 
treated in the manner described above, i.e., we shall endeavor to 
characterize these operations by means of their basic properties. 
Accordingly, the development of our number system considered in 
this chapter is essentially a consideration of the basic properties 
of equivalence relations, positive integers, addition, multiplication, 
order relations, inverse numbers, inverse operations, positive rational 
numbers, negative numbers, real numbers, and complex numbers. 
The order of the topics in this development follows closely that in 
the historical development of our number system. The postulational 
approach represents a comparatively recent mathematical formaliza- 
tion of the subject that emphasizes the fundamental concepts upon 
which algebra is based [10; 221-232].* The approach from the 
theory of sets is also comparatively recent. It is discussed in [28]. 
A nontechnical discussion of the development of the number concept 
with many historical anecdotes may be found in [17]. 


EXERCISES 


1. Use sets of elements to give an example of the addition of cardinal 


numbers. 

2. Use sets of elements to give an example of the subtraction of cardinal 
numbers. 

3. Is a — b defined for all cardinal numbers? Explain. 

4. Give an example of sets A, B satisfying each of the following: (a) a = 6, 
(b) a = 2b, (c) a = 4b, (d)a <b. 

5. Give an example of sets A, B satisfying each of the following: (a) a — b 
is defined, (b) a — 6 is not. defined, (c) a/b is defined, (d) a/6 is not defined. 


* The symbol [10; 221-232] is used to refer to pages 221-232 of reference 
number 10 in the list of references at the end of this book. 
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6. Using your knowledge of the integers, indicate a one-to-one cor- 
respondence between the positive integers and the (a) positive even integers, 
(b) negative integers, (c) positive integral multiples of ten, (d) positive 
integral powers of two. 

7. Prove that for any cardinal numbers a, b, c (a) a < band b <c imply 
a<c, (b) a <b implies a +¢ <b +e, (c) a <b implies ac < be. 

8. Define a 2 b for arbitrary cardinal numbers a, } and repeat Exercise 7 
for the relation =. 

9. Prove that for any cardinal numbers a, b,c (a) a+ 6 is a unique 
cardinal number, (b) a + 6 = 6 +, (c) (a+ b)+e=at+ (6+). 

10. Prove that for any cardinal numbers a, b, c (a) ab is a unique cardinal 
number, (b) ab = ba, (c) (ab)e = a(be), (d) (a + d)c = ae + be. 


1-3 Equivalence relations. Any relation having the three prop- 
erties: 


reflexive, a = a, 
symmetric, a = b implies b = a, 
transitive, a = b and b =c imply a =c, 
is called an equivalence relation. The equivalence of sets and there- 


fore the equality of cardinal numbers as defined in Section 1-2 can 
be proved to be an equivalence re- 


lation as follows. It is reflexive, Pe aeeaes ves 
since the elements of any set may ¢2~~_,-* b c 
. ea 1 ao 62 
be placed in one-to-one correspond- * ae bs ee. C1 
ence with themselves. It is sym- ° 
Fie. 1-1 


metric, since any one-to-one cor- 
respondence between the elements of a set A and the elements of 
a set B may also be considered as a one-to-one correspondence 
between the elements of the set B and those of the set A. Finally, 
it is transitive, since a one-to-one correspondence between the 
elements of a set A and those of a set B and a second one-to-one 
correspondence between the elements of B and those of a set C 
give rise to a one-to-one correspondence between the elements of 
A and those of C. For example, in the case of finite sets, if we 
designate the corresponding elements of A, B,C by a, bj, ¢; respec- 
tively, we obtain correspondences similar to those indicated in 
Fig. 1-1. 

One can also prove under the usual definitions that “identity” 
(=), “congruence” (2) of geometric figures, and “similarity” 
(~) of geometric figures are equivalence relations. Thus each of 
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the symbols =, =, &, ~ represents “equals” in a well-defined 
mathematical sense. We now use the equivalence relation = in a 
characterization of the positive integers by means of Peano’s postu- 
lates. As indicated in Section 1-2, we assume that given any two 
numbers a, b exactly one of the relations a = b, a ~ b must hold. 


EXERCISES 


1. Is < an equivalence relation? Explain. 

2. Prove that similarity of figures in plane geometry is an equivalence 
relation. 

3. Is ~ an equivalence relation? Explain. 

4. State which of the following relations among students are equivalence 
relations: (a) being of the same age, e.g., Ruth is the same age as John, 
(b) being older, (c) being at least as old as, (d) being of the same weight, 
(e) being of different weights, (f) making better grades, (g) having any given 
characteristic in common, (h) not having a given characteristic in common. 

5. Is the property of being different an equivalence relation among people? 
Explain. 

6. Give an example of a relation that is transitive but neither reflexive 
nor symmetric. 

7. Give an example of a relation that is reflexive and transitive but not 
symmetric. 

8. Give an example of a relation that is symmetric but neither reflexive 
nor transitive. 

9. Prove that, considered as a set of elements, the set of positive integers 
is equivalent to the set of positive integral powers of ten. 

10. Illustrate the equivalence between the set of points on a line segment 
one unit long and the set of points on a line segment ten units long. 

11. Illustrate the equivalence between the set of points on a line and the 
set of points on a circle with one point removed. 

12. Illustrate the equivalence between the set of points on a plane and 
the set of points on a sphere with one point removed. 


1-4 Peano’s postulates. We now start our discussion of a logical 
development of our number system. In this section we shall first 
state five properties that may be used to characterize the positive 
integers, then assume that the positive integers have these properties 
(i.e., take these properties as postulates for the development of our 
number system), and finally use one of the postulates to obtain a 
formal procedure for proving that a relation holds for all positive 
integers. The following five statements are known as Peano’s 
postulates: 
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(i) 1 is a positive integer. 
(ii) Every positive integer a has a unique positive integer at as 
its successor. 
(iii) No positive integer has 1 as its successor. 
(iv) If a+ = bt, then a = b. 
(v) Every set of positive integers that contains 1 and the succes- 
sor of every positive integer in the set contains all positive integers, 


Postulate (v) is sometimes called the principle of complete induc- 
tion. It provides a basis for the principle of mathematical induction, 
Since every positive integer a has a successor a*, there is no largest 
positive integer and it is not possible to verify any relation for each 
and every positive integer separately. Accordingly, we need to use 
the principle of complete induction to prove that a relation or proposi- 
tion is valid for all positive integers n. In particular, we consider 
the set S of positive integers for which the proposition holds (is valid) 
If 1 is in the set S and, for each positive integer k in S, the integer 
k+ =k +1 ig also in S, then by the principle of complete induction 
all positive integers are in the set S, i.e., the proposition is valid for 
all positive integers. Formally, we have the principle of mathe- 
matical induction: 

If a proposition P(n) is defined for all positive integral values of n 

m™m such a way that P(1) is valid and the validity of P(k) implies 

that of P(k+1) for an arbitrary positive integer k, then P(n) is 

valid for all positive integral values of n. 


We digress here and consider an example of this principle, even 
though technically some of the operations and symbols, such as n2 
have not yet been defined. Suppose the proposition P(n) is 

1+3+5+---+ (Qn-1) =n? 
For n sid we have P(1): 1 = 1, which is valid. Next we let k be 
any positive integer such that P(k) is valid, i.e., 
1+3+5+--+-+ (2k-1) =k, 
and, by adding 2k+1 to both sides of this equati 
validity of P(k + 1): ae ent 
1+3+---+ (2k - 1) + (2k + 1) = k® + (2k + 1) = (k+1)2. 
Then, by the principle of mathematical induction, the above proposi- 
tion P(n) is valid for all positive integral values of n. Other examples 


of the use of this principle may be found in the following set of 
exercises, 
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EXERCISES 


Use Peano’s postulates to prove the statements in Exercises 1-3; use the 
principle of mathematical induction to prove the relations in Exercises 4-9. 


1. Ifa ~ b, then at # bt. 

2. at #a, 

3. Every positive integer a ~ 1 is of the form b+, where 6 is a positive 
integer. 


he eats aera ean eee 
5.3 +6+94---+8n = MOTD, 


1 1 
ERR pe = MAF VOW FD) 
. zc — y is a factor of 2" — y* where n is any positive integer. 
xz — y™ is divisible by x + y where n is any positive integer. 
. om — y™ is divisible by x” — y™ where m and n are any positive 
integers. 


OOM 


1-5 Addition and multiplication. Peano’s postulates are not 
sufficient to define addition and multiplication explicitly, but they 
may be used to prove that each of these operations may be defined 
in exactly one way to satisfy certain conditions. For example, it 
can be proved [31; 4-5] that given any two positive integers a, b, 
a positive integer a + b can be defined in exactly one way, so that 


at=at+l1 
for every positive integer a, and 
a+b+=(a+b)+ 


for every pair of positive integers a,b. These two properties of 
addition and Peano’s postulates may then be used to prove that 
addition of positive integers is unique, associative, and commutative, 
Le., 
(i) if a and b are positive integers, there exists a unique posi- 
tive integer c such that a+b =e, 
Gi) (@+6)+c=a+ (b+0), and 
(iit) at+b=b+a. 
We shall indicate the procedures used to prove these properties. 
A thorough discussion of this subject may be found in [31; 3-8]. 
We first prove that a+ b is unique for all positive integers a, b. 
Let a be an arbitrary but fixed positive integer, and S the set of 
positive integers 6 such that a+b is a uniquely defined positive 
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integer. From the definition and Peano’s second postulate, 1 is in 
S, since at = a+ 1 is a uniquely defined positive integer. If b is 
in S, then (a+ 6)* is uniquely defined (Peano’s second postulate), 
and b+ is in S since a+ b+ = (a+5)t, using the second property 
in the definition of addition. Thus S contains all positive integers, and 
a+ bisa uniquely defined positive integer for all positive integers a, b. 

The proof that addition is associative is similarly obtained (Exer- 
cise 1 below) by showing that the set FR of positive integers ¢ such 
that (a+ b) ++¢ = a+ (b+) contains all positive integers. 

The proof that addition is commutative employs the principle of 
complete induction twice. We first prove that a+1=1+a for 
all positive integers a, and then that a+b = b+ a for all positive 
integers a,b. Let T be the set of positive integers a such that 
a+1l=1+4a. The integer 1 is in T since 1+1=1+1. If a is 
in T, then a+ 1 = 1+ a@ and, since the proof for the associativity of 
addition has been indicated, we may apply the second property 
in the definition of addition twice and obtain at+1=(a+1)4+1 
=a+(1+1)=a+l=(a41)t=(1+a)+=1+at. Thus? 
contains a* and, by the principle of complete induction, the set T 
contains all positive integers. Finally, let @ be an arbitrary fixed 
positive integer, and U be the set of positive integers b such that 
a+b=b-+a, We have just proved that 1 is in U. For any 
positive integer b in U, we have a+ b+ =a+ (b+1) = (a+b) +1 
=l+(a+b)=1+(6+a)=(1+b)+a= (6+1)+a=bt+a, 
whence U contains all positive integers (Exercise 2) and addition 
has been proved to be commutative. 

We have now used Peano’s postulates and the two properties of 
addition in the definition of addition to prove that the addition of 
two positive integers is unique, associative, and commutative. All 
five addition properties will be extensively used in the development of 
our number system. For example, we may now prove the cancellation 
law for addition, ie., that a+b =a-+c implies b = (Exercise 3). 

Our treatment of multiplication is very similar to that of addition. 
It can be proved [31; 14-15] that, given any two positive integers 
a, b, a positive integer written a- b, also frequently written ab, can 
be defined in exactly one way, such that 


a-l=a 
for every positive integer a, and 
a-b+=ab+a 
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for every pair of positive integers a,b. These two properties of 
multiplication and Peano’s postulates may now be used to prove that 
multiplication of positive integers is unique (Exercise 6), distributive 
with respect to addition (Exercises 8 and 11), associative (Exercise 9), 
and commutative (Exercises 7 and 10). We can also prove the 
cancellation law for multiplication, i.e., that ab = ac implies b =c 
for arbitrary positive integers a, b,c (Exercise 12). An integer d 
is said to have a factor or divisor b if and only if there exists an integer 
a such that d=ab. The cancellation law for multiplication thus 
states that if d = ab and d = ac, then b = c. 

We define the exponential notation a? for arbitrary positive integers 
a,b to indicate the product aaa...a of b factors a. Under this 
definition a>. a*=a’t*, qa=d implies a=? (Exercise 16), and 
a’ = d? implies a = d (Exercise 17), where a, b, d are arbitrary positive 
integers. 

The definition a - 1 = a and the cancellation law for multiplication 
imply that if ab =a, then b=1. The property a-l=1-a=a 
of the positive integer 1 (Exercise 7) is indicated by stating that 1 
is unity, the identity for multiplication. In general, the identity 
with respect to an operation is an element that, when applied to any 
number of a given set under the given operation, leaves that number 
unchanged. We shall be particularly concerned with the identity 
elements for addition and multiplication. 

If there existed a positive integer b such that a+b =a, then we 
would have (a+ b)+ = at, a+6+=a+1, and b+ =1, contrary to 
Peano’s third postulate. Thus there is no identity for addition in the 
set of positive integers. Accordingly, we now extend the concept 
of ‘“‘number” to include a symbol that is not a positive integer by 
defining a new symbol 0, called zero, such that a + 0 = aanda-0 =0, 
where a is any positive integer or zero. We shall call zero an integer, 
but it is not a positive integer. Then (Exercise 18) except for the 
cancellation law for multiplication, the basic properties of addition 
and multiplication hold for the set of numbers consisting of the 
positive integers and zerc, i.e., the set of nonnegative integers. 

The property @-0=0 for any nonnegative integer a and the 
principle of mathematical induction may be used to prove that 0° = 0 
for any positive integer b (Exercise 15). The symbol 0° is undefined, 


i.e., 1t does not have a specific meaning in our number system. For’ 


any positive integer a we define a! = a and a° = 1 in order to retain 
the property aac = a>+e¢ for all nonnegative integers b, c. 
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The equality, addition, and multiplication of positive integers 
have now been considered. If a and b are positive integers, then 
a=c,a+b=d, and a-b =e are also positive integers, i.e., the set 
of positive integers is closed (Section 1-2) under these operations. 
In other words, the equations a = z,a+b = y, and a- b = z all have 
solutions in the set of positive integers. We have already. seen that 
the solution of a+ z = a is not a positive integer. Before defining 
new numbers to include the solutions of az = b and a+2 = b, we 
shall consider a special case of the second problem. In particular, 
we shall consider an ordering a < b of the positive integers such that 
a <b and b > a whenever a+z=b has a solution in the set of 
positive integers. 


EXERCISES 


1. Prove that the addition of positive integers is associative. 
2. In the above proof that addition is commutative, give a reason for 
each step in the proof that U contains all positive integers. 
3. Prove that a + b = a +c implies} = ¢ for arbitrary positive integers 
a, b, ¢. 
4. Prove that if a = b, then at = b+ anda+c=b +c, where cis any 
positive integer. 
5. Prove that a = bande = dimplya+e=b+4+4d. 
6. Prove that ab is a unique positive integer for arbitrary positive 
integers a, b. 
7. Prove that a- 1 = 1-a@ = a for all positive integers a. 
8. Prove that multiplication is left distributive with respect to addition, 
ie., a(b +c) = ab + ac. 
9. Prove that multiplication is associative, i.e., (ab)e = a(bc). 
10. Prove that multiplication is commutative, i.e., ab = ba. 
11. Prove that multiplication is distributive with respect to addition, 
ie., a(b +c) = ab + ae = (64 oa. 
12. Prove that ab = ac implies b = c for arbitrary positive integers a, b, c. 
13. Prove that a = b implies ac = bc, where c is any positive integer. 
14. Prove that a = b and c = d imply ac = bd. 
15. Prove that 0° = 0 for any positive integer b. 
16. Prove that a = d implies a> = d’, where a,b, d are arbitrary non- 
negative integers and 6 is any positive integer. 
17. Prove that a’ = d° implies a = d, where a, d are arbitrary nonnegative 
integers and b is any positive integer. 
18. Consider the set of nonnegative integers and prove that addition is 
unique, associative, and commutative, and that multiplication is unique, 
associative, commutative, and satisfies the distributive law. 
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1-6 Order relations. Cardinal numbers have been ordered using 
essentially the definition that a < b if and only if there exists a 
cardinal number c such that a+ c = b (Section 1-2). We now define 
a similar ordering for the set of positive integers and zero, i.e., for 
the set of nonnegative integers. Given any two nonnegative integers 
a, b, we say that a is less than b (a < b) and b is greater than a (b > a) 
if and only if there exists a positive integer c such that a+c=b. 
Then 0 < 6 for every positive integer b (Exercise 1), and 1 < b for 
every positive integer b ¥ 1 (Exercise 2). 

Given any two nonnegative integers a,b, we may now consider 
three binary relations a < b,a=6,a>b. Let T be the set of non- 
negative integers a such that exactly one of the relations a < b, a = b, 
a> b holds for every nonnegative integer b. As mentioned in 
Section 1-3, we shall assume that given any two integers a, b, exactly 
one of the relations a = b, a~b holds. For a=0 we have 0=b 
when 6 =0 and 0 < b when #0. For a=1 we have b <1 if 
b=0,1<0)d if }#¥0andb#1. For any integer a in T we have 
b<atifb<aorb=a, b=at ifa<banda+1=b, a <b if 
a<band at+b. Thus, using the principle of mathematical in- 
duction, all nonnegative integers are in the set T. In other words, 
given any two nonnegative integers a, b, exactly one of the relations 
a<b,a=b,a> bis valid. 

The above definition of a < 6 for nonnegative integers will be used 
to define a < 6 for positive rational numbers (Section 1-8), for negative 
numbers (Section 1-9), and for real numbers (Section 1-11). The or- 
dering of the real numbers is easily visualized in terms of the one-to-one 
correspondence between the set of real numbers and the set of points on 
a line in ordinary Euclidean geometry. This one-to-one correspond- 
ence is indicated by the Cantor-Dedekind Axiom (Section 1-12). It 
also provides a basis for the concept of a linearly ordered set. 

A set of elements is linearly ordered if for arbitrary elements a, b 
in the set: 


(i) a ¥ b implies a < b orb < a, 
(ii) a < b implies a # b, and 
(iii) a < band b < cimply a < . 


The proof that the set of nonnegative integers is linearly ordered 
is left as an exercise for the reader (Exercise 3). It can also be proved 
(Exercise 4) that exactly one of the relations a < b, a = b, a > b must 
hold if a and b are elements of any linearly ordered set. 
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The relation < has several additional properties when a, b, c, d 
are arbitrary nonnegative integers. For example, 
(iv) a < bimpliesa+e < b+e, 
(v) a<bandc < dimplya+ec < b+4d, 
(vi) 0 < cand a < b imply ac < be, 
(vii) a < band c < d imply ac < bd, 
(viii) 1 < aand b #0 imply 1 < a, 
(ix) d ~ 0 and a < b imply a? < bé, 
(x) a < band 1 < d imply d* < d?, and 
(xi) a < band 1 <c < d imply e < @. 
The proofs of these properties for nonnegative integers are given 
as an exercise (Exercise 5). We shall consider the validity and 
necessary modification of these properties as our concept of number 
is extended and the binary relations = and < are defined for positive 
rational numbers, negative numbers, and real numbers. 


EXERCISES 


1. Prove 0 < 6 for every positive integer b. 

2. Prove 1 < 6 for every positive integer b ¥ 1. 

3. Prove that the set of nonnegative integers is linearly ordered. 

4. Prove that exactly one of the relations a < b, a = b, a > b must hold 
if a, b are elements of a linearly ordered set. 

5. Prove properties (iv) to (xi) of the relation < for nonnegative integers. 

6. A set of elements is said to be well ordered if every nonempty subset (i.e., 
every subset that contains at least one element) has a first element. Prove 
that the set of nonnegative integers is well ordered, i.e., prove that if a subset 
of the nonnegative integers contains at least one element, then it contains an 
element 6 such that 6 S n for every element 7 of the subset. 


1-7 Inverses. We shall use the basic properties of previously 
considered relations and operations to extend our set of numbers and 
operations. This will be done by introducing “inverse numbers”’ 
and ‘inverse operations.”’” The inverse of a number n must be 
considered with reference to a binary operation (Section 1-2) such as 
addition or multiplication.. The numbers 2 and 3 are said to be 
inverse to each other under multiplication, since 2- (3) = 1 and 1 
is the identity for multiplication (Section 1-5). Also, since 2 + (— 2) 
= 0, we say that 2 and — 2 are inverses under addition. In general, 
two numbers a, a’ are said to be inverse elements under an arbitrary 
operation © with identity element p if and only if a @ a’ = p. 
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The adjective “inverse’”’ may also be applied to binary operations. 
Two operations may be called inverse operations if they are opposite 
in effect, that is, if their successive application with the same number 
leaves the original number unchanged. For example, (5+ 2) ~ 2 
= 5 and also (5-2)+2=5. Accordingly, we shall say that sub- 
traction is the inverse of addition and division is the inverse of multi- 
plication. In general, two binary operations ® and © are said to 
be inverse operations if and only if (a ® b) © b = a, where a and b 
are arbitrary elements of some set of elements over which the opera- 
tions are defined. We use this relationship and the property that 
for b #0, ab = cb if and only if a = ¢ (Exercises 12 and 13, Section 
1-5) to define division. We write a+b=c if and only if a= be. 
Similarly, for subtraction we write a—b=c if and only ifa=b+c 
(see Exercises 3 and 4, Section 1-5). 

The relationships among inverse numbers and inverse operations 
will also be useful in our development of a number system. For 
example, 5—- 2=5+ (— 2) and 5+2=5- (4). In general, given 
any element b and inverse elements a, a’ under an arbitrary opera- 
tion © with inverse © such that the operations are both defined for 
the given elements, we have the relationship 6 ® a = b © a’. 

The four rational operations, addition, subtraction, multiplication, 
and division have now been introduced. Addition and multiplica- 
tion are governed by the properties stated for them in Section 1-5; 
subtraction and division (excluding division by zero) have been 
defined as the inverses of addition and multiplication respectively. 
We may also consider a short form of repeated multiplication, 
namely, involution (the raising of a quantity to a given power), 
together with its inverse operation evolution (the extraction of roots). 
The need for defining new symbols as numbers, i.e., for gradually 
expanding the set of elements under consideration, can be seen in 
terms of these operations. The set of positive integers is closed 
under addition, multiplication, and involution. Positive rational 
numbers are needed when division is considered ; positive and negative 
rational numbers and zero when division and subtraction are con- 
sidered. A still larger set of numbers is needed when evolution is 
considered. Addition, subtraction, multiplication, division, involu- 
tion, and evolution can be defined for positive integers in the set of 
real numbers. We shall consider the set of complex numbers in 
order to obtain a set of numbers such that these six operations may 
be defined for all nonzero elements of the set (instead of just for the 
positive integers). 
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Let us now return from the above perspective view of our number 
system to the set of positive integers. The set of positive integers 
is closed under addition and multiplication. It is not closed under 
subtraction and division. From a practical viewpoint we may use 
the positive integers for counting objects or comparing finite sets of 
objects. We do not yet have numbers to represent such things as, 
for example, the portion one person receives when three apples are 
divided equally among six people, or the temperature relative to 
that at which water freezes. We must, therefore, extend our set of 
numbers to include fractions (Section 1-8) and signed or directed 
numbers (Section 1-9). That is, we need inverse numbers for the 
positive integers under multiplication and addition, along with 
numbers to represent sums of these new numbers. 


EXERCISES 
Prove each of the following for arbitrary nonnegative integers q, r, 8, b: 
1.r<s<timpliest—s<ét—r, 


2.r<s<timpliess—r<t—r. 
3.q¢g<r<s<itimpliess—r<t—q. 


1-8 Positive rational numbers. The inverse number under mul- 
tiplication of the positive integer b is defined to be a number b’ sat- 
isfying the relation bb’= 1. We say that b’ = 1/b is the solution or 
root of the equation bz = 1. It is also called the zero of the poly- 
nomial br - 1. We now define a new set of numbers, the positive 
rational numbers, so that we may solve equations of the form bz = a 
for any positive integers a and 6. These numbers may be represented 
by pairs a/b of positive integers with the following properties: 


(i) ; = ; if and only if ad = be, 


(iv) : < ‘ if and only if abd? < bcd. 


The condition abd? < b’cd in (iv) may be stated in the form ad < be 
whenever bd is positive. The form abd? < b’cd is used here since it 
will remain valid when our set of numbers is extended (Section 1-9) 
to include negative numbers. 
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Positive rational numbers of the form a/1 are identified with the 
integers a. Technically, the set of positive integers is isomorphic 
to the set of positive rational numbers of the form a/1, ie., there 
exists a one-to-one correspondence of a/1 to a that is preserved 
under addition and multiplication [a/1+ 5/1 corresponds to a+ b 
and (a/1)(b/1) corresponds to ab]. This particular isomorphism 
also preserves order relations (since a/1 < 6/1 if and only if a < b) 
and is called an order-isomorphism. 

Equal pairs of integers as specified in (i) above are said to represent 
the same rational number. In the set of all pairs of integers that 
are equal to a given pair, there exists one pair, say a/b, such that if 
r/sis any other pair in the set, then r = ta and s = tb for some positive 
integer t. A formal proof of the existence of the pair a/b may be 
given (Exercise 16), using the fact that the set of positive integers is 
well ordered (Exercise 6, Section 1-6). The pair a/b is said to be 
the reduced form of the given rational number. 

The above definitions enable us to prove that for positive rational 
numbers, addition is unique, associative, and commutative, and that 
multiplication is unique, associative, commutative, and satisfies 
the distributive law, i.e., addition and multiplication have the same 
basic properties (Section 1-5) in the set of positive rational numbers 
as in the set of positive integers. For example, the sum in (ii) above 
is unique, since ad-+ be and bd are unique for arbitrary positive 
integers a, b, c,d. Similarly, from 


ota" bb db 
addition is commutative. The remaining proofs are given as exer- 
cises at the end of this section. 

If e and f are positive rational numbers, then, as in the case of 
positive integers, e — f = g is defined as a positive rational number 
if and only if there exists a positive rational number g such that 
e=f+g. Similarly, e/f = h is defined as a positive rational number 
if and only if there exists a positive rational number A such that 
e=fh. The number g exists if and only if f < e [see Exercise 5(a)]; 
the number h always exists (Exercise 6). Thus pairs e/f of positive 
rational numbers are themselves positive rational numbers and 
nothing new can be obtained by considering in this way pairs of 
rational numbers instead of pairs of integers. The property [Exer- 
cise 5(b)] that for any two positive rational numbers e, f satisfying 
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e <f there exists a positive rational number r satisfying e <r < f 
is indicated by saying that the positive rational numbers are dense, 
i.e., between any two distinct positive rational numbers there exists 
a third positive rational number. The positive integers are not 
dense. 

The symbol a has been defined (Section 1-5), where a and b are 
nonnegative integers and at least one is different from zero. The 
symbol r*, where r is any positive rational number and 6 is any non- 
negative integer, may be defined exactly as in the case of integers, 
i.e., 7° = 1 and r* for any positive integer b indicates the product of 
b factors r. We now specify that the symbol r” for any positive 
rational number r and any positive integer b must satisfy the relation 
(rv*)> =r, i.e., the product of 6 factors r* must equal r. In this 
manner we shall preserve the property a’a* = a®+¢ for the new symbols. 
The symbol r/>, where r > 0, indicates the product of d factors r™”, 
and the product r*rt is expressed by the symbol rt for any positive 
rational numbers r, s,¢. When s is not an integer, the new symbols 
r may not be rational numbers and relations among them are not yet 
formally defined. 

The solutions of the equations x = a+b, x = ab, and az = b are 
positive rational numbers for any positive rational numbers a, b, i.e., 
the set of positive rational numbers is closed under addition, multipli- 
cation, and division. We have extended our concept of number to 
include a+ b, ab, and a/b where a, b are arbitrary positive integers 
or arbitrary positive rational numbers. We next extend our concept 
of number and define new symbols as numbers, to include a — b 
where a, b are arbitrary positive rational numbers or zero, i.e., non- 
negative rational numbers. 


EXERCISES 


1. Prove that addition of positive rational numbers is associative. 

2. Prove that multiplication of positive rational numbers is (a) unique, 
(b) associative, (c) commutative, and (d) distributive with respect to addi- 
tion. ; 
3. Prove that ac/be = a/b, where a, b, c are arbitrary positive integers. 

4. Prove that (a + ¢)/b = a/b + c/b, where a, b, ¢ are arbitrary positive 
integers. 

5. Prove that if a/b < c/d, where a, b,c, d are arbitrary positive integers, 
then there exist (a) a positive rational number g such that a/b + g = c/d, 
and (b) a positive rational number r such that a/b <r < ¢/d. 
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6. Given any positive integers a, 6, c, d, prove that there exists a positive 
rational number f such that a/b = (c/d) -h. 

7. Define the arithmetic mean or average of any two positive rational 
numbers a, b to be m = (a + b)/2, and when a < 6, prove that a < m < b. 

8. Define 0/1 = 0, assuming that properties (i) to (iv) above hold for 
pairs of nonnegative integers a/b, b ~ 0, and prove that 0 <r for any 
positive rational number r. 

9. Prove that a < b implies 1/b < 1/a, where a, b are (a) any positive 
integers, (b) any positive rational numbers. 

10. Prove that a <6 and ¢ < d imply a/d < b/c, where a, b, c,d are 
(a) any positive integers, (b) any positive rational numbers. 

11. Prove that a/b and b/a are inverse numbers under multiplication for 
arbitrary positive integers a, b. 

12. Give the inverse under multiplication whenever such exists for each of 
the following numbers: 3, 5, 1/10, 1, 0, 10, 200. 

13. Using examples, discuss the sets of numbers needed (a) to solve linear 
and quadratic equations, (b) to perform the six operations discussed in 
Section 1-7. 

14. Prove that the positive rational numbers are linearly ordered (Section 
1-6). 

15. Restate the eleven properties of the relation < in Section 1-6 to 
obtain eleven properties for < when a,b,c,d are nonnegative rational 


numbers. 
16. Prove that every positive rational number may be expressed in 


reduced form. 


1-9 Negative numbers. We have just considered pairs a/b of 
positive integers as symbols, we have defined equality, addition, 
and multiplication of these symbols, we have proved that these 
definitions are consistent with the previous definitions over a subset 
of elements a/1 isomorphic with the original set of elements a, and 
we have obtained new numbers (positive rational numbers) by 
accepting all symbols a/b as numbers where a and b are positive 
integers. We now repeat this process by considering pairs [a — b] 
of nonnegative rational numbers as symbols, by defining equality, 
addition, and multiplication of these new symbols, by proving the 
set of symbols [a — 0] isomorphic with the set of nonnegative 
numbers a under the new definitions, and by then accepting all 
pairs of nonnegative rational numbers [a — b] as rational numbers — 
positive, negative, and zero. 

We first define the following relations and operations upon the new 
symbols where a, b, c, d are arbitrary nonnegative rational numbers: 
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(i) [a — b] = [c — d] if and only ifa+d=b+e, 
(ii) [a — b] + [e — d] = [(a+ c) — (6+ d)], 

(iii) [a — 6] - [e — d] = [(ac + bd) — (be + ad)], 
(iv) [a — b] < [c — d] if and only ifa+d<bt+e. 


As before, we have defined the meaning of the basic relations =, 
< and the basic operations +, - with respect to the new symbols 
[a —b]. We now prove that the correspondence of ja—0] to a 
is an order-isomorphism (Section 1-8) and that the basic operations 
have their usual properties in the complete set of number pairs 
[a — dB]. 

The correspondence of [a—0] to a is clearly one-to-one. It 
remains to prove that the correspondence is preserved under addi- 
tion, multiplication, and the order relations. These are easily 
verified since, by definition, 


[a — 0] + [b — 0] = [(a +b) —- © + 0)], 
[a — 0) - [b — 0] = [(ab +0) - 0+ 0)], 
[a — 0] < [b — 0] if and only ifa+0 <b+0. 


Thus the set of symbols [a — 0], where a is a nonnegative rational 
number, is equivalent in the sense of being isomorphic to the set of 
nonnegative rational numbers. 
Now let a, 6 in the symbol [a — 6] be arbitrary nonnegative rational 
numbers. As in the case of the positive rational numbers a/b, we 
can prove that addition of the symbols [a — 6] is unique, associative, 
and commutative (Exercise 1), and that multiplication is unique, 
associative, commutative, and satisfies the distributive law (Exercise 
2). Accordingly, we consider all symbols of the form [a — 6] as 
numbers, signed rational numbers, where a,b are arbitrary non- 
negative rational numbers. Under the above isomorphism the signed 
rational number [a — 6] corresponds to 0 when a=b and to d 
when a >b and a=b+d. Since exactly one of the relations 
a <b,a=b,a> 6 must hold (Exercise 4, Section 1-6, and Exercise 
14, Section 1-8), we need a similar corresponding symbol for [a — b} 
= [0 —c] when a <b and at+ec=b. Accordingly, we now define 
the symbol [0 — c] to be a negative rational number and write [0 — ¢] 
as —c. The positive rational number c is called the numerical value 
or absolute value of —e and of ¢, i.e., c = |—c| = |c|. The positive 
and negative rational numbers together with zero constitute the 
signed rational numbers or simply the rational numbers. When 
a, b are positive integers or zero, the pairs [a — 6] may be used as 
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above to define negative integers. The positive and negative integers 
together with zero constitute the integers. 

Addition and multiplication have been defined for all rational 
numbers. We now define subtraction and division. Subtraction 
may be defined for arbitrary rational numbers by the relation 


[a — b] — [ce — d] = [(a+ d) — (6+ ce) 
(Exercise 3). Division of rational numbers may be defined by 
[a — }] Es oe] 


[je-—d] L&é-@ e-@& 
when cd, is undefined when c=d (Exercises 4 and 5). These 
definitions enable us to prove that 
(i) -—a < —b if and only if b < a, 
(ii) a+ (-b) =a—- 5}, 

(iii) (—a)b = a(—b) = —ab, and 

(iv) (—a)(—6) = ab, 
for all nonnegative rational numbers a, 6. For example, —a < —b 
is by definition the same as [0 — a] < [0 — 6] and, again by defini- 
tion, this holds if and only if 0+ 6 < 0+4a, that is, b <a. Sim- 
ilarly, a+ (—b) =[a—0]+ [0 — bd] = [(a +0) —- (0+ 5)] = [(a-0) 
— (6-0)] =[(@—6)+ (0—-0)}=a—b. The remaining two proofs 
constitute Exercise 6. The proofs indicate that the above properties 
of signed numbers are consequences of our definitions. 

The exponential notation may now be extended to include negative 
exponents. We define a? as in Section 1-8 for any positive integer b 
and any rational number e. Also, as before, a° = 1 for any a #0. 
A definition for negative exponents is obtained by requiring that 
a” satisfy a@~%a> = 1 for any integer b and any nonzero rational 
number a. In this way the property a’a* = a>* is retained for all 
rational numbers @ ~ 0 and all integers b,c. The symbol a? for 
nonintegral values of b is still formally undefined. It will be con- 
sidered in Section 1-12. The symbol 0° is undefined when 6 is 
negative or zero. 

The set of all rational numbers is closed under addition, sub- 
traction, multiplication, and division (excluding division by zero), 
i.e., the sum, difference, product, and quotient (divisor different from 
zero) of any two rational numbers are rational numbers. Many 
people are primarily concerned with rational numbers. Probably 
they are sufficient for most grocers, clerks, and even bankers. Yet 
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the rational numbers also have definite limitations. For example, 
the distance in feet from home plate to second base in baseball, 
and the diameter in inches of a baseball nine inches in circumference 
cannot be exactly stated as rational numbers. They can be expressed 
approximately as rational numbers, and the error in the approxima~- 
tion can be made less than any given (in advance) positive rational 
number. 

The need for extending the set of rational numbers can also be 
expressed in terms of magnitudes. We have defined finite sets and 
finite cardinal numbers (Section 1-2). We now define a number d 
to be a finite number if and only if there exists a positive integer N 
such that -N <d< N. Any magnitude, quantity, object, symbol, 
etc. is said to be finite if it can be represented by or represents a finite 
number. We need and shall consider a set of numbers, the set of 
real numbers, that may be used to compare the magnitudes of any 
two similar finite objects. Every finite magnitude may be repre- 
sented as a real number. 


EXERCISES 


1. Prove that addition of signed rational numbers is unique, associative, 
and commutative. 

2. Prove that multiplication of signed rational numbers is unique, associ- 
ative, commutative, and satisfies the distributive law. 

3. Prove that subtraction of rational numbers may be defined by [a — 6] 
— [ce — d] = [(a + d) — (6+ ¢)] by showing that under this definition it is 
the inverse of addition. 

4. Prove that in the set of positive and negative rational numbers (zero 
is thus excluded) division as defined above is the inverse of multiplication. 

5. Prove that division by zero cannot be defined in the set of rational 
numbers. 

6. Prove the above properties (iii) and (iv) of rational numbers. 

7. Prove that —c < 0 for any positive rational number c. 

8. Prove that a < b and c < 0 imply be < ae. 

9. Indicate which of the exercises in Section 1-7 may be proved when 
q, 7, 8, ¢ are arbitrary rational numbers (positive, negative, or zero). 

10. Use the notation a = 1/a” and show that for integers q, r and rational 
numbers s, ¢ the relations ¢ <r < Qand0 <s <¢< lLimply1 <1, & < #2, 
and t” < s¢, 

11. Give the inverse under addition for each of the following numbers: 
3, —5, 1/10, 1, 0, 10, —200. 

12. List the rational numbers that are their own inverses under addition, 
under multiplication. 
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13. Prove that [2 — b] and [b — a] are inverses under addition for arbi- 
trary positive rational numbers a, b. 

14. Prove that the rational numbers are linearly ordered. 

15. Restate the eleven properties of the relation < in Section 1-6 to 
obtain eleven properties for < where a, b, c, d are rational numbers. 


1-10 Real numbers. The number associated with an object or 
set of objects usually represents a measure or magnitude relative 
to some known standard, for example, the height of a tree in feet, 
the size of a farm in acres, or the number of apples in a box (as 
compared with one apple). When the measure of one object relative 
to another cannot be expressed as a quotient of integers, the two 
objects are said to be incommensurable. The early Greeks observed 
that the diagonal and side of a square are incommensurable. The 
circumference and diameter of a circle are also incommensurable. 
Any number that cannot be expressed as the quotient of two integers 
is said to be irrational. 

We now prove that V2 is irrational. Suppose V2 = a/b, where 
a and b are integers with no common integral factors. Then a? = 202, 
whence a? is an even integer. Therefore, since only an even integer 
may have an even integer as its square, a is divisible by 2. Let 
a=2c. Then 4c? = 267, 2c? = b?, and 6 is divisible by 2, contrary 
to our assumption that @ and b have no integral factors in common 
Our initial supposition that V2 = a/b is therefore impossible, and 
V/2 is irrational. 

The above method of proof is often called the method of* indirect 
proof or reductio ad absurdum. It consists of an assumption that 
the desired conclusion is false and the use of this assumption and 
of the given hypothesis in a logical proof of some statement that is 
contrary to the assumption or to one of the hypotheses (Exercise 1). 
Then it is said that since the assumption led to a contradiction, the 
assumption must be false, i.e., the desired conclusion must be true. 
One form of an indirect proof of a theorem (say, A implies B) is 
given by a direct proof of the contrapositive theorem (“not B” im- 
plies “not A”). The method of indirect proof may also be con- 
sidered as a special case of proof by elimination (Exercise 4). 

Irrational numbers such as V2 may be defined in several ways. 
We momentarily digress from our formal development of the number 
system to discuss briefly the decimal notation for representing all 
real numbers (rational and irrational). Formally, definitions of and 
operations with infinite decimals are based upon the very fundamental 
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concepts of infinite sequences and limits (Section 3-11). For the 
present our considerations will be somewhat intuitive. Formal 
definitions will be made in the next section in terms of Dedekind cuts. 
All intuitive concepts used in this section can be rigorously proved 
from the formal definitions. 

We shall prove in Section 2-6 that any positive integer N may 


. be expressed to the “base” 10 in the form 


N = dy10* + dy_10*-1 + - - - + d210? + d,10 + do, 


where the d; are elements of the set 0,1, 2,..., 9 of digits for the 
base ten. For example, 1953 means 1- 10?+9-10?+5-10+3. 
Certain fractions may be expressed in the form 


N + a,/10 + a2/10? +--+ + an/10, 


where N and m are positive integers and the a; are digits. For 
example, 123/4 = 30+ 7/10 + 5/10? = 30.75. Specifically, a ra- 
tional number r = a/b can be represented using a finite number of 
terms as above in the decimal notation (i.e., as an exact decimal) if 
and only if r is an integer or 10”r may be expressed as an integer for 
some positive integer m. Since 2°= 5° = 1, this condition can be 
expressed as follows: a rational number r can be expressed as an exact 
decimal if and only if there exist integers a, p, such that r = a/(2°5°). 

In order to express the rational number # in decimal notation, 
one must assume that the symbol 1.333 ...is a number. Formally, 
this involves the concepts of infinite sequences and limits. Decimals 
such as the above or 44 = 2.142857142857 ..., consisting of sets 
of digits, such as 3 in the case of $ and 142857 in the case of 13, 
repeated over and over are called infinite periodic decimals. Exact 
decimals may also be considered as infinite periodic decimals by tak- 
ing a; = 0 for 7 sufficiently large. For example, 0.25 = 0.2500000.... 
We shall prove in Section 2~7 that every rational number may be 
represented as an infinite periodic decimal and, conversely, every 
infinite periodic decimal represents a rational number. The converse 
statement is easily visualized in terms of the following procedure: 
Given any periodic decimal d in which a set of k digits is repeated 
over and over, compute 10'd —d and divide by 10*— 1. For ex- 
ample, if d = 1.333..., we compute 10d — d = 13.333... — 1.333... 
= 12, whence d= 3. If d=0.164545..., then 100d — d = 16.29, 
whence d = 16.29/99 = 1629/9900. As mentioned above, a formal 
definition of the subtraction of infinite decimals requires the concept 
of limits. 
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We now define the symbol 
N + 4,/10 + a2/10?+---+a,/10"+---, 


where WN is an integer and the a; are digits, to be an infinite decimal. 
The above discussion indicates that, after suitable definitions have 
been made, it is possible to prove that a subset (the infinite periodic 
decimals) of the set of infinite decimals is isomorphic to the set of 
rational numbers. In general, one may define equality, sums, and 
products of infinite decimals so that all infinite decimals behave 
like numbers. In this way one may represent new numbers, zrra- 
tional numbers, such as 7 = 3.1415926536 . . . [40; 39-40], as infincte 
nonperiodic decimals. The set of all infinite decimals, i.e., the total 
set of rational and irrational numbers, is called the set of real numbers. 
Accordingly, it is possible to obtain the set of real numbers by 
assuming that all infinite decimals represent numbers. Since this 
assumption ultimately involves limits of infinite sequences, we shail 
base our formal development of the real number system on Dedekind 
cuts (Section 1-11). Section 1-11 is designated as optional to 
indicate that any reader wishing to assume the usual properties of 
infinite decimals without formal proof may omit the section. 

The real numbers may be classified in several ways. They are 
positive, negative, or zero. They are rational or irrational. They 
are algebraic or transcendental. A number is said to be algebraic 
if it satisfies some equation of the form 


age + ag i+---+a,=0, a0 


where the a’s are integers and n is a positive integer. All other real 
numbers are said to be transcendental. Any rational number a/b 
satisfies bx -a=0O and is therefore algebraic. Some irrational 
numbers, such as V2 satisfying x? 2=0, are algebraic. There 
also exist algebraic numbers, such as 7 and —7 satisfying 2? +1=0, 
that are not real numbers. A real algebraic number may be rational 
or irrational; all real transcendental numbers are irrational. The 
base of natural logarithms 
e = lim (1+ 2)" 
2—0 

is a real transcendental number; so is x, the ratio of the circumference 
to a diameter of a circle [29; 71-89, 111]. The symbol wz, where 7 
satisfies z?+ 1 = 0, represents a transcendental number that is not 
a real number. 
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EXERCISES 


1. Two statements are contrary if they cannot both be true. For ex- 
ample, the statements “The car is a Ford” and “The ear is a Dodge” are 
contrary. Give five pairs of contrary statements. 

2. Two statements are contradictory if they cannot both be true and also 
they cannot both be false. The statements given in the illustrative example 
in Exercise 1 are not contradictory since they might both be false. Contra- 
dictory statements are important, since if either one is true, the other is false 
and if either one is false, the other is true. Give five pairs of contradictory 
statements. 

3. Indicate which of the pairs of statements given in the answer for 
Exercise 1 are contradictory. 

4. The method of proof by elimination consists of considering all possi- 
bilities and eliminating all but one of them. For example, if we wish to 
prove that triangle ABC is a right isosceles triangle, we might consider the 
possibilities (a) triangle ABC is not a right triangle, (b) triangle ABC is not 
an isosceles triangle, (¢) triangle ABC is a right isosceles triangle. Give 
another example of this type of reasoning. 

5. Prove that V5 is an irrational number. 

6. Express 1.41414 ...as a rational number. 

7. Express 3.176176176 . . . as a rational number. 

8. Give five rational algebraic numbers. 

9. Give five irrational algebraic numbers. 

10. Give three numbers that you think are transcendental numbers 
(formal proof that a given number is transcendental may be very difficult). 

11. Indicate the relationship between the classification of real numbers as 
rational or irrational numbers and the classification of real numbers as exact 
infinite periodic, or infinite nonperiodic decimals. 

12. Demonstrate our need for extending the real number system by giving 
five algebraic numbers that are not real numbers. 

13. Make a chart indicating the relationships among real, algebraic, 
transcendental, rational, irrational, and integral numbers. 

14. Find equations (with integral coefficients) satisfied by each of the 
following numbers: 


(a) 34+ V2 (c) V10 — 2V5 
(b) V3 4+ V2 (@) V4— V8 


Are the answers to this exercise unique? Explain. 
15. Prove that 
(a+bVe—d)/e 


is an algebraic number when a, 6, c, d, and e ¥ 0 are integers. 
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*1-11 Postulates for real numbers. We now repeat the procedure 
of defining operations and relations upon new symbols. The new 
symbols will be called Dedekind cuts or simply cuts. We shall speak 
of the following postulate of the existence of numbers corresponding 
to cuts as the Dedekind postulate. 


Let the set of all rational numbers be divided into subsets L and 
R in such a way that every rational number belongs either to L or 
to R but not to both, neither L nor R is void (empty), and a in L 
and b in R imply a <b. Then there exists a cut number c such 
that ain L implies a S cand b in R implies c < b. 


This process of forming a cut may be used on any set of elements in 
which the order relations (Section 1-6) are defined. We shall be 
primarily concerned with cuts {LZ, R} in the set of rational numbers. 
If L consists of all rational numbers x < 3, R of all z > 3, then 
ce=3andcisinL. If L consists of all x < 5,Rof x = 5,thenc=5 
and ¢c isin R. Note that c is rational and is in L or R in both of 
these examples. If L consists of all negative x and of all nonnegative 
x such that x? < 2, and if R consists of all positive x such that 
x’ > 2, then all rational numbers are in L or R and c = V2 is in 
neither L nor R (Section 1-10). In general, when the sets L and R 
are subsets of the set of rational numbers, the cut number c is in L 
or Ft if, and only if, ¢ is rational. A cut is said to be closed if the cut 
number ¢ is an element of the set, open otherwise. Thus a cut in 
the set of rational numbers is closed if ¢ is rational, open if ¢ is irra- 
tional, i.e., not rational. The set of all cut numbers obtained from 
cuts in the set of rational numbers is called the set of real numbers. 
The effect of performing a cut in the set of real numbers is usually 
stated as a theorem, the Dedekind Theorem: Every cut in the real 
number system is closed (Exercise 10). 

Given any two cuts {L,R} and {S,T} in the set of rational 
numbers, we now make the following definitions: 


(i) {Z, R} = {S8, T} if there is at most one element of S that 
is not an element of L and, conversely, there is at most one 
element of L that is not an element of S, 

(ii) {L, R} < {S, T} if there are at least two elements of S 
that are not elements of L, 


* The asterisk indicates that this section may be omitted without disturb- 
ing the organization of the text. 
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(iii) {Z, R} + {S8, T} = {U, V} where.U consists of all rational 
numbers that can be expressed in the form a+ s, a in L, s in S. 


The “at most one element” in (i) and “at least two elements” in 
(ii) are necessary since the cut {L, R} where L consists of all x < 2 
and the cut {S8, T} where S consists of all x < 2 have the same cut 
number c = 2 and must be considered equal. Each of the above 
definitions can also be expressed (Exercise 4) in terms of conditions 
upon #, T, and V, since by definition of a cut {7, R} in the set of 
rational numbers every rational number must be in L or R, whence 
F consists of all rational numbers that are not in L. 

The cut {N, P}, where all negative rational numbers and zero are 
in N and all positive rational numbers are in P, is called a zero 
cut. A cut {L, R} is said to be negative if {L,R} < {N,P}, zero 
if {L,R}={N,P}, positive if {N,P} < {L,R}. A cut that is pos- 
itive or zero is said to be nonnegative. The product of two cuts 
{L, R} - {S, T} = {U,V} may be defined by considering the pos- 
sible cases of negative and nonnegative cuts. We define V to be 
the set of rational numbers expressible in the form as, a in L, 
s in S, when the two given cuts are both negative; the set of ra- 
tional numbers expressible in the form rt, r in R, ¢ in T, when both 
given cuts are nonnegative. When one of the given cuts is non- 
negative and the other is negative, U consists of the set of rational 
numbers expressible in the form ai, a in L, ¢ in T, when {L, R} is 
negative; the set of rational numbers expressible in the form sr, 
sin S, rin R, when {S, 7} is negative. 

We have now defined equality, order relations, addition, and 
multiplication of the new symbols {Z, #}. As in the case of symbols 
a/b and [a— 6b], it remains to prove that there exists an order- 
isomorphism between a subset of the new symbols and the given 
set of numbers, the set of rational numbers. We shall consider the 
correspondence of {Z, R} to c where c is a rational number and L 
consists of all rational numbers x Sc. This is essentially the cor- 
respondence between closed cuts and rational numbers, since if V 
consists of all rational numbers = c, then {U, V} = {Z, R}. 

Given two cuts {LZ, R}, {S, T} corresponding to rational numbers 
a and 6 respectively, the above definitions may be used to prove that 
{L, BR} = {S, T} if and only if a= 0b, {Z, R} < {S, T} if and only 
ifa <b, {f, R} + {S, T} corresponds to a+ b, and {L, R} - {S, T} 
corresponds to a-b. The proofs are not difficult and are left as an 
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exercise (Exercise 7) for the reader. The order-isomorphism between 
the set. of closed cuts and the set of rational numbers shows that for 
the set of closed cuts, the above definitions are consistent with our 
previous definitions. As mentioned above, the cut numbers indi- 
cated by the new symbols are called real numbers for arbitrary 
cuts {Z, R} in the set of rational numbers. In this manner we have 
obtained new numbers, irrational numbers, corresponding to open 
euts. The Dedekind Postulate for the existence of a cut number c 
for all cuts in the set of rational numbers serves as a postulate for 
the existence of all real numbers, rational and irrational, in terms of 
rational numbers. The Dedekind Theorem (all cuts in the set of 
real numbers are closed) may be proved (Exercise 10) by showing 
that every cut in the set of real numbers defines a cut in the set of 
rational numbers. Several other properties of Dedekind cuts and 
real numbers will be considered in the following exercises and in 
Section 1-12. 


EXERCISES 


. Give two examples of open cuts in the set of rational numbers. 

. Give two examples of closed cuts in the set of rational numbers. 

. Show that every cut in the set of integers is closed. 

. Rephrase definitions (i), (ii), and (tii) above in terms of R, T, and V. 

5. Give a zero cut {N’, P’} = {N, P} such that the sets N’ and N are 
different. 

6. Construct the cut that is the sum of the two cuts given in the answer 
for Exercise 1. 

7. Given two closed cuts {Z, 2}, {S, 7} corresponding to a and b respec- 
tively, prove that {LZ, R} = {S, T} if and only if a = 6, {L,R} < {S,T} 
if and only ifa < 6, {£Z, R} + {S, T} corresponds toa + b, and {L, R} - {S, T} 
corresponds to a- b. 

8. Repeat Exercise 6 for the product. 

9. Define subtraction of cuts and repeat Exercise 6 for subtraction. 

10. Prove the Dedekind Theorem. 

11. Define division of an arbitrary cut by a cut different from zero. Give 
a numerical example. 

12. Prove that the real numbers are linearly ordered (Section 1-6). 

13. Prove that the real numbers are dense (Section 1-8). 


em wh et 


1-12 Properties of real numbers. We now assume that the real 
numbers exist and are linearly ordered (Exercise 12, Section 1-11). 
They may be considered either as decimals (Section 1-10) or as 
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Dedekind cuts (Section 1-11). We also assume that the four 
rational operations have been defined and have the same properties 
in the set of real numbers as in the set of rational numbers (Section 
1-11). 

Given any real number a and any positive integer b, we define the 
symbol! a> to represent the product of 6 factors a. When a = 0, 
we define a° = 1 and a~a = | for any integer b. When a = 0 and 
b is any positive real number, a? = 0. We define (a!) = a for any 
rational number b when a > 0 and for any odd integer 6 when a < 0. 
These definitions preserve the property a’a° = a’t¢ whenever the 
symbols are defined. In general, for any real number a and any 
rational number b, say b = r/s where the integers r, s have no common 
factors, the symbol a? represents a real number if and only if the 
integer r may be chosen so that a’ is defined and the equation x’ = a’ 
has a solution in the set of real numbers. This concept may be used 
(Exercises 10, 11, 12, and 13) for real numbers @ to give precise 
meaning to the symbol a? in the set of real numbers under any of the 
following conditions: 


(i) a = 0 and 6 is any positive real number, 
(ii) a > 0 and 6 is any real number, and 
Gii) a < 0 and b = r/s where the integers r, s have no common 
factors and s is odd (does not have 2 as a factor). 


When a= 0 and 6 S 0, we cannot give explicit meaning in the 
set of real numbers to the symbol a’ and at the same time preserve the 
property ata’ = ate, When a < 0 and 0 is irrational, or 6 = r/s 
where r and s have no common factors and s is even, the symbol 
a’ does not have an explicit meaning in the set of real numbers but 
can be defined in the set of complex numbers (Section 1-16). 

All properties of the set of real numbers may also be considered 
as properties of the set of points on a line. We shall assume that the 
reader is familiar with the use of a rectangular Cartesian coordinate 
system in Euclidean plane geometry. In any such given coordinate 
system we shall define points having itegers as coordinates to be 
integral points, points having rational numbers as coordinates to 
be rational points, and points having real numbers as coordinates to 
be real points. Given an origin and a unit point, all integral and 
rational points may be constructed with straightedge and compasses 
(Section 6-4). Some irrational points such as V2, the diagonal of a 
unit square, may also be constructed. The existence of the set of 
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irrational points must be postulated. Euclid assumed that any line 
segment joining the center of a circle to a point outside the circle 
contained a point of the circle. We shall assume the Cantor-Dedekind 
Axiom: 


To each point of the line there corresponds one and only one real 
number and, conversely, to each real number there corresponds one 
and only one point of the line. 


This one-to-one correspondence may be chosen, as in the case of the 
usual coordinate systems, so that there is an order-isomorphism 
between the set of points on the line and the set of real numbers. 
The correspondence then makes possible a geometric visualization 
of the properties of the set of real numbers. For example, the real 
and rational numbers are dense (Section 1-8); the integers are not 
dense. The integers, rational numbers, and real numbers are each 
linearly ordered (Section 1-6). 

The property that distinguishes the set of rational numbers from 
the set of real numbers is continuity. This is the property used in 
plane geometry to prove that any line joining the center of a circle 
to a point outside the circle must cut the circle in at least one point. 
Intuitively, a line or curve is continuous if there are no “holes” in 
it. Technically, we may use the Cantor-Dedekind Axiom, represent 
the elements of any given linearly ordered set as an ordered set of 
points on a line, and consider the real numbers (coordinates) associ- 
ated with these points. We then define the given linearly ordered 
set of elements and the associated set of points to be continuous if and 
only if the corresponding set of real numbers includes all real numbers 
x or includes all real x satisfying one of the relations a < z, x < b, 
a <x < b for some real numbers a,b. This definition can be stated 
much more elegantly by using the terminology of Seetion 1-11. A 
linearly ordered set of elements is said to be continuous if it is dense 
and satisfies the Dedekind Postulate. Thus the rational numbers 
are dense but not continuous; the real numbers are dense and con- 
tinuous. The above definitions of dense and continuous sets may 
be extended to sets of points in a plane and to many other sets that 
cannot be linearly ordered. 

The statements listed in Exercise 9 essentially designate methods 
of extending a linearly ordered dense set to a continuous set. For 
example, each of the numbers 


1, 1.4, 1.41, 1.414, 1.4142, 1.41421, 1.414214,... 
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may be expressed as a rational number with a power of ten as its 
denominator (Section 1-10). However, if we consider such a 
sequence of numbers 21, 22, Z3,..., satisfying 

2-a3>2-a3>2-2>..., 
and such that for any given positive rational number e the positive 
number 2 — x2, can be made less than ¢ by choosing n sufficiently 
large, ie., making closer and closer approximations to V2, then 
this nonending sequence of numbers may be said to define a new 
number V2. In the language of analysis, the above sequence of 
rational numbers has V2 as a limit (Section 3-11). In general, 
any linearly ordered dense set of elements may be made continuous 
by adding all the limits of convergent sequences (Section 3-11) of its 
elements. For example, the set of rational numbers was made into 
a continuous set (the set of real numbers) by adding the irrational 
numbers. Every irrational number may be expressed as a limit of 
a sequence of rational numbers. 

The final property of real numbers that we shall consider is that 
of boundedness. The word “bound” is frequently used to indicate 
a limit that cannot or should not be exceeded. The phrase ‘out 
of bounds” is common in many games. Every physical object has 
bounds. The vast polar wastes of Antarctica are bounded by 
oceans. The air we breathe is a part of the earth’s atmosphere and 
is bounded, since it does not extend to the sun, another planet, or 
even the moon. The number of hairs on a person’s head and the 
number of grains of sand on Miami Beach are bounded even though, 
at least in the second case, the number is large. 

The word “unbounded” is used to indicate that an object or the 
elements of a set exceed any bound that may be tried for it. The 
set of positive integers is said to be unbounded since if any real 
number M is tried as a bound, there exists an integer n such that 
n> M. To be more exact, we say that the positive integers are 
bounded below by zero, or any negative number, and are unbounded 
above. The same may be said for the positive rer] numbers. The 
negative integers are unbounded below and bounded above. The 
set of all integers is unbounded below and unbounded above, ie., 
unbounded. Similarly, the real numbers are unbounded. 

The set of positive real numbers < N is bounded by 0 and N. 
Any enumerated set of real numbers is bounded. For example, 
the set 1, 5, 75, 32, 17, —4 is bounded by —4 and 75 or by —10 and 
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100,.... Thus bounds are not unique, and any specified real 
number is bounded. For example, any real number 7 is bounded by 
n—landn+1. Each individual real number is bounded, but the 
set of all real numbers is unbounded. The same may be said for 
the set of integers. A set of real numbers is said to be bounded if 
there exists a fixed positive integer N such that —N <b < N for 
every element 6 of the set. In the next section we shall consider 
unbounded sets of elements and be particularly concerned with sets 
of elements that can be placed in one-to-one correspondence with 
the set of positive integers. 
EXERCISES 


1. Indicate which of the following sets of elements are linearly ordered: 
(a) integers, (b) rational numbers, (c) irrational numbers, (d) real algebraic 
numbers, (e) points of a circle in Euclidean geometry, and (f) points of a 
bounded line segment in Euclidean geometry. 

2. Indicate which of the sets of elements in Exercise 1 are dense. 

3. Indicate which of the sets of elements in Exercise 1 are continuous. 

4, Show that every linearly ordered continuous set must also be dense. 

5. Give a property of the set of real numbers that distinguishes it from 
the set of rational numbers. 

6. Give a property of the set of rational numbers that distinguishes it 
from the set of integers. 

7. Give three sets of numbers having each of the following properties: 
(a) bounded below and above, (b) bounded below only, (c) bounded above 
only, (d) unbounded. 

8. Give two sets of bounds, if any exist, for each set of numbers given in 
the answers for Exercise 7. 

9. Give algebraic or geometric examples for each of the following state- 
ments. Each statement may be used to postulate the set of real numbers 
and, in this sense, is equivalent to the Dedekind Postulate. Any one of 
these statements may also serve as a basis for continuity in both algebra 
and geometry. 

(a) All decimals exist as real numbers. 

(b) Bolzano-Weierstrass Theorem: Every infinite bounded set has at least 
one limiting point. 

(c) Every set of points that is bounded below has a greatest lower bound. 

(d) Every set of points that is bounded above has a least upper bound. 

(e) Heine-Borel-Lebesgue Theorem: If an infinite set of intervals J covers 
a fundamental set of points S on a finite closed interval, then there exists a 
finite subset of J that covers S. 

(f) Every Cauchy sequence of rational numbers determines a real number 
(Section 3-11). 
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(g) Cantor Theorem: Given any sequence of intervals F,, E2, Es,...on 
a line where E; is given by a; S x S 6; and the relationsa, 5S aSas.. 


... & 63 S b: S b, hold, then there exists at least one point, say z = Ps 
that is contained in every interval of the sequence. 

10. Define a? for any real number a ¥ 0 and any integer b. 

* 11. Define a? as a positive number for any positive real number @ and any 

real number 8. 

12. Define a> for any negative real number a and any rational number 
b = r/s, where the integers 7, s have no common factors and s is odd. 

18. Prove that a> is uniquely defined under the conditions stated in 
Exercises 10, 11, and 12. 


1-13 Transfinite cardinal numbers. Cardinal numbers associated 
with finite sets of elements have been considered in Sections 1-1 and 
1-2. Two finite sets have the same cardinal number if and only if 
there exists a one-to-one correspondence between the elements of the 
two sets. We now use one-to-one correspondences to associate 
cardinal numbers (fransfinite cardinal numbers) with infinite sets 
(Section 1-2). 

Two infinite sets of elements have the same transfinite cardinal 
number if and only if there exists a one-to-one correspondence 
between the elements of the two sets. As in the case of finite sets, 
two infinite sets having the same cardinal number are said to be 
equivalent. However, an infinite set may be equivalent to one of 
its proper subsets. For example, the set of positive integers n is 
equivalent to the set of even positive integers under the correspond- 
ence of n with 2n. Because of this property of infinite sets, a one-to- 
one correspondence between the elements of a set A and a proper 
subset of a set B implies only that the cardinal number of the set A is 
less than or equal to the cardinal number of the set B. In order to 
prove that the cardinal number of a set A is less than the cardinal! 
number of a set B, it is necessary to show that A is equivalent to a 
proper subset of B and that there does not exist a one-to-one cor- 
respondence between the elements of A and the elements of B. 

If a set of elements has cardinal number three, its elements may 
be placed in one-to-one correspondence with the set 1, 2,3 of 
positive integers. Ifa set has cardinal number n, its elements may 
be placed in one-to-one correspondence with the set 1, 2,3,..., » of 
positive integers. If the elements of a set may be placed in one-to- 


* The solution of this exercise involves the material presented in Sec- 
tion 1-11... 
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one correspondence with the set of all positive integers 1, 2, 3,..., its 
cardinal number is called aleph-zero, So. The set is said to be 
tountably infinite or denumerably infinite. The set of all positive 
integers 


123 45 67 ... nm ..., 
the set of even positive integers 
24 6 8 10 12 14 ... Qn ..., 
the set ef odd positive integers 
13579 Wl 1... Qn-1 ...., 


and even the set of positive rational numbers, as we shall prove, are 
all countably infinite. 

The set of positive rational numbers is at least countably infinite 
since it has the set of positive integers as a subset. We shall prove 
that the set of positive rational numbers is at most countably infinite 
by proving that the set of all pairs of positive integers is countably 
infinite. Consider the array 


oe as i eo 1/7 
(2/8 2/27 2/8 2/47 2/5” 2/6 2/7 
3/1 3/2” 3/37 3/4” 3/5 3/6 3/7 
(BAAR 4/3” 4/4 4/5 4/6 4/7 
5/15/2” 5/3 5/4 5/5 5/6 5/7 
QM 6/2 6/3 6/4 6/5 6/6 6/7 


NNN 


and associate a positive integer with each pair by going along the 
diagonal lines of the array as indicated: 


I~ 1/l, 2~1/2, 3~2/1, 4~38/1, 5~ 2/2, 


This one-to-one correspondence between the set of positive integers 
and the set of all pairs of positive integers indicates that the set of 
pairs is countably infinite. Since the set of positive rational numbers 
is a subset of the set of all pairs of positive integers, the set of positive 
rational numbers is at most countably infinite. Then, since it is 
also at least countably infinite, the set of positive rational numbers 
is countably infinite. 

The above correspondence between the positive rational numbers 
and the positive integers gives an ordering of the positive rational 
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numbers. This ordering satisfies the conditions for a linearly 
ordered set (Section 1-6) but is clearly not an ordering according to 
the magnitude or measure of the numbers. For example, under 
this ordering 2 precedes both 1/4 and 3. 

Since the set of multiples of a thousand, the set of even integers, 
the set of odd integers, the set of integers, and the set of rational 
numbers all have the same cardinal number, the question arises as to 
whether all infinite sets of real numbers are countably infinite. It 
can be proved that the set of algebraic real numbers is countably 
infinite (Exercise 5) and that the set of transcendental real numbers 
is not countably infinite (Exercise 6). 

In terms of the points on a line, it is easy to visualize “holes” in 
the line when only the integral points are present. When all the 
rational points have been added, the points are dense, and yet, 
considering the line as the z-axis, the circle of radius V2 and center 
at the origin crosses the line without hitting a rational point, so there 
must still bé “holes” in the line. Even if all the points having 
algebraic real numbers (Section 1-10) as coordinates were added, 
there would still be “‘holes,” since, if the circumference of a unit 
circle could be cut, straightened, and one end put at the origin, the 
other end would be at a transcendental point, 27. There are no 
“holes” in the line when all real points are present. 

Consider the set of real numbers between zero and one and let 
them be represented as decimals. If the set is countably infinite, 
the decimals can be placed in one-to-one correspondence with the 
positive integers, and they can be listed in the order imposed by this 
correspondence. Suppose the imposed order is 


1284... 
2315... 


Under the assumption that the set is countably infinite, all decimals 
between zero and one are in the above array. Suppose we construct 
a decimal by taking the elements .1390... on the main diagonal 
and increasing each element by 1, except that 9 is replaced by 0. 
The new decimal in this case is .2401... and lies between zero and 
one. It is not on the first row above since the first elements differ; 
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it is not on the second row since the second elements differ; and in 
general it is not on the jth row since the jth elements differ. Thus 
the constructed decimal is not in the array, and the assumption 
that the real numbers between zero and one are countable has led 
to a contradiction. Briefly, if the set of real numbers between zero 
and one is countably infinite, the real numbers of that set can be 
listed in some order as above. Whatever this order may be, we may, 
if necessary, reorder the numbers so that at least one of the digits on 
the main diagonal is not 8 or 9 and, by the above procedure, construct 
a new decimal that is not in the list. Thus the real numbers between 
zero and one cannot be listed in order and the set is not countably 
infinite. The set of real numbers is then infinite but not countably 
infinite, since one of its subsets is infinite and not countably infinite. 

The cardinal number associated with the set of all real numbers 
is called the cardinal number of the continuum, C. The countable or 
denumerable infinity, No, is the first or smallest transfinite cardinal 
number. One of the famous unsolved mathematical problems is 
to prove that C is the next transfinite number after No, i.e., C = N). 
There is at least a countably infinite set [13; 84-85], [29; 54-55] of 
different transfinite cardinal numbers, but the above two are the 
most common. 

The correspondence between real numbers and the points on a 
line in ordinary Euclidean geometry holds only for finite numbers. 
Transfinite numbers are not included in the set of real numbers 
and have relations quite different from those of real numbers. For 
example, Np + @ = No, where a is equal to No or any finite cardinal 
number, No + C = C, No- 5 = &o. 


EXERCISES 


1. Give three examples of each of the following: (a) a finite set and a finite 
proper subset, (b) an infinite set and a finite subset, (c) an infinite set and 
an infinite proper subset, (d) a countably infinite set, (e) an infinite set that 
is not countably infinite. 

2. Show that the negative rational numbers are countably infinite. 

3. Show that any function f(z) defined (Section 3-10) for positive integral 
values of x takes on a countably infinite sequence of values (not necessarily 
distinct) as x takes on the values 1, 2,3,.... 

4. Give three examples of sequences of numbers obtained as indicated in 
Exercise 3. 
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5. Prove that the set of algebraic real numbers is countably infinite 
[13; 103]. 

6. Prove that the set of transcendental real numbers is not countably 
infinite. 


1-14 Group; number system. We have discussed the rational 
number system and the real number system. In this section we 
shall consider the concept of a group and state exactly what is meant 
by a ‘‘number system.” 

A set of elements forms a group with respect to an arbitrary unique 
binary operation © (Section 1-2) if it is (1) closed, (2) associative, 
and contains (3) an identity element and (4) the inverse of each of its 
elements. In other words, the set C of clements a, b,... forms a 
group with respect to © if (1) a @ b is in C for all pairs a, b in C, 
(2) (a @ b) ®c=a@ (b @c) for all a,b,c in C, (8) there is an 
element J in C such that J ® a=a@ I =a forall ain C, and (4) for 
every ain C there is an a’ in C such thata ®@ a’ =a’ ®a=T. For 
example, the set of integers (positive, negative, and zero) forms a 
group with respect to the operation of addition but not with respect 
to the operation of multiplication. The set of rational numbers 
(and also the set of real numbers) forms a group with respect to addi- 
tion. When zero is excluded, the remaining rational numbers form 
a group with respect to multiplication. 

A group is said to be commutative (or Abelian) ifa®@b=b@a 
for all elements a, 6 in the group. 

A set of elements in which two binary operations + and X are 
defined forms a number system or skew field if (1) the set forms a 
commutative group with respect to +, (2) the set with the identity 
for + removed forms a group under X, and (3) the distributive laws 
of X with respect to +, 


aX(b+ce)=axXb+axXc, (6+¢)Xa=bXat+eXa, 


hold for any three elements a, }, c of the set. A number system in 
which X is commutative is called a field. 

If a and 6 are elements of a number system such that ab = 0 and 
a0, then a exists from (2), atab=0, and b6=0. In other 
words, if the product of two elements of a number system is zero, 
then at least one of the elements must be zero. Formally, an element 
k ¥ 0 is called a zero divisor if there exists an element 7 ¥ 0 such that 
j-k =0 (see Exercise 13, Section 2-9). The above proof shows that 
zero divisors cannot exist in a number system. 
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If a number system contains the positive integers, it must also 
contain (i) zero and the negative integers, i.e., the identity and 
inverses for addition, and (ii) the rational numbers, since it must 
also include the inverses under multiplication of all integers different 
from zero and all finite sums of these inverses. Thus any number 
system that contains the positive integers must contain the rational 
numbers. The rational numbers, real numbers, and, as we shall soon 
see, complex numbers each form number systems. Since we have 
defined both addition and multiplication to be commutative, the 
sets of rational, real, and complex numbers each also form fields. 

The above exact definition of a number system provides the basic 
concepts of this common mathematical term. Of even more funda- 
mental importance is the introduction of the concepts of group and 
field that, along with ring (Section 1-18), form the basis for most. of 
the definitions in abstract algebra. 


EXERCISES 


1. Indicate which of the following sets of numbers form groups under 
addition: 

(a) even integers, 

(b) odd integers, 

(c) integral multiples of ten, 

(d) integral multiples of any integer &, 

(e) positive integers, 

(f) numbers of the form 6V2, where 6 is a rational number, 

(g) numbers of the form a + 62, where a and b are integers, 

(h) numbers of the form a + bV2, where a and 0 are rational numbers, 

(i) 9, 

(j) positive rational numbers, 

(k) irrational numbers, 

(1) numbers of the form a + bw, where a and 6 are any rational numbers 
and w is a given algebraic number (Section 1-18). 

2. In each of the sets of numbers in Exercise 1, exclude zero whenever it is 
present and indicate which of the resulting sets of numbers form groups 
under multiplication. 

3. Prove that if a set of elements is associative under addition and closed 
under subtraction, it forms a group under addition. 


1-15 Complex numbers. We have started with the positive 
integers, developed the rational number system to obtain a set of 
numbers that is closed under the four rational operations (addition, 


1-15] COMPLEX NUMBERS 41 


multiplication, subtraction, division), and developed the real number 
system to obtain a set of numbers in which every finite magnitude can 
be represented. In the rational and real number systems, the 
relations of order and equality as well as the operations of addition 
and multiplication have the same basic properties as in the set of 
positive integers (Sections 1-5 and 1-6). In this section we repeat 
once more the procedure for defining relations and operations for a 
new symbol, showing that these definitions are consistent with 
previous definitions over a subset of the symbols, and defining the 
new symbols to be numbers. All previously considered finite 
symbols for numbers could be represented as points on a line in 
ordinary plane geometry and were linearly ordered. The new 
symbols that we consider now must be represented on a plane instead 
of a line in ordinary plane geometry. Thus the new symbols are not 
linearly ordered and we shall not consider their order relations. 

The basie need for the new symbols that we are about to introduce 
arises from the desirability of solving algebraic equations. Our 
previous developments of finite algebraic numbers can be considered 
from the point of view of finding numbers to correspond to all real 
roots of a polynomial equation, i.e., numbers to designate the points 
at which a polynomial curve crosses the z-axis in the real plane. 
When a, b, and ¢ are arbitrary positive integers, the positive rational 
numbers are needed in order to solve all equations of the form az = b, 
negative numbers are often needed to solve equations of the form 
x+a=b, and real numbers (rational and some irrational) to solve 
equations of the form az? + bz +c = 0 where b?— 4ac = 0. All zeros 
of a polynomial f(x) that appear as ordinary geometric intersections 
of the graph of y = f(x) with the real z-axis are, of course, real 
numbers. However, algebraically it is desirable that the quadratic 
equation x? + 2az + b = 0 have two roots, whether the curve y = 2° 
+ 2az + b intersects the z-axis or not in Euclidean plane geometry, 
ie., for any real values of a and b. Accordingly, we again extend. 
our number system to include a new type of number. 

We now consider ordered pairs of real numbers (a, b) where 


(i) (a, b) = (ce, d) if and only if a =c and b = d, 
(ii) (a, b) + (c,d) = (a+ec,b +4), 
(iti) (a, b) « (c, d) = (ac — bd, ad + be). 
As in the case of other new symbols, we consider a correspondence 
between a subset (a, 0) of the new symbols and the set of real numbers 
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a. Also, as before, the above definitions may be used to prove that 
this correspondence is an isomorphism (Exercise 1). Note that in 
this case the isomorphism is not called an order-isomorphism. 

The new symbols (a, b) are defined to be numbers, complex numbers, 
for arbitrary real numbers a, b. The number a is called the real part 
of the complex number (a, b); b is called the imaginary part. The 
complex number (a, b) is said to be imaginary if b ¥ 0, pure imaginary 
ifb #Oanda=0. Under the above isomorphism the set of complex 
numbers (a, b) consists of the set of real numbers (6 = 0) and the set 
of imaginary numbers (6 ¥ 0). Since the complex numbers are not 
linearly ordered according to magnitude, the classification of numbers 
as positive, zero, and negative is used only for real numbers. Thus 
negative number and positive number always refer to negative real 
number and positive real number. 

We can now prove that the roots of z7+1=0 are (0,1) and 
(0,—1). We have, in fact, (0, 1)? = (0, 1)- (0, 1) = (0-1,0+0) 
=(-1,0)=-1 and (0,-1)?= (0,-1)- (0, —-1) = (0-1,0+0) 
= (-1,0)=—1. The mechanical manipulation of complex numbers 
is greatly simplified by writing (0,1) =7. Then (a, b) = (a, 0) 
+ (0, b) = (a, 0) + (6, 0) - (0, 1) =a+ bi, and we may treat a, b,7 
as numbers, subject to the condition that 22 = —1 whenever 72 occurs. 
Thus, 


(2, 3)? = (2+ 31)? = 8 + 360 + 5422 + 2702 
= 8+ 367 — 54 — 27% 
= —46 + 91 = (—46, 9). 


The word complex denotes that the new numbers are not simple 
numbers as we have understood them in the past, but that each is 
an ordered pair of such numbers satisfying (i) and (ii) above. It 
is unfortunate that the word imagi- 
nary is used as opposed toreal. Ex- 
cept in the technical sense agreed 
upon by mathematicians, the two 

-38-2-1 0 1 2 8 kinds of numbers are equally real. 
The negative numbers may be con- 
sidered as arising from a rotation 
Fig. 1-2 of the positive x-axis about the ori- 
gin through 180°. If this rotation 
is applied twice, one obtains the identity —(—a) = a. In this sense, 
multiplication by —1 and rotation through 180° are equivalent 
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(Fig. 1-2). Similarly, multiplication by 7 is equivalent to a 90° 
rotation. If the multiplication or the rotation is applied twice, the 
negative number is obtained and if 


applied four times, the original num- 3i 

ber is obtained (Fig. 1-3). A plane 9; 

such as that in Fig. 1-3 with an axis Pet 
of real numbers and an axis of imagi- ie i 

nary numbers is often called a com- 


plex plane. Each complex number 
a-+ bi = (a, b) may be associated with 
a unique point in the complex plane, 
with the coordinate a along the real 
axis and b along the imaginary axis -—3i 
(Section 1-16). Fie. 1-3 

The complex numbers a+ bi and 
a — bt are each the conjugate of the other. The norm n(z) of a com- 
plex number z is the product of the number and its conjugate. Thus, 
ifz=a-+t bi, n(z) =n(a+t bt) = (a+ bt)(a — bt) = a? + B?, which, for 
z ~ 0, is always positive. 

The absolute value, or modulus, of z= a+ bi is the nonnegative 
square root of the norm, |z| = Va?+ 6%. Thus the absolute value 
of a complex number is always a real number. 

When we seek the quotient of two complex numbers (a, b) + (c, d), 
we actually seek a number (p, g) such that 


-(a, b) = (c, d) 7 (p, q). 


\ 
-3 me 7 3 


-2i 


We have 
(a, b) = (ep — dq, cq + dp), 
a= cp — dq, 
b=dp+ cq, 
whence 
_ ac+ bd _ be —ad 


“eta 1° ere 


if c+d?#0. Thus from the uniqueness of the sum, difference, 
product, and quotient of real numbers we have unique real numbers p 
and gq whenever c?+ d?0,i.e., whenever (c,d) ~0. This com- 


‘pletes the proof of the following theorem. 
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TuHeEorEM 1-1. In the compler number system, division, except by 
zero, 18 always possible and 1s unique. 


In practice, the division of z, = a+ bi by 2 = c+ di is customarily 
indicated by the quotient 2:/z = (a+ bt)/(e+ di). This quotient 
is then expressed as a complex number by multiplying its numerator 
and denominator by the conjugate of ze, that is, 


at bi _ (a+ bi)(c—di) _ ac+ bd be — ad . 
etdi (e+tdi(e—di) @4+@° &?+a@” 


Other representations of z2:/z, are considered in Section 1-16. At 
that time we shall also be concerned with relations between the 
absolute values or moduli of z; and z. In particular, we shall need 
the fact that the absolute value of a product of complex numbers 
is equal to the product of the absolute values of its factors. This 
fact is a consequence of Theorem 1-2, which we now state and prove. 


THEOREM 1-2. The norm of a product ts equal to the product of 
the norms of tts factors. 


Let z=a+ bi, 2=c+di, then n(z) = a?+ 07, na) = e+ a, 
2122 = ac — bd + (ad + bc)i, and 


n(zz2) = (ac — bd)? + (ad + be)? 

a’c? + b'd? — 2abed + a’d? + bc? + 2abed 
(2+ b*)(e2 + d’) 

n(z1) - n(2). 


This proves the theorem for the product of two factors. Since the 
product of two complex numbers is itself a complex number, the 
proof may be reapplied with z = wwe, 2.= ws to prove the theorem 
for three factors, and in general with 2, = wywe... Wa-1 and 2 = Wr 
to prove the theorem for any finite number of factors by mathematical 
induction (Section 1-4). 

In the case of addition of complex numbers we may prove 


THEOREM 1-3. The absolute value of a sum of complex numbers 
is less than, or equal to, the sum of the absolute values. 


Suppose |z: + 2! > |[z:| + |ze| where 2: = a+ bi, z=c+di. Then 
Vator Ota > Vite + Vere, 
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whence 


(ate?t+(b+dP>@+P+2(P+ RCA +24 a, 
a+e+ b+ d+ 2act 2bd > PF +H4+C4P+2V(e4 (C+ A, 
ac+ bd > V(iae+ P(e 4 a), 
ae? + b’d? + 2abed > arc? + bd? + afd? + ’e?, 
0 > be? — 2abed + a'd?, 
0 > (be — ad)?. 


But this is impossible, since the right side is the square of a real 
number, and therefore nonnegative. Thus the assumption that the 
theorem is false has led to a contradiction, and we have given an 
indirect proof (Section 1-10) of the theorem for the sum of two 
complex numbers. This proof can be extended by mathematical 
induction to cover any finite sum, just as the preceding proof for 
products was extended. 


EXERCISES 


1. Prove that the correspondence of (a, 0) to a is an isomorphism. 

2. Use your previous knowledge and give a quadratic equation with real 
coefficients that has its roots in the set of (a) integers, (b) rational numbers, 
(c) real irrational numbers, (d) imaginary numbers, (e) pure imaginary 
numbers. 

3. Prove that the complex numbers form a number system. 

4, Express in the form a + bi: 


2+vV-3 1 
2-V-3 3+4% 

5. Determine the modulus of each of the complex numbers given in 
Exercise 4. 

6. Prove that if a complex number is equal to its conjugate, the number 
is real. 

7. Prove that if the product of two complex numbers is zero, then at 
least one of the numbers is zero. 


V—16, 5, —%, 1+ —2, 


1-16 Properties of complex numbers. The relationships between 
algebra and geometry are especially important to anyone endeavoring 
to learn the fundamental concepts of mathematics. We have seen 
(Section 1-12) that all real numbers may be represented as points 
on a line and, conversely, all points on a line in Euclidean geometry 
may be represented by real numbers. In this section we consider 
two representations of complex numbers on a plane in Euclidean 
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geometry. Then from these graphic representations we derive 
trigonometric and exponential representations for complex numbers. 

Given a rectangular Cartesian coordinate system with origin O 
and axes Ox and Oy, we take Ox as the axis of reals and Oy as the 
axis of imaginaries. The complex number z = a+ bi may be repre- 
sented either by the point P:(a, b) or, if z #0, by the directed line 
segment, vector, OP (Fig. 1-4). A vec- 
tor has both length and direction. The 
length r of OP is given by the absolute 
value of z; its direction is given by the 
angle @ between the positive x-axis and 
OP. For each z, the nonnegative num- 
berr = Va? + 6? is uniquely determined, 

Fic. 14 but 6 = arctan b/a, the amplitude or ar- 

gument of z, can be determined only to 

within a multiple of 27. The complex number z = a+ bi and the 

point P: (a, b) are uniquely determined by either the pair of real num- 

bers (a,b), that is, the Cartesian or rectangular coordinates of the 

point P, or by the pair of real numbers (7,6), that is, the polar 

coordinates of the point P. In terms of trigonometric functions, 

a=rcos @,b=rsin 6,andz=r (cos@+7sin6). Any complex num- 
ber z may also be expressed by using exponential notation. 

For real numbers a, b the symbol a’ may be defined as a unique 
real number (Exercise 13, Section 1-12) when a =0 and b>0, 
when a > 0 and 6 is any real number, and when a < 0 and b = r/s, 
where the integers r, s have no common factors and s is odd. The 
unique value of the symbol a? is based upon the fact that for rational 
values of b = r/s, where r,s are integers without common factors, 
the equation x* = a” has a unique positive solution in the set of real 
numbers when a’ > 0, a unique real solution in all other cases such 
that a? is defined. Since the equation x* = a* has s solutions in the 
complex number system, the symbol a’* may be associated with any 
one of s complex numbers. Thus, in our definition of a’ in the com- 
plex number system, it will at times be necessary to designate a 
particular element from a subset of the complex numbers as the 
principal value of a given symbol a>. 

The exponential representation z= re, where e is the base for 
natural logarithms, may be derived from the trigonometric repre- 
sentation z = r(cos 6+ 7 sin 6), using infinite series. The readers who 
do not recall the following infinite series from their previous work in 
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mathematics may review the development of these series in Section 
3-15 or take the representation z = re® as an additional assumption. 
The infinite series 


a eat 
C= l+atstajtgt: 
may be used to define e* for any complex number x (Section 3-15). 
We then obtain 


ea tte 


upon substituting 7x for x. A comparison of this series with the 
two series 


2 


ives xt inh 
a tape Bp 


zw? gt x 


cost= 1-3 rr 
: x x og 
sint=2— ata aytote 


indicates that e* = cosx-+isinz. Thus we have three representa- 
tions for a complex number, z=a+bi =r(cos@+7sin @) = re®, 
The conditions for the equality of two complex numbers a, z. are 
a, = 2, b; = be when the numbers are expressed in the first form. 
The conditions are 7; = 72, 61 = 62+ 2ka for some integer & when 
the other two forms are used. In general, we shall find the first 
form most useful when considering sums of complex numbers, one 
of the other forms when considering products or powers. 

The sum of 2, = a+ b7 and z =c-+di has been defined (Section 
1-15) to be at+a=a+et+(b+d)i. To find geometrically the 


y 
Po 
Py 


Fie. 1-5 Fie. 1-6 


sum of two complex numbers 21, 22 represented by P; and Po, respec- 
tively, construct the parallelogram having OP, and OP», as sides 
(Fig. 1-5). The diagonal OS of the parallelogram is the vector 
representing 2: + 2. The difference 2. — 2: may be constructed as a 
side OD of a parallelogram with diagonal OP, and one side OP; 
(Fig. 1-6). 


48 OUR NUMBER SYSTEM [cHap. 1 


The product 22, is defined to be zig = ac — bd + (ad + bc)t, but 
is much more readily interpreted in the form 2:22 = rje™ - reejg, 
= ret), The form 2122 = rire{cos (61 + 62) +7 sin (6; + 62)] can 
be verified trigonometrically. Then, using mathematical induction 
as in Theorem 1—2, we have (Exercise 8) 


THEOREM 14, The absolute value of the product of two or more 
complex numbers is the product of their absolute values; the amplitude 
of the product is the sum of their amplitudes. 


To find geometrically the product of 2, z. represented by Pi, Pa, 
construct triangle OP,P similar to triangle OAP, where O = (0, 0), 


y y 
Py 


P Py 
P2 P, 
x 
1) A - 
Fig. 1-7 Fic. 1-8 


and A = (1,0) (Fig. 1-7). Then P is the point representing a - 2. 
In this construction the two triangles OAP, and OP:P must be 
similarly oriented. For example, if the interior of triangle OAP, 
is on the left as one traverses the perimeter of the triangle from O to A 
to P, to O, then the interior of triangle OP2P must be on the left as 
one traverses its perimeter in the sense OP2P. Triangles OAP, 
and OP2P are similarly oriented in Fig. 1-7; triangles OAP, and 
OP.Q are oppositely oriented in Fig. 1-8. 

The corresponding geometrical construction for a quotient 22/2 
is obtained by constructing similarly oriented triangles OP.Q and 
OP,A (Fig. 1-8). Using 2/21 = (re/rije“*—-™, we have, corresponding 
to Theorem 1-4: the absolute value of the quotient of two complex 
numbers is the quotient of their absolute values; the amplitude of the 
quotient is the amplitude of the dividend minus the amplitude of 
the divisor. 

As in the case of real numbers, the inverse operations of subtraction 
and division can be avoided by finding the inverse numbers -—-z and 
1/z respectively. If 2=a+ bi, then 


—z = -—a— bi =rcos (x + 6) t+isin (x + 6)] = ret, 
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using Theorem 1-4, and —1 = cos7+/sin 7. Also whenr #0, 
1/z= 1/r{cos (—@) +7 sin (—6)] = 1/r(cos@ — 7 sin 4), 
using the corresponding statement for quotients, and 
1 = I(cos0+7sin 0). 


We have now considered the sum, difference, product, and quotient 
of two complex numbers. With the exception of the order relations, 
all our previous rules apply in the complex number system. There 
is no satisfactory definition of the magnitude or measure of a complex 
number that can be used to order linearly the set of all complex 
numbers. In fact, we have seen that the complex numbers cor- 
respond to the points of a plane instead of a line. Thus the order 
relations previously considered for real numbers should not be 
expected to apply for complex numbers. The complex numbers are 
dense and continuous when the definitions of those terms are stated 
for nonlinear sets. 

The fundamental importance of the complex numbers is based upon 
the fact that they enable us to state two roots for any quadratic 
equation x? + 2az + 6 = 0 with real coefficients without restrictions 
upon the sign of a?—b. Actually, the n roots of any polynomial 
equation of degree n (Section 3-1 and Theorem 4-2) with complex 
coefficients may be expressed as complex numbers (Section 1-18). 
This property is described by saying that the complex number 
system is algebraically closed [7; 393]. The roots of the equations 
w? = z,w = 2 and, in general, w* = z, w = 2" for any positive integer n 
and any given complex number z have been of particular interest to 
mathematicians and will be considered in Section 1-17. 


EXERCISES 
1. Express each of the following complex numbers in the form 
r(cos 0 + isin @): 

(a) 1+4, (c) 15, (e) —8 + 8iv3, 

(b) 2 — 2%, (d) 71, (f) —3. 
2. Express each of the complex numbers in Exercise 1 in the form re*. 
8. Add the following pairs of numbers graphically: 

(a) 3-7, 5+2i, (e:) V5 —V=1, 2-V—16, 


1+iv2. 
2 


(b) 3 + W—27, 7, (d) 2+ 2V-3, 
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4, Multiply the pairs of numbers in Exercise 3 graphically and check the 
answers algebraically. 

5. Subtract graphically the first number from the second in each part of 
Exercise 3 and check the answers algebraically. 

6. Divide graphically the first number by the second in each part of 
Exercise 3 and check the answers algebraically. 

7. State the conditions under which each of the following holds: 


(a) far + 2e| = [ail + lel, 
(b) |: + 2! = ai] — leo]. 


8. Prove Theorem 1-4. 


I-17 De Moivre’s Theorem. Given any complex number z = re® 
and any positive integer n, we have defined 2” to represent the product 
of n factors z. Then, by Theorem 1-4, we have 2” = re”, Simi- 
larly, for any given complex number z = re® and any positive integer 
n, the n complex roots of the equation w" = z may be expressed 
in the form 

gin ean (re®) in = pling (O+2kx)i/n 


for k =0,1,2,..., ~—1, using the fact that @ is determined only 
to within a multiple of 2x. The values k=n, n+1,...are not 
used, since the sine and cosine of (8 + 2kx)/n have equal values for 
k=n and k=0, fork=n+1 and k=1,.... However, in both 
cases, 2” and z!’*, the results are most easily obtained and remembered 
by using the ordinary rules for exponents. 

The symbol z* has a unique value for any positive integer n. The 
symbol z'" may take on any one of n values in the complex number 
system. When z is a real number, these possible values of the 
symbol z'/* include the real value represented by z'” in the set of 
real numbers. This value is called the principal value (Section 1-16) 
of 2" in the set of complex numbers. It may be obtained by taking 
k = 0 when z is positive, and k = (n — 1)/2 when z is negative and 
nis odd. When z is negative and n is even, we define the principal 
value of z2'/" to be that obtained when k = 0. We shall not attempt 
to designate principal values of 2’ when z is imaginary. 

Consider, for example, 2 = 2+ 273 with r = 4 and 6 = 60° = 7/3, 
that is, z= 4e/8, We then have 2? = 16¢?*8 and 23 = Qe(r/+2=)i/2, 
where k=0,1. We next use the relation e*” =cosx+7sinz 
(Section 1-16) to express 2? and z? in the forma-+ bi. In particular, 
2 = 16(cos 27/3+ 7 sin 2/3) = 16(cos 120° + 7 sin 120°) = ~8+ 8iV3. 
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For k=0, 2 =2(cosa/6+isinx/6)=V34+i; for k=], 
z? = 2(cos 77/6 +4 sin 77/6) =—V3—%. If we take k=2, then 
z? = 2(cos 1327/6 +7 sin 1387/6) = 2(cos 7/6 +7 sin 7/6), and we 
have the same value of 2? as for k=0. The following theorem 
states a general form of these results. 


THEOREM 1-5. Dr Motvre’s ToEorem. If n is any positive 
integer and z = r(cos 8+ 7 sin @), then 


2” = [r(cos 6+ 7 sin 6)]" = r*(cos n6 +7 sin n) = rveim?; 
gin = pl/ntcos [(6 + 2kr)/n] + 7 sin [(6 + 2hr)/n]} 
= ping @tknin fp =0,1,2,...,n—1. 


We use this theorem for any complex number z = re“ and positive 
integer n to express the unique complex number z* and the n complex 
roots of the equation w* =z. Each of these n roots has absolute 
value r!, that is, each is represented by a point on a circle of radius 
r/™ with center at the origin. These points are equally spaced on 
the circle since, when taken in the order of the corresponding values 
of k, their amplitudes differ by consecutive multiples of 27/n. In 
the above example of z= 2+ 273, the two roots of w? =z had 
amplitudes of +/6 and 7/6 + 21/2 = 77/6, respectively, and both 
had absolute value 2. In general, we have 


THEOREM 1-6. Any complex number z=r(cos@+7sin 6) not 
equal to zero has exactly n distinct complex nth roots which may be 
represented by n points equally spaced on a circle of radius r¥*, 

In particular, for z = 1, the cube roots of unity satisfy__ 


w? = 1 = 1(cos 0 + 7 sin 0) 


and therefore may be expressed as 
w= 14[cos (0 + 2kr)/3 +7 sin (0 + 2kx)/3] 
for k = 0,1, 2 or as 
wi = 1(cos 0 +7 sin 0) = 1, 
w2 = 1(cos 120° +7 sin 120°) = -3 + iv3/2, 
ws = 1(cos 240° + 7 sin 240°) = —3 — iv3/2. 


The points representing w1, we, ws are the vertices of an equilateral 
triangle inscribed in a unit circle about the origin and having one 
vertex at (1,0) on the positive x-axis. In general, the nth roots of 
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unity are represented by the vertices of a regular polygon of n sides 
inscribed in the unit circle, one vertex lying at (1, 0) on the positive 
x-axis. 

Considered from a slightly different point of view, the nth roots 
of unity form a group (Section 1-14) of n elements. It is called a 
cyclic group, since every element of the group can be expressed in 
terms of a single element. In the above example, w’ = 1, the three 
roots could be expressed as w2, w3, wi, or as ws, w?, w3. An nth root 
of unity s is a primitive nth root of unity if n is the smallest positive 
integer m such that s* = 1, that is, in the language of group theory 
the primitive nth roots are those of order n. 

The nth roots of unity as obtained from 2” = cos0+7sin0 = 1 
are cos 2ka/n +1 sin 2kx/n fork =0,1,2,...,%—1, by De Moivre’s 
Theorem. In particular, for & = 1 the root w = cos 27/n+7 sin 2x/n 
is a primitive nth root, since wt = cos 2tr/n +7 sin 2tr/n can equal 
unity if and only if ¢ is a multiple of n, that is, n is the least positive 
power of w that is equal to unity. Thus there exists at least one 
primitive nth root of unity for any positive integer n. We now 
proceed to find all nth roots (not necessarily primitive) from a single 
primitive nth root of unity. 

Given any primitive nth root of unity s and any integer ¢, we have 
(s‘)" = (s")'= 1*= 1, whence any positive integral power of a 
primitive nth root is also an nth root of unity. Also, if sf = s“, we 
may suppose u < ¢ and write s*“=1. But n is the least positive 
power of s that equals unity, since s is a primitive nth root. Thus 
either ¢ = u or t — wis a multiple of n (Section 2-2 and Theorem 2-8), 
that is, st = s“ if and only if ¢ = «+ kn for some integer k. Accord- 
ingly, we have proved that the numbers s, s’, s°,..., s*= 1 are 
distinct nth roots of unity. Under the assumption (Theorem 4~2) 
that the polynomial equation z* — 1 = 0 has n roots, we have 


TueoreM 1-7. If s is a primitive nth root of unity, all nth roots 
of unity are given by the sequence 


2 93 —1 asa 
5-87, 83.25, 871, st aT, 


We shall later (Theorem 2-17) find that the primitive nth roots of 
unity are precisely the numbers s‘, where ¢ and n are relatively prime 
and s is any primitive nth root of unity. 

The study of groups is of considerable importance in mathematical 
theories. We shall consider them further as we discuss a few more 
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abstract concepts in Section 1-18. So far, we have considered the 
properties of the positive integers (Section 1-4) and from these 
developed the rational, real, and complex number systems. The 
needs for and the advantages of each system have been discussed. 
With certain identifications such as a+ 0-7 with a and a/1 with a, 
we may consider the complex number system to be “our number 
system” and to have the other sets of numbers as subsets. The 
following chart indicates some of these subdivisions of the complex 
number system and the associated conditions upon the real numbers 
a, b in the expression a + bi for a general complex number. 


Complex numbers (a + 62) 


| 
Real (b = 0) Imaginary (b # 0) 
| 
—— 
Rational Irrational Pure (a = 0) Mixed (a # 0) 


| 
ie 
Integers Fractions 

The real numbers may also be classified as positive, zero, or nega- 
tive; the complex numbers, as algebraic or transcendental. 

The complex number system may thus be considered as the basis 
for our study of the fundamental concepts of algebra. Our next 
chapter, the elementary theory of numbers, concerns some special 
properties of the integers. In particular, we shall consider sufficient 
properties to prove that every repeating decimal represents a rational 
number and conversely (Section 2-7). Polynomials have many 
properties similar to those of the integers and a parallel study of the 
theory of polynomials is made in Chapter 3 before considering the 
theory of polynomial equations in Chapter 4. 


EXERCISES 


1. Without using De Moivre’s Theorem, find the square roots of 11 — 601, 
5 + 12%, —1, 24 + 701, —4ab + (2b? — 2a%)2. 
(Hint: Assume Vz = x + ty, where z and y are to be determined.) 
2. Find 2 by De Moivre’s Theorem when z = 16, 2° = —27, 2° =i, 
@= —8i,2=4+47-3. 
3. Expand (cos @ + 7 sin 6)? by De Moivre’s Theorem. Also, expand 
it by the binomial theorem and thus obtain formulas for cos 30 and sin 30. 
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4, Prove that the numbers 1, —1,7, —i form a group (Section 1-14) 
under multiplication. 

5. Find all the fifth roots of unity and represent them graphically. 

6. Find all the values of “1 + 7 and V7 and represent them graphically. 

7. Expand by De Moivre’s Theorem: 

(2V3 — 2i)5, [4(cos 150° + 7 sin 150°}, 

8. Find the three cube roots of —27, —7, 1 +7. 

9. If w, w’ are the conjugate complex cube roots of unity, show that 
ltuwtw=0,0 =w,w=w?,w-w = 1. 

10. Indicate the roots of the equation 2” — 1 = 0. 

11. Make a chart indicating which of the fourteen sets of numbers (com- 
plex, imaginary, pure imaginary, mixed imaginary, real, rational, irrational, 
integral, fractional, positive, zero, negative, algebraic, transcendental) 
mentioned above are closed (Section 1-2) under (a) addition, (b) subtraction, 
(c) multiplication, (d) division. 

12. Make a chart as in Exercise 11 indicating which of the fourteen sets 
of numbers are (a) groups under addition, (b) groups under multiplication 
after zero has been excluded from each set that contains zero, (c) fields 
(i.e., commutative number systems). 

13. Prove that the nth roots of unity form a cyclic group for any positive 
integer n. 


*4-18 Fields and number systems. The basis for the similarity 
mentioned above between the properties of polynomials and integers 
is found in the fact that both sets form rings (to be defined shortly). 
In this section we shall consider a few fundamental but somewhat 
abstract concepts of our number system. The concepts of group, 
field, and number system have been defined in Section 1-14. It 
was also shown in Section 1-14 that the set of rational numbers forms 
the smallest field (commutative number system) that contains the 
positive integers. In this section we shall consider a development 
of the complex numbers by adjoining (to be defined) numbers to the 
sets of rational and real numbers. We shall also observe that the 
set of complex numbers-forms a field in which every polynomial 
equation in one unknown with coefficients from the complex number 
system can be factored into linear factors. 

We start with the positive integers or natural numbers. In order 
to form a group under addition we must include the negative integers 
and zero. The set of all integers forms a ring. In general, a set of 
elements for which addition and multiplication are uniquely defined 
forms a ring if the elements of the set 
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(i) form a commutative group under addition, 
(ii) are closed under multiplication, 
(iii) satisfy the associative law of multiplication, and 
(iv) satisfy the distributive law of multiplication with respect to 

addition (Section 1-14). 

The set of even integers satisfies the above definition and forms a 
ring. Thus there exist rings of numbers which do not cgntain unity, 
the identity under multiplication. 

A field may be defined as a ring in which 

(i) there is an identity element, unity, for multiplication, 
(ii) multiplication is commutative, and 
(iii) every element except zero has an inverse under multiplica- 
tion. 

Thus any set of elements (for example, the set of rational, real, or 
complex numbers) that forms a field also forms a ring, but not 
conversely. The integers form a ring but do not form a field. In 
general, the elements of a ring or field are not necessarily numbers. 
For example, the set of all polynomials in the indeterminate x with 
integral coefficients forms a ring; the set of all rational functions 
in x with integral coefficients forms a field. A comprehensive treat- 
ment of groups, rings, and fields may be found in both [7] and [52], 
and a very readable treatment in [34]. 

We extended the set of positive integers in Section 1-8 by con- 
sidering quotients a/b, where a and b were positive integers. In 
general, we may associate with any ring the quotients a/b where 
a and b+#0 are elements of the ring and 6 is not a zero divisor 
(Section 1-14). This set of quotients forms a field and is called the 
quotient field of the ring. Thus the quotient field of the ring of 
integers is the field of rational numbers, R. 

The field A may be extended by adjoining (as described in the 
following sentence) an element k which does not belong to R. The 
extended field is composed of all quotients (denominator different 
from zero) of polynomials in & with coefficients from R. If & is an 
element of R, nothing new is obtained. The set of all polynomials 
in k with coefficients from R forms a ring denoted by R[k]. The 
set of all rational functions of k (quotients of polynomials where the 
polynomial in the denominator is different from zero) with coefficients 
from FR forms a field denoted by R(k). The field R(k) is called an 
algebraic extension of the field R if k is a root of a polynomial f(z), 
not identically zero, with coefficients from R. For example, the 
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ring R[-V2] consists of all numbers of the form a + bV2, where a 
and 6 are from R; the field R(V2) also consists of all numbers 
at bv2, since 


etdv2_ct+dv2 e-hv2_ ing 
ethV2 ethv2 e-hv2 


for a suitable choice of a and b in R. In general, the ring T[k), 
obtained by adjoining a number k that is algebraic over T toa field T, 
is also a field, that is, T[k] = T'(k) when k is algebraic over 7’. Using 
terminology which has not been defined in this chapter but which is 
familiar to nearly everyone, we may prove the above statement as 
follows: Suppose f(k) =0 and consider g(k)/h(k) where f(x), g(2), 
and h(x) are polynomials, f(x) is irreducible over T, and h(k) # 0. 
Then f(x) and h(x) have highest common factor unity, whence by 
the Euclidean Algorithm (Section 3-7) there exist polynomials p(x) 
and q(x) such that 


p(x)f(x) + q(a)h(z) = 1. 
Since f(k) = 0, we have q(k)h(k) = 1, whence 


g{k) _ ; 
hey g(k) - q(k) 

i olynomial in k, that is, T{k] = T(k). 
7 Finally, given the ring of integers with quotient field R, we seek 
a field T such that every polynomial f(z) with coefficients from R 
factors completely into linear factors (each with coefficients from T). 
Since f(x) may be linear, every element of R is an element of T. 
Thus T is an extension field of R. Suppose we try to construct T 
by adjoining numbers to R. In order to factor 2? —2 one must 
adjoin V. 2 and obtain R(V2). Similarly, for any prime number 
2, 3, 5, 7, 11, 18, 17,...one must adjoin Vp in order to factor 
2? — p into linear factors. In Section 2-3 it will be shown that 
there are infinitely many prime numbers. Thus no finite number 
of adjunctions of the form Vp to R will suffice even to factor all 
quadratic expressions of the form z? — p, and some other approach 
to the problem is necessary. ut 

One approach to this problem involves the concept of continuity 
(Section 1-12), and therefore the real number field Re is needed. 
The field R* contains Vp for all primes p and thus is sufficient to 
factor polynomials of the form 2? — p. Since the real numbers are 
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uncountable, we could not expect to obtain R* by a finite number 
of algebraic extensions of R. 

The field of complex numbers R*(i) constitutes an algebraic 
extension of R*, since 7 satisfies the equation z2+1=0. Also, it 
can be shown that the field R*(c) cannot be further extended alge- 
braically, ie., that every polynomial of positive degree with coeffi- 
cients from R*(¢) has all its roots in R*(i). This result is usually 
proved in two steps. First one proves the Fundamental Theorem 
of Algebra (Theorem 4-3): Every polynomial p(x) of positive degree 
with complex coefficients has at least one complex zero. Then 
Theorem 4-2 is proved: Every polynomial of degree m > 0 with 
complex coefficients has precisely m complex zeros (not necessarily 
distinct). There are several proofs of the Fundamental Theorem 
of Algebra, and each involves nonalgebraic concepts [7; 114]. Ac- 
cordingly, the reader is referred to [7; 113-115] and other similar texts 
for an intuitive proof. In Chapter 4 we shall adopt Theorem 4-3 
without proof and use it to prove Theorem 4-2. It can also be 
proved [7; 393] that every polynomial with algebraic coefficients 
has all its roots in the set of algebraic numbers (Section 1-10). In 
other words, any polynomial with algebraic coefficients may be 
factored into linear factors with algebraic coefficients. Further 
discussion of the topics considered in this section may be found 
in most abstract algebra texts. 


EXERCISES 


1. Prove that the set of numbers of the form 3n, where n is an integer, 
forms a ring. 

2. Do the exact decimals (Section 1-10) form a group under addition? 
A ring? 

3. Indicate which of the sets of numbers in Exercise 1, Section 1-14, form 
rings. 

4. Which of the fourteen sets of numbers in Exercise 11, Section 1-17, 
form rings? 

5. Prove that R[V3] = R(V3). 

6. Write up an intuitive proof of the fact that the complex numbers are 
algebraically closed. 


CHAPTER 2 
THEORY OF NUMBERS 


The properties of the integers — positive, negative, and zero — 
may be used to solve several types of problems. They are also of 
considerable importance in mathematical theories. Thus we follow 
our development of the number system with a consideration of some 
of the special properties of the set of integers. Under the definitions 
and postulates in Chapter 1, the integers 

(i) form a commutative group under addition (Section 1-14), 
(ii) are closed under multiplication (Section 1-5), 
(iii) satisfy the associative law of multiplication (Section 1-5), 
and 
(iv) satisfy the distributive law of multiplication with respect 

to addition (Section 1-5). 

These four properties are precisely the conditions under which a set 
of elements. forms a ring (Section 1-18). Accordingly, we shall 
speak of the set of integers as the ring of integers. 

The ring of integers also has three other properties (Sections 1-5 
and 1-14) that are not required of all rings: 

(i) multiplication is commutative; 
(ii) there is an identity for multiplication, unity, in the ring; 
and 
(iii) there are no zero divisors in the ring. 
Technically, these additional properties indicate that the ring of 
integers is also an integral domain. 

Throughout this chapter we shall be primarily concerned with the 
properties of the ring of integers. Many of these properties are also 
properties of more general rings and will be considered as properties 
of the ring of polynomials in Chapter 3. 


2-1 Divisibility. In a field such as the rational number system or 
the real number system, every element distinct from zero in the field 
divides every other element. In a ring, such as the ring of integers, 
the divisibility of an element a by an element 6b ~0 cannot be 
assumed. By definition, an integer b divides an integer a (written bla) 
if and only if a = be, where c is an integer. For example, 2/6, 3|12, 
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and 3/15, but 3 does not divide 8. The fact that for c = 0 every 
integer b ~ OQ divides zero should not be confused with the concept 
of “zero divisor” (Section 1-14) which is used only when both 6 
and c are different from zero. Using the above definition, we have 
the following theorem for integers a, b, c. 


THEorEM 2-1. If c divides b and b divides a, then c divides a. If 
c divides a and c divides b, then c divides a + b and also a — b. 


We may take as an example of the first part of the theorem 4{12, 
12|36, and therefore 4/36. Similarly, as an example of the second 
part of the theorem, we may take 4|12, 4/32, and therefore 4|44 where 
44 = 32+ 12, and 4|20 where 20 = 32 — 12. These properties may 
now be proved for arbitrary integers a, b, c satisfying the conditions 
of the theorem. 

In the first part of the theorem it is given that ¢ divides b and that b 
divides a, that is, that there exist integers r and s such that b = er 
and a=bs. Then, since multiplication is associative, a = (cr)s 
= c(rs), whence ¢ divides a. In the last part of the theorem there 
exist integers p and q such that a= cp, b =cq whence, using the 
distributive law for multiplication with respect to addition, a+) 
=c(p+q) and a—b=c(p—gq). This completes the proof of the 
theorem. 

A number ¢ is a unit if e divides every element of the set. The 
units for the ring of integers are +1 and —1. However, only +1 is 
unity, the identity for multiplication. 

The integer 2 is a common divisor of 12 and 30. The integers —2, 
3, —3, 6, and —6 are also common divisors of 12 and 30. However, 
6 is the only positive common divisor of 12 and 30 that is divisible 
by all other common divisors. We therefore call 6 the greatest 
common divisor of 12 and 30. In general, we have the following 
definitions. 

If c divides a and c divides b, then ¢ is a common divisor of a and b. 
If ¢ is a positive common divisor of a and b, and every other common 
divisor d of a and 6 divides c, then c is the greatest common divisor 
(GCD) of a and b. We write c= (a,b). Any integer ec where 
c = (a, b) and ¢ is a unit is often called a GCD of a and b. We have 
modified the usual definition and specified the positive GCD as the 
GCD so that the GCD will be uniquely defined and will coincide 
with the accepted meaning of the symbol (a, 6). Then for any 
finite set of integers ai, a@,...,@, that are not all zero, We may 
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define a unique positive greatest common divisor c = (a1, @,..., Qn) 
with the property that all common divisors of the set are divisors 
of c. Note that c divides c since c = c- 1. 

‘If c = ka and c = mb, then c is a common multiple of a and b. If c 
is a positive common multiple of a and b and every other common 
multiple d of a and 6 is a multiple of c, then ¢ is, the least common 
multiple of a and b. We write c= [a,b]. Similarly, for any finite 
set of integers a, @2,...,4, that are not all zero, we may define a 
unique positive least common multiple c = [a1, @,..., @,] with the 
property that all common multiples of the set are multiples of c. 

Two integers a and b are said to be relatively prime if all their 
common divisors are units, that is, (a¢,b) = 1. For example, (3, 4) 
= 1, (6,17) =1, (64, 81) = 1. 

The above definitions of familiar terms are included to keep our 
thinking rigorous and to serve as a basis for future discussion. In 
the next section we shall consider a less familiar but very fundamental 
property of the integers. 


EXERCISES 


1. Prove that if a/b, then albe where c is any integer. 

2. Prove that if a|b, alc, and ald, then a|(bz + cy — dz), where x, y, 2 are 
any integers. 

3. Prove that if 0 < a < 6, then b does not divide a. 

4. Find all positive integers N such that every positive integer n $ VN 
divides N. 

5. Prove (a) that the set of even integers forms a ring and (b) that the set 
of odd integers does not form a ring. Does the set of even integers also 
form an integral domain? 

6. A “perfect” number is often. defined as one that is equal to the sum of 
its positive divisors (excluding itself). Find the first two such numbers. 

7. Prove that the sum of the squares of two odd integers cannot be the 
square of an integer. 

8. Do Exercises 1 through 4, Section 1-18. 

9. Indicate which of the sets of numbers in Exercise 1, Section 1-14, 
form integral domains. 


2-2 Division Algorithm. This basic property of the set of positive 
integers is usually stated as a theorem: 


If a and b are any two positive integers, there exist integers q and r, 
0 Sq,0 Sr <a such that b= qa+t+r. 
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Given two positive integers 1459 and 112, we might use long 
division and write 1459 = 13-112+3. The above theorem merely 
establishes that this use of long division is a logical consequence of 
our previous definitions and theorems. Thus the Division Algorithm, 
like many of our other theorems, serves to establish a common 
arithmetic process on the basis of the development of our number 
system in Chapter 1. 

A common “proof” of the Division Algorithm states that either 
b = qa, in which case r = 0, or 6 + ga and there exists an integer 
such that ga <b < (¢+ 1a. Thus there always exists an integer r, 
0<r<a,suchthatb=ga+r. Sucha “proof” appears reasonable 
because it employs only familiar properties of our number system, 
i.e., if b is divided by a using long division, then either b = ga or 
b ¥ ga, and there exists an integer q giving a remainder less than a. 
However, one purpose in studying the number system is to under- 
stand thoroughly what basic assumptions or postulates are necessary. 
Another purpose is to recognize a “proof”? as indicating that the 
desired result can be obtained from the basic assumptions, definitions, 
and previously proved theorems. In the above “proof” two points 
have been overlooked. First, given two positive integers a and b, 
does there always exist an integer N such that Na > b? Second, 
if there exists at least one integer N as above, does there exist a least 
such integer, i.e., an integer R such that (R ~ l)a Sb < Ra? The 
first. question may be phrased: Do the positive integers satisfy the 
Postulate of Archimedes? The second: Are the positive integers 
well ordered? 

The Postulate of Archimedes states: 


Given any two positive integers a and b, there exists an integer N 
such that Na > b. 


This property of the integers may be developed from our previous 
definitions as follows: Since a is a positive integer, either a = 1 
ora>J. If a=1, then ab=b; if a > 1, then from Section 1-6 
(a—1) >0, (a—1)b > 0, ab— 6b > 0, and ab > b. In either case, 
ab+a=a(b+1) > b and there exists an integer N =6+1 such 
that Na > 0b. Thus we do not need to assume the Postulate of 
Archimedes as a postulate, since it can be proved as a theorem on 
the basis of our earlier definitions. 

Finally, a set of elements is said to be well ordered (Exercise 6, 
Section 1-6) if every nonempty subset has a first element. When 
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ordered according to magnitude, the positive integers are well ordered, 
negative integers are not, positive rational numbers are not, and the 
set of rational numbers of the form 1/n is not. 

The proof that the positive integers are well ordered proceeds as 
follows: Let I be an arbitrary subset of the positive integers. There 
are three cases, according as I contains only a finite number of 
elements, contains infinitely many elements but only a finite number 
of distinct elements, or contains infinitely many distinct elements. 
If J contains only a finite number of elements, then there exists a 
least element of I, since the positive integers are linearly ordered, 
and one can compare the various elements of a finite set. If I 
contains infinitely many elements but only a finite number of distinct 
elements, let N be an upper bound for the finite number of distinct 
elements of J. Then every element of J coincides with one of the 
numbers 1, 2,3,..., N. Let F be the subset of 1, 2, 3,..., N that 
coincides with the distinct elements of 7. Then F is a finite set and 
has a least element that is also a least element of J. For example, 
let I be the set 1,3,5,7,1,3,7,1,3,7,...and N=10. Each 
element of J coincides with one of the numbers 1, 2, 3, 4, 5, 6, 7, 
8,9, 10. The set F is 1, 3, 5, 7, and 1 is a least element of F and I. 
If J contains infinitely many distinct elements, let N be an element 
of I. Then divide the set J into two subsets J, and J2, where those 
elements of J that are less than or equal to N are in J, and all other 
elements are in J,: The set J, is bounded and has a least element, 
say R. Since # is less than or equal to N, it is less than all elements 
of I, and is a least element of J. 

The assumptions underlying the short “proof” of the Division 
Algorithm have now been examined in detail. It was found that 
the assumed properties of the positive integers could be directly 
proved from the assumptions and definitions of Chapter 1. 

The Division Algorithm will be very useful to us. From a 
practical point of view it underlies the representation to the base ten 
of all numbers in our Hindu-Arabic or decimal notation (Section 2-7). 
It is also the basis for a procedure, the Euclidean Algorithm, used 
to find the greatest common divisor of any two integers (Section 2-5) 
or of any two polynomials in one variable (Section 3-7). 

We next consider prime numbers and lay the foundations for a 
thorough discussion of the divisors or factors of any given integer 
in preparation for the Unique Factorization Theorem (Theorem 
2-8). 
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EXERCISES 


1. Prove that g and 7 in the relation b = ga + r of the Division Algorithm 
are unique. 

(Hint: Suppose 6 = ma +11 = goa +r. where g; 2 gq. and show that 
—-a<n—-n <a.) 

2. State and prove the Postulate of Archimedes for any two rational 
numbers. 

3. What properties must a set of elements such as 1, a, x, 5,7, 2, —1,... 
have before one can attempt to prove that its elements satisfy the Postulate 
of Archimedes? 

4, Indicate which of the following sets of elements are well ordered when 
ordered algebraically: (a) integers greater than 500, (b) integers greater 
than - 100, (c) negative integers, (d) numbers of the form nk where k is 
a given positive number and nig any positive integer, (e) positive rational 
numbers, (f) positive irrational numbers, (g) algebraic numbers. 

5. Prove that the elements of any finite or denumerably infinite set of 
elements may be ordered so that the set is well ordered. 

6. Use the result of Exercise 5 and describe an ordering of the rational 
numbers so that the set is well ordered. 

7. Prove that every well-ordered set is linearly ordered (Section 1-6). 


2-3 Prime numbers. The following classification of the integers 
according to the integers that they divide, or are divisible by, will 
greatly facilitate our study. Zero has been defined (Section 1-5) 
as the identity under addition. The integers +1 and —1 are called 
units (Section 2-1). An integer p that is not zero or a unit is said 
to be prime if its only divisors are +p and the units. An integer is 
called composite if it has two or more prime divisors (not necessarily 
distinct). For example, 6=2-3 and 121 = 11? are composite 
numbers. We shall find that every integer belongs to one of four 
classes: zero, units, prime numbers, composite numbers. Since 
zero is neither positive nor negative, this will mean that every 
positive integer belongs to one of three classes and every positive 
integer greater than one is either prime or composite. In the 
following discussion, negative prime numbers are assumed to be 
expressed in the form ep, where e is the unit —1 and p is a positive 
prime. Thus only positive prime numbers need be considered. 

We now use these definitions in the proofs of several theorems. 


THEOREM 2-2, Every integer greater than one has a positive prime 
dwisor. 
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Let m be any given integer greater than one. Then m is prime if 
and only if its only positive divisors aremand1. If mis nota prime, 
it has a positive divisor m, where m, # m and m ~1. Thus if m 
is not prime, it may be written as the product of two positive integers, 
m = mms, where neither m, nor 7m, is a unit. If neither m: nor m 
is prime, then m = mumy2ma1m2 Where no m, is a unit. If no mi is 
a prime, then m = minmM2MarMinMeMa2MerMe, Where NO Mizz is a 
unit. This process will terminate if and only if at some step at least 
one of the m’s is a prime number. We shall now show that for any 
given positive integer m the process must terminate, i.e., it cannot 
continue indefinitely. First, we observe that any positive integer 
m which is not a unit satisfies the order relation m:, > 1 (Section 1-6). 
Then we also have m = mymz > m and, in general, 


m>m>my > m1>::: 


for as many steps as the process continues. Thus the process ter- 
minates if and only if the set of positive integers m, mi, mu, Min, .. - 
is a finite set. However, this set is a subset of the finite set m, m — 1, 
m—2,..., 8,2,1 and therefore must itself be finite. Thus the 
above process must terminate after a finite number of steps, and m 
must have a prime divisor. 

We have also proved that any given positive integer m can have 
only a finite number of positive integral divisors greater than one. 
Our next theorem indicates which positive integers need to be 
considered when one seeks the positive divisors of a given integer m. 


THEOREM 2-3. If a positive integer m is compostie, it has a positive 
prime divisor < I, where I is the greatest integer whose square is S m. 


By Theorem 2-2, any positive integer m greater than one has a 
positive prime divisor p, that is, m= pm. Also, if m ¥ p, then m 
has a positive prime divisor $m. If Theorem 2-3 were false, 
there would exist a number m that was composite and had no positive 
prime divisor S$ J. In this case, we would have I< p, I1<m 
or 1 +15 p,1+1S m, and (I+ 1)? S pm. =™, contrary to the 
assumption that I is the greatest integer whose square is S$ m. Thus 
Theorem 2-3 must be true (method of indirect proof, Section 1-10). 

Before we can use Theorem 2-3 to determine whether or not a 
given integer m, say 359, is prime, we need some method for deter- 
mining the primes S J where 1? m< (I+1)*%. For the case 
m = 359 we need to know the prime numbers © 18. 


2-3] PRIME NUMBERS 65 


The prime numbers bounded by any finite integer N may be 
found by a method called the Sieve of Eratosthenes: Write down the 
integers from 1 to N, exclude | since it is a unit, counting from 2 strike 
out every second number thereafter, counting from 3 strike out every 
third number, and, in general, counting from any remaining integer k 
which is $ VN (Theorem 2-3) strike out every kth integer. For 
example, the prime numbers bounded by N = 18 are 2, 8, 5, 7, 11, 18, 
17, and may be found from the array 


L283 Lf 5 KTP SP Wu wis ww w 17 yw, 


in which it was only necessary to exclude the unit and multiples of 2 
and 3 since the next remaining integer, 5, has a square greater than 18. 

We now may use Theorem 2-3 and determine whether or not 359 
is a prime by testing 359 successively for divisibility by 2, 3, 5, 7, 11, 
13,17. On this basis we may assert that 359 is a prime number. 

One reason for considering such mechanical methods as the above 
for determining primes lies in the fact that no analytical representa- 
tion or formula for all primes has yet been found. However, we 
may prove several theorems regarding primes. The following 
theorem is a modern version of Proposition 20 in Book IX of Euclid’s 
Elements. 


TurorEeM 2-4. The set of positive prime numbers is countably 
infinite. 


Suppose there were a largest prime number, say P, then the 
number N = P!+1 must have a prime divisor (Theorem 2-2). 
But no number S P divides P!+1=N. Thus N has a prime 
divisor greater than P and there is no greatest prime, i.e., the set 
of positive prime numbers is countably infinite. For example, 
if P=2, then N = 2!+1=83, which is prime; if P= 5, then 
N =5!+1= 121, which has 11 >5 as a prime divisor. This 
process for determining the existence of a prime greater than a given 
prime P may also be used, together with the existence of a single 
prime number 2, to prove by mathematical induction (Section 1-4) 
that there exists a countably infinite subset of the set of positive 
prime numbers. Then, since the set of all positive prime numbers is 
a subset of the set of positive integers, which is countably infinite, 
we have another proof that the set of positive prime numbers is 
countably infinite. 
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The best-known properties of primes concern divisibility. Given 
any integer m and prime 9, the only positive divisors of p, and there- 
fore the only possible positive common divisors of p and m, are p 
and Jl. Thus we have 


THEOREM 2-5. If p is a prime and m is any integer, then either p 
divides m or (p,m) = 1. 


Another common theorem may be proved as follows: Suppose 
p is a prime number, and a and b are each positive integers less 
than p. We wish to prove that p does not divide the product ab, 
written p+ab. We shall use the method of indirect proof and 
suppose that plab. Furthermore, we shall assume that 6 is the 
smallest positive integer such that plab, that is, ab is the least multiple 
of a such that plab. This last assumption may be made without 
loss of generality, since if there exists a single integral multiple, there 
must be a smallest positive integral multiple of a that is divisible 
by p (Section 2-2). Now by the Division Algorithm, there exists 
an integer m such that 

msp<(m+1)b, 0S p—mb<b. 


Actualty mb ¥ p since 1 <b < p and p is prime. By assumption, 
plab and thus pl|mab. Then from plap we have p|(ap — mab) and 
p\a(p — mb), whence a(p — mb) is a multiple of a which is divisible 
by p. But also a(p — mb) < ab, contrary to the assumption that 
ab is the least multiple of a that is divisible by p. Thus p does not 
divide ab, and we have given an indirect proof of the following 
theorem. 


TuroreM 2-6. If p is a prime, and a and b are two positive 
integers each less than p, then p + ab. 


This theorem may be extended to include any two positive integers 
a and b such that p+a and p+b. Let a=mp+r, b=npts, 
O<r<p,0<s<p. Nowif plab, we also have p|rs, contrary to 
Theorem 2-6. Thus if pt+a and p+b, then p+ab. In other 
words, if plab, then pla or p|b. Since the product of two integers 
is an integer, we may also take ai - a2 = a, a3 = 6 and prove that if 
p|aia2ds, then p divides at least one of the numbers a, a2, a3. By 
repeated application of this process, we have 

TuHEorEeM 2-7. If p is a prime and pl\aiaz...@n, then p divides 

at least one of the integers a, d2,..., Gn, Where n ts any positive 

integer. 
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A very important application of this property of prime numbers 
is found in the factorization of all positive integers as products of 
powers of prime numbers (Section 2-4). Throughout the remainder 
of this text we shall make extensive use of the properties of prime 
numbers and the analogous properties of irreducible polynomials 
(Section 3-6). 


EXERCISES 


1. Find the prime numbers less than 200, using the Sieve of Eratosthenes. 
2. Determine which of the following are prime numbers: 
(a) 85, 103, 179, 539, 
(b) 267, 781, 859, 937, 
(c) 1245, 2287. 
3. Write out a formal proof of Theorem 2-7, using mathematical induc- 
tion. 
4. Is n? — n+ 41 a prime number for all positive integral values of n? 
Explain. 
5. Give four numerical examples illustrating Theorem 2-5. 
6. Repeat Exercise 5 for Theorems 2-6 and 2-7. 
7. Given any integer N, how could you find all its positive prime divisors? 
8. Prove that n? + 1 is a composite number if n is greater than one. 
9. Prove that 3" — 1 and, in general, m™ — 1 is composite if n is greater 
than one and m is greater than 2 (see Exercise 7, Section 1-4). 
10. A number of the form 2? — 1 that is prime is called a Mersenne prime. 
Find five such numbers. 
11. Prove that 2" — 1 is composite if n is composite (see Exercise 9, 
Section 1-4). Give an example of a composite number of the form 2? — 1 
where p is a prime. 


2-4 Unique Factorization Theorem. An integer is said to be 
completely factored when it is expressed as a product of prime 
numbers (assumed positive) and a unit (+1 or —1). In this section 
we shall first use the fact that the product of any finite number of 
units is a unit and show that any integer may be expressed as a prod- 
uct of positive prime numbers and a unit in essentially only one way. 
Then we shall draw some further results from this factorization. 

The positive integer 168 may be expressed as a product of integers 
in several ways. For example, 


168 = 4-42 =2- (-2)- (-7)-6=21-8=7- 24. 


The unique factorization theorem states that when 168 is expressed 
as a product of positive prime numbers, 168 = 2?- 3-7, any other 


68 THEORY OF NUMBERS [cHaP. 2 


factorization such as 168 = 3 - 2° - 7 into prime divisors must coincide 
with the first one, except possibly for the order in which the divisors 
are written. 

Any positive integer m greater than 1 has at least. one positive 
prime divisor or factor, by Theorem 2-2. Such a prime divisor, 
say pi, can be found in a finite number of steps,, since m is finite 
and p; is one of the numbers 1, 2,3,...,m. If p.: = m, our factoriza- 
tion is complete and unique. If p, ¥ m, let m = pm and proceed 
as before with mi, obtaining m = p.i(pem2) if m is not prime. Since 
the positive integers m, 1m, m,... satisly m>m>m>..., 
the above process, like the one in the proof of Theorem 2-2, must 
terminate after a finite number of steps and give 


(2-1) Mm = Pipr... Dr. 
If there were also a second factorization, 
(2-2) M = igo... Qs 
of m into positive prime divisors, we would have 


(2-3) Pipa... Dr = Gide... Qs. 

Since p; divides gig... . ge, it must, by Theorem 2~7, divide some q,, 
say gi. Since gq; and pi are assumed to be positive prime numbers, 
pi =. We divide both sides of (2-3) by p:=q@ and repeat the 
same argument to show that ps is equal to one of the q’s, say qe. 
This process may be continued until one side of (2-3) is reduced to 1. 
Since the p’s and q’s are integers, the other side must simultaneously 
become 1. Thus there exists a factorization of m into prime divisors, 
and any two factorizations (2-1) and (2-2) of m into prime divisors 
are identical, except possibly for the order in which the divisors are 
written. The divisors and thus the factorization are unique. If the 
equal primes are grouped together, we have the Unique Factorization 
Theorem or, as it is sometimes called, the Fundamental Theorem of 
Arithmetic: 


THEoREM 2-8. Every integer except zero can be represented in one 
and only one way in the form 

M = EPU'Pe . . - Dn", 
where e; is one of the units, the p; are distinct positive primes, and the 
a; are positive integers. 


Given any integer m, we may therefore select the appropriate unit 
by observation and then use Theorem 2-3 and successive division to 
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find the positive prime divisors of m. For example, 12 = 2?- 3, 
—36 = (-1) - 2?- 3?, 1232 = 24-7 - 11. 

Let us consider 12 = 2?- 3 fora moment. Any prime divisor of 12 
must divide 2? or 3, by Theorem 2-7. Thus 2 and 3 are the only 
prime divisors of 12. Similarly, all positive divisors d of 12 may be 
expressed in the form d = 2*- 3°, where a = 0,1, 2 and b=0 or 1. 
All of the divisors of 12 = 2?- 3 are of the form e - 27 - 3’, where e is a 
unit, OS a S$ 2, and OX 6<1. In general, all the divisors of 
m = eprpe... ps are of the form 
(2-4) expp?... pes, where 0 S b; S a; 
and e, is a unit. Furthermore, every number of the form (2-4) is 


a divisor of m. From this concept of divisor and Theorem 2-8, 
we have 


TuroreM 2-9. If a and b have no divisors in common and each 
divides c, then their product divides c. If a and c have no common 
divisors and b and c have no common, divisors, then ab and c have no 
common divisors. If aandc have no common divisors and c dimdes 
ab, then c divides b. 


The three parts of this theorem may be stated in mathematical 
notation as follows: (i) (a, 6) = 1, alc and blc imply ab|c; (ii) (a, d = 1 
and (b,c) = 1 imply (ab, c) = 1; (ii) (a,c) = 1 and cab imply eld. 
The proofs of these statements are given as exercises (Exercises 3, 4, 
and 5). 

Theorem 2-8 may also be used to find the greatest common divisor 
and lowest common multiple of two integers (Section 2-1). For 
example, if m = 2?.3?-5°-7 and n= 2?-33-7?-11, then (m,n) 
= 2?. 32-7 and [m, n] = 2?- 33. 5?-7?-11. These particular values 
may be obtained by observation. In general, it is often advantageous 
to allow zero exponents in order to express both m and n in terms of 
the same positive prime numbers. For example, in the above case, 
m = 23. 3°-52-7-119 and n = 2?- 33. 5°- 72-11. Thus, given any 
integers m and n, we may write each in terms of its positive prime 
divisors and then rewrite each as above in terms of the same set 
of prime numbers, say m = e;pt ps... pt and n = e,pipb:- -- pe. 
These expressions may be abbreviated, using the product sym- 


bol [], as 


k k 


m=el[ pt, n=] 


t=1 i=1 
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Then (m,n) is obtained by taking the smallest occurring exponent 
on each prime number pi, and [m, n] is obtained by taking the largest 
occurring exponent on each prime number p;. In mathematical 
notation, we write 


k k 
(m,n) =] pe, [m,n] = JT v%, 
t=1 i=] 


where ¢; is the minimum of a; and 6,, d; is the maximum of a; and ,. 

Finally, suppose (a, b) = d, [a,b] = m, and let a=ad, b = bid. 
Then (a, b:) = 1, the lowest common multiple of a and b is m = abd, 
and dm = dabid = ab. Thus we have 


Tueorem 2-10. If a and b are positive integers, (a,b) = d, and 
[a, b] = m, then dm = ab. 


For example, (6, 8) = 2, [6, 8] = 24, and 6-8 =2-24. The fact 
that this theorem cannot be extended directly to the case of three 
positive integers is evident from the following example: (6, 4, 10) = 2, 
16, 4, 10] = 60, and 6. 4- 10 = 240 # 2 - 60. 

In the next section we shall use the Euclidean Algorithm to find 
d = (a, b) without first expressing @ and 6b in terms of their prime 
divisors. Then we may use m = ab/d from Theorem 2-10 to find 
m = [a,b]. Thus, we shall soon be able to find both (a, b) and [a, }] 
without expressing a and b in terms of their prime divisors. 


EXERCISES 


1. Factor the numbers 4680, 1275, and 1273 in terms of their positive 
prime divisors. 

2. Find (4680, 1275) and (4680, 1275] in terms of their prime divisors. 
Does Theorem 2-10 hold? 

3. Prove the first part of Theorem 2-9. 

4. Prove the second part of Theorem 2-9. 

5. Prove the third part of Theorem 2-9. 

6. Given any integer n, how could you find all its positive divisors? 

7. Find all the positive divisors of 60. 

8. Prove that every positive divisor of m = e;ppp}... pa" occurs once 
and only once among the terms of the product 


(+ pt pit---+ pr) + pet pet +--+ py) --- 
(1 ++ pn + pat +++ + pir). 


9. Prove that the integer m in Exercise 8 has (a, + 1)(a2 + 1)--+ an +1) 
distinct positive divisors. 
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10. Prove that the sum of the positive divisors of the integer m in Exercise 
8 may be expressed in the form 


using the product symbol II. 

11. Find the number and sum of the positive divisors of 60, using Exer- 
cises 9 and 10. 

12. How many divisors has each of the numbers in Exercise 1? 

13. Find the sum of the divisors of each of the numbers in Exercise 1. 


2-5 Euclidean Algorithm. The greatest common divisor (m,n) 
of two integers was expressed in Section 2-4 in terms of the prime 
divisors of the two integers. The Euclidean Algorithm gives a 
straightforward method for obtaining the greatest common divisor 
of two integers without expressing either integer in terms of its 
prime divisors. This method is especially advantageous when large 
numbers are involved. In the case of 36 and 90, the method of 
Section 2-4 would be to write 36 = 2?- 3? and 90 = 2- 3?- 5, then 
(36, 90) = 2-3? = 18, The Euclidean Algorithm would give 90 
= 2-36 + 18, 36 = 2-18+0 and (36, 90) = 18. 

In general, since the greatest common divisor is taken as positive, 
it may be obtained for any two integers different from zero by 
considering only the corresponding positive integers m,n where 
factors of +1 or —1 have been inserted. If m =n, then also (m,n) 
=m; if mn, we may suppose m > n. Then we repeatedly apply 
the Division Algorithm (Section 2-2) and obtain the Euclidean 
Algorithm: 


(2-5) m= gn+m, O<m<n 

(2-6) nN = ini + Na, O<m<m 

(2-7) Ni = gone + Ne, 0 < ns < ne 

(2-8) Ne-2 = Qe-iNe-1a + Nk, 0 < mm < m1 

(2-9) Nk = Qk. 0 = men 

Since the integers n,m, 2,... form a decreasing sequence, ie., 
n>mm > >..., there exists some n;, say nx41, equal to zero and 


such that either k = 0 or 7; is different from zero. We shall find that 
(m, n) = n = np when k = 0, and (m,n) = m when k ¥ 0. 
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Any common divisor of m and n must divide m by (2-5), m by 
(2-6), ns by (2-7),..., ne by (2-8). Thus, every common divisor 
of m and n is a divisor of n,. Conversely, n, divides m1 by (2-9), 
Ny» by (2-8),..., m by (2-7), n by (2-6), and m by (2-5), that is, 
Nx is a common divisor of m and n. These results are stated in the 
following theorem: 


TuHEeoreM 2-11. The greatest common divisor of any two positive 
integers m and n can be found as the last nonvanishing remainder in 
the Euclidean Algorithm. There exist integers A and B such that 


(2-10) (m,n) =n, = Am+ Bn. 


The integers A and B in (2-10) may be obtained by solving (2-5) 
for m, in the form n = Aym+ Bin and substituting this in (2-6) to 
obtain n= Aom+ Ban,...; finally n= Am+ Bn from (2-8). 
For example, we have the following form of the Euclidean Algorithm 
for the numbers 23 and 19: 


23 =1-19+4, 
19=4-4+43, 
4=1-3+1, 
3=3-1+0, 


whence (23,19) =1. A relation of the form (2-10) may be found 
as indicated above, using the equations 
4=1-23-1-19, 
3=1-19-4-4=5-19—4- 23, 
1=1-4-1-3=5-23-6-19. 
This.process may be expressed in terms of the general quotients q; 
and remainders 7; in (2-5) to (2-9) as follows: 
m=m—qn= Aim+ Bin, 
ne = —qum + (qq + 1)n = Axm + Ban, 
ms = (G12 + Lm — (q2+ qqige + gin = Agm + Byn, 


Since only the ring operations of addition, subtraction, and mul- 
tiplication are involved, the coefficients of m and n are integers at 
every step. 

There still remains the practical problem of finding A and B for 
any given integers m and n with as little work as possible. For any 
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integer m ¥ 0, we have (m, 0) = em where e isa unit. Also, we have 
observed that the given integers may be assumed positive without 
any loss of generality. The following array gives a practical proce- 
dure for determining both the greatest common divisor and a relation 
of the form (2-10) for any two positive integers m and n. The 
numbers 7; and q; are the same as in (2-5) to (2-9). The array 


m n NM Ne Ng eas Ny 0 

2-11 q 1 qa Q cre Vr 
( ) 1 —@q B, B; ae B, =B 
1 Hh As eae A, =A 


may be constructed by using the geometrical pattern 
Wa MW Nis 
Gq 
in the first two rows to signify that m1 = qin; + nis, representing 


the last n; different from zero by mn, and determining the A; and B; 


by the recurrence formulas 
Bo = 1, Ao = 0, B, = —q, Air = 1, 


Bin = Bu —- @Bi, . 
AeA cpccg (= 1, 2,3, 4,...,k-—1) 


In the case of m = 23, n = 19, this array becomes 
23 #19 #+44 3 1 «0 


1 4 1 8 
(2-12) 1-1 5 -6 
1-4 5 


whence (23,19) =1 and 1=5-23-—6-19, as was previously 
obtained. 

The above method of obtaining n, is merely a synthetic representa- 
tion of the relations (2-5) to (2-9) and is therefore valid. The above 
method of determining A; and B, may be verified by using mathe- 
matical induction upon j, where n;=mA;+7B;. For 7=0 we 
take vm = and have n = n; for 7 = 1 we have mn = m — qn, which is 
valid from (2-5). Suppose ni = mAiv1+nBj_1 and n; = mA;+nB,, 
then 

: Nig = Ni Gini 
= mM(Avi — GAs) + 2(Bin — GBs) 
= mMAiuit Bin, 


verifying the recurrence formulas given above. 
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The method represented by the array (2-11) can be very useful 
after a little practice. It is especially advantageous in that the 
greatest common divisor can be determined by using only the first 
two rows. Then if a relation of the form (2-10) is desired, the 
constants A and B can be determined. 

The equation (2-10) is now both necessary and sufficient for 
7”, to be the greatest common divisor of m and n. It is necessary by 
Theorem 2-11 and sufficient since if (2-10) holds, every common 
factor of m and n must divide nm. As a particular application of 
this, we have 


THEOREM 2-12. Two integers m and n are relatively prime if and 
only if there exist integers A and B such that Am + Bn = 1. 


We shall use the Euclidean Algorithm and Theorem 2-12 to obtain 
the reciprocal of n modulo m in Section 2-11. In Section 3-7 both 
of these results are restated for polynomials p(z). In this form they 
will be used to find the greatest common divisor of two polynomials, 
the number of distinct roots of a polynomial equation on any interval 
a <x sb (Section 4-12), and the multiple roots of a polynomial 
equation (Section 4-13). 


EXERCISES 


1. How may the Euclidean Algorithm be used to prove the existence of a 
greatest common divisor for any two positive integers? 

2. Prove that (km, kn) = k(m,n) for any positive integer k. 

3. Express each of the following in the form of (2-10): 


(a) (108, 64), (d) (3961, 952), 
(b) (370, 111), (e) (4680, 1275). 
(c) (147, 64), 


Compare with Exercise 2, Section 2-4. 

4, Find the lowest common multiple of each of the pairs of numbers used 
in Exercise 3. 

5. Prove that [km, kn] = k[m, n]. 

6. Prove that if (a,b) = 1, where a and b are any integers, then there 
exist integers d and e such that 


1 
ab at 
7. Prove that every positive rational number may be expressed as a 
terminating continued fraction of the form 
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m 1 
ea! + 
1 
at 
1 
q2 + 
ga + 
Ee 
qk 
which is frequently written as 
m 1 1 1 1 
poet tgs at ge? ae 


(Hint: The q’s here are the same as - the yee Algorithm. Corre- 
sponding to (2-12), we have 2 =1+— 7 z a 3 3 -) 

8. Use the results etiedi in Exercise 3 and Lon each of the following 
rational numbers as continued fractions: 498, 372, 447, 398), $882. 

9. Prove that —B/A in (2-10) is an approximation for m/n differing 
from m/n by n,/An. This is a very practical first Bpprommagtion and is 
enuivaleat to dropping the term q; in Exercise 7. Thus #8 is approximately 
$, and in this case the error is z}z. 

10. Use the method of Exercise 9 and find first approximations to each 
of the fractions in Exercise 8. Indicate the error of the approximation in 
each case. 

11. Continue the process of approximation started in Exercise 9 and show 
that in general the (j + 1)th approximation of m/n is —B,_;/Ax—; in (2-11). 


2-6 Bases. The concept of a ‘‘base”’ is as fundamental in theory 
of numbers as it is in baseball. Any representation of numbers, such 
as 1776, in which the position of the digits has significance depends 
upon the particular number that is used as a base. For example, 
11 represents eleven to the base ten, i.e., one ten and one unit in the 
decimal notation. However, 11 also represents three to the base 
two, i.e., one two and one unit in the binary number system. We 
are all familiar with the decimal notation (Section 2-7) using the 
base ten and the digits 0, 1, 2, 3, 4, 5, 6, 7, 8,9. The binary system 
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uses only two digits, say 0 and 1, and is becoming of increasing 
importance with the development of electronic computers, since its 
digits may be represented by the presence and absence, respectively, 
of‘an electric current. In general, we shall prove that every positive 
integer n greater than 1 can be used as a base for all positive integers, 
that is, 

THEOREM 2-13. If m and n are positive integers, n > 1, then 

the representation 

m= an! + aint? +-+- + a4 

where a, #0, OS ai<n for i=1,2,...,k, exists for some 

integer k and is unique. 

The integer 130, for example, may be expressed using bases 
10, 2, 3, 4, 5, and 6 as follows: 

(2-13) 1380 = 1-10°+3-10+0 = 130, 
1380 = 1-27+0-2°+0-2°+0- 24, 
+0-2?+0-2?+1-2+0 = 10000010, 
130 =1-3#4+1-39+2-37+1-341 = 1121]1,, 
130 = 2-47+0-4+0-4+4 2 = 2002, 
130 = 1-55+0-541-5+0= 1010, 
(2-14) 130 =3-6+3-6+4 = 334. 

The integers a; may be found by means of repeated applications 
of the Division Algorithm (Section 2-2), but the process is quite 
different from that used in Section 2-5. For example, in (2-13) and 
(2-14), we have 


130 = 10-13 +0, 130 = 6 - 214-4, 
13 = 10-143, 21=6:-34+3, | 
1=10-0+1, 3=6-043. 


The successive remainders 0, 3, 1 when 130 is repeatedly divided as 
above by 10 are the units, tens, and hundreds digits, i.e., the co- 
efficients of 1,10, and 10? in (2-13). Similarly, the successive 
remainders 4, 3,3 when 130 is repeatedly divided as above by 6 are 
the coefficients of 1, 6, and 6? in (2-14). These coefficients are easily 
obtained using the following arrays, where the remainders are set 
off to the side: 


10/130 6|130 
10|13 ~0 621 ~4 
10|1 ~3 6|3 ~3 
O~1 0~3 
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In general, the coefficients a; in Theorem 2-13 may be obtained 
as follows. Suppose 


m=qntn, 
Qi = Qn + Pe, 
@=gqntrs, 


Qe—2 = Guan +7, 
GgiA=O:-n+T., 
where 0S 7r; <n. From these equations, we have m>q@ > @ 
> > Ga > 0,0 < gia < 7,7. = Qqr-1, and therefore 0 < 7%. 
The coefficients in Theorem 2-13 are obtained by taking a = 7:, 
On = Th-ty sy) HSM. 2 
The relations a; =7r; may be verified by substituting each q; in 
the equation gi = qn+7r; fort =k-—1,k —2,...,2,1l,andgq=m, 
as follows: 
Qr-1 = Tk, 
Qa = TEN + Pe, 


Qua = TEN + pin + Tra, 


gi = rank? + rp + + 12, 
m= rn! + rp ant? + br. 


If there were two expressions for m in terms of the same base n, siy 
m = aon*+ an'1+---+ainta, O<m,0Sa,<n 


and 
m = bon? + bn? 4+---+b,1n+b, 0O< bh, 055 <2, 


then we would have 
agn* + ayn! + +++ + ay — (bon? + bin?! + +--+ bp) = 0. 


The right member, 0 (and therefore the left member of this equation) 
is divisible by n. Thus 1 divides a, — bp. But 
O0s<a<7n,0 Sb, <7, la —d |< 2, 


and n does not divide any positive integer less than n. Since |az — bp! 
is divisible by n, it cannot be positive and must be equal to zero, 


78 THEORY OF NUMBERS [cuap. 2 


that is, a, = b,. Similarly, both members must be divisible by 
ni+1, whence ax_; = bp_; or, in general, a; = 0; for all values of 7, and 
we have p=k. Thus the representation of m in Theorem 2-13 is 
unique. 

The Hindu-Arabic notation or decimal system (Section 2-7) which 
we use consists of numbers expressed to the base 10. In this case 
Theorem 2-13 states that every positive integer has a unique repre- 
sentation to the base 10. For example, 


5604 = 5-10? + 6-10?+0-10+4. 
Similarly, for n = 2 Theorem 2-13 states that every positive integer 
has a unique representation to the base 2. For example, 
188 =1-27+0-2§+1-25+1. 24 
+0-2?4+1-2?+1-2+1, 

and may be indicated by 101101112. The binary system may be 
extended in the same manner as the decimal system to represent 
7.625 =1-2?+1-24+1-294+1-27940-27°%4+1-2° by 111.10h. 
The binary system forms the basis for Russian peasant multiplication, 
an ancient method of reducing the multiplication of two integers to 
addition (Exercises 11 and 12). More recently, as mentioned above, 
the binary system has been used as‘the basis for calculations with 
electronic computers. 

There are many problems and games depending upon the scale 
of notation, i.e., the base to which the numbers are expressed. Ball 
[3; 11-16] indicates several problems in which the base ten is used. 
For example, if your friend selects two integers less than 10 (possible 
by a throw of two dice), you may discover the integers by asking him 
to 

(i) select one of the integers and multiply it by 5, 
(ii) add 7, 

(iii) multiply by 2, 

(iv) add in the second integer, and tell you the result. 

From the following algebraic considerations of the above procedure 

(i) 5a, 
Gi) 5a+ 7, 

(iii) 10a+ 14, , 

(iv) 10a+ 14+}, 
it is clear that you need only to subtract 14 from the number given 
by your friend to obtain a number whose two digits are precisely 
his original integers. 
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The game of Nim [50; 16-19] can be completely analyzed by means 
of the binary numbers. Another game involving binary numbers 
[43 ; 39] requires k cards where numbers less than 2* will be considered. 
All positive integers less than 2* have a unique expansion as a sum 
of powers of 2 in the form 


(2-15) n= q+ a,-2+a,-2+---bay: 2, 


where a; =0 or 1 @=1,2,...,k). The first card contains all 
positive integers less than 2* for which a, = 1, the second those for 
which a2 = 1,..., the kth those for which a = 1. The first number 
on the jth card is 2‘! Thus in order to determine a number it is 
only necessary to know on which cards it occurs, i.e., the powers of 2 
that are used in its binary expansion. Anyone familiar with the 
game can then state the number without looking at the cards, since 
its representation as a binary number has been given. The desired 
number is the sum of the first numbers on each of the cards on which 
it occurs. For example, if k = 4, we have cards 


1 9 2 10 4 12 8 
3 11 3 oll 5 18 9 
5 13 6 14 6 14 10 
7 15 7 15 7 15 11 


The number 5 =1+0-2+1-2* occurs only on the first and 
third cards. The number that occurs only on the second and third 
cards is 0-2°+1-2+1-2?=6. The number that occurs only on 
the first, third, and fourth cards is 1-2°+0-2+1-2?+1-23= 13. 
In general, the binary representation of the number is known as 
soon as the cards on which the number occurs are known. In 
(2-15) a, = 1 if the number n is on the first card, a: = 0 if n is not qn 
the first card. Similarly, considering n < 16 or a larger set of cards 
than those given above, a: = 1 in (2-15) if m is on the 7th card, 
a; = 0 otherwise. 


EXERCISES 


1. Express 19 and 175 to the base 2. 

2. Express 95 and 348 to the base 3. 

3. Express 75 and 6789 to the base 7. 

4. In each of the above exercises, add the two numbers, using the new 
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base. Check this addition by adding the two numbers as given to the base 
ten and expressing the sum to the indicated base. 

5. Repeat Exercise 4, using subtraction of the first number from the 
second in place of addition. 

6. Repeat Exercise 4, using multiplication. 

7. Repeat Exercise 4, using division of the second number by the first. 

8. Express the number 12143; (where the subscript indicates the base) 
to the base 10 and then to the base 7. 

9. Express 12143; to the base 7 without changing it to the base 10. 

10. Give a general method for changing the base of any integer. Illus- 
trate your method using three integers of at least five digits each where all 
bases are different from ten. 

11. The following is an example of Russian peasant multiplication of 
43-75. The integral parts of the successive quotients of 43 by 2 are listed 
beside the successive multiples of 75 by 2. Then those multiples of 75 cor- 
responding to odd quotients of 43 are added to obtain the desired product. 


43 75 
21 150 
(10) (300) 
5 600 
(2) (1200) 
1 2400 


43-75 = 75 + 150 + 600 + 2400 = 3225. Use a binary representation 
and give a proof of the validity of this method. 

12. Find the following products by Russian peasant multiplication: 
67 - 85, 73 - 120, 121 - 373. 

13. The cancellation a gives a correct answer for the fraction }$ to the 
base ten. Use the base ten and find all fractions m/n, where 10 < m < 20, 
10 <n < 100, such that similar cancellations give a correct answer. 

14. Find all fractions m/n such that m,n are two digit numbers to the 
base ten and a cancellation similar to that used in Exercise 13 gives a correct 
answer. 

15. Prove that there are no fractions such as those sought in Exercise 14 
when the numbers are expressed to the base p, where p is a prime number. 


2-7 Decimal notation. The representation of a number to the 
base 10 is called the decimal notation for the number. We have 
found in Section 2-6 that any positive integer m has a unique repre- 
sentation in decimal notation, i.e., 


m= a,10* + ay 110* +---+a,l0+ ao, 
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where 
m = 10m + a, 
m, = 10m + mm, 


m = 10-0+ a, 
and 0 $ a; < 10,a, #0. 

We now consider the representation in decimal notation of positive 
rational numbers s/n. This representation is also based upon the 
Division Algorithm. For example, given the number 3, we may 
consider 


51 = 6-843, 
30 =3-8+6, 
60 =7-8+4, 
40 =5-8+0, 


and write 5+ = 6.3750. In general, given any positive rational 
number s/n we may use the Division Algorithm and write 
s=mn+r, 
where 0 S$ mand0O Sr<n. The positive integer m has a decimal 
expansion as above. The tenths digit in the decimal expansion of 
r/n, and therefore of s/n, is b1, where 
lr=bn+n, OSn<n. 
The hundredths digit is be, where 
10r, = ben + 12, 0 s te <n 
and, in general, for any positive integer j, the jth digit to the right 
of the decimal point in the expansion of s/n is b;, where 
107;-1 = byn +17; Os ron, 

It remains to show that only a finite number of the above steps are 
necessary to obtain the representation of s/n in decimal notation. 

Formally, there exists a countably infinite set of remainders 
r;(9=1,2,...) such that 0 <r; <n. However, since each 1; is 
an element of the set 0,1,2,..., ~—1, there are only a finite 
number of distinct values of the remainders r;: Accordingly, there 
must exist integers p, and g = p+, where ¢ is positive, such that 
Tp1 = f¢-1, and therefore 

nop tr, = nba tra, 
Mbp — bq) = rq — Pp. 
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Since the positive integers are well ordered, there exist least: positive 
integers p and ¢ having the above properties. Any pi > p and any 
positive integral multiple of ¢ also have these properties. If bp = b,, 
then r,=r,. If bp ¥ bg, then n divides rz, — 7p, where 0 Sr, <n, 
Q <r, <n, and therefore r, — rp, = 0 = b, — b,, contrary to our as- 
sumption that b, # b,, that is, we must have b, = b, and rp = fq. 
Thus we have proved that there exist distinct positive integers p, q 
such that rp. = rg-1 and that this equality implies r, = r,, that is, 
Tp = Tpit, Where g=p+t. Finally, by the principle of mathemat- 
ical induction, r; = r;4. for all j 2 p—1 and the positive rational 
number s/n may be written in the form 


O10 + +++ lO + at ot Peto + aaa a 


10? fora t joet igen?" 


Ce C1 Co Cc c 
Taga gee ge age ape 


We have given a complete proof of the fact that every positive 
rational number may be represented by a repeating decimal. In 
practice, as in theory, one proceeds as above to find the r; until 
some 1; is zero or is equal to some rz, where k <j. For example, 
given +33, we consider 


153 = 21-746, 
60 = 8-7+4, 
40 = 5-745, 
50= 7-741, 
10= 1-7+83, 
380 = 4-742, 
20= 2-746, 
whence 482 = 21.857142857142.... Since signed decimals are 


used to represent signed numbers, all rational numbers may be 
represented as repeating decimals. Conversely, given any decimal d 
in which ¢ digits are repeated over and over, we may compute the 
terminating decimal 10’d —d (Section 1-10) and express d as a 
rational number. Thus we have now shown that every rational 
number may be expressed as a repeating decimal, and conversely. 
The remaining topics considered in this chapter are important in the 
theory of numbers but may be omitted without disturbing the 
organization of this text. 
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EXERCISES 


1. Use the above method of successive remainders and express each of the 
following rational numbers in decimal notation: 74, #5, 3, 3, ao, r3s- 

2. Repeat Exercise 1 for 47, 45, 44, £8, 428. 

3. Prove that every rational number may be represented as a repeating 
decimal, using the fact that at most gq different remainders are obtained from 
the quotients 10’/q, where j = 0,1,2,.... 

4. Discuss the representation of rational numbers in the binary number 
system. 


*2-8 Congruences. We now proceed to divide the set of integers 
into subsets or subclasses with reference to an arbitrary given integer 
m. For example, three hours from now, fifty-one hours from now, 
twenty-one hours ago, and, in general, 3 + 24k hours from now for 
any integer k, all represent the same time of day. The numbers of 
hours 3, 51, —21, 3 + 24k are equivalent in a certain sense with respect 
to a twenty-four hour day. We say that the numbers are congruent 
modulo 24 and write 3 = 51 (mod 24). Similarly, angles of 30°, 
390°, —330°, 750°, and, in general, 30° + (360k)° for any integer k 
may be represented graphically using the same initial and terminal 
sides. Moreover, whenever angles of a° and b° may be represented 
using the same initial and terminal sides, we have a = b + 360k for 
some integer k and may write a = b (mod 360). In general, two 
integers a and b are said to be congruent modulo an integer m if and 
only if there exists an integer c satisfying a = b-++cm. Whenever 
such an integer c exists, we may write a = 6 (mod m) and call m 
the modulus of the congruence. This definition is equivalent to the 
statement that a = 6 (mod m) if and only if a — 6 is divisible by m. 
For example, 3 = 8 (mod 5), —3 = 9 (mod 6), and any two even 
integers are congruent modulo 2. 

Congruence modulo m is an equivalence relation (Section 1-3), 
since it is reflexive, symmetric, and transitive, i.e., 


(i) a =a (mod m), 
(ii) a = b (mod m) implies b = a (mod m), and 
(iii) a = b (mod m) and b = c (mod m) imply a = c (mod m). 
These three properties are easily proved on the basis of the above 
definition as follows: a = a+ 0m; if a = b+ km, then b = a+ (—k)m; 
ifa=b+km and b=c+hm, then a=c+(h+k)m. The equiv- 
alence relation = may be considered a special case of =, where 
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m=0. However, we shall assume m ~ 0 throughout our discus- 
sion. 

We next consider some of the properties of this new relation, 
= (mod m). Congruences modulo m may be combined under the 
ring operations of addition, subtraction, and multiplication, i.e., 
if a = b (mod m) and c = d (mod m), then 


(2-16) a+c=b+d (mod m), 
(2-17) a—c=b-—d(mod™), 
(2-18) ac=bd (mod). 


These congruences can be directly proved from the definition of 
congruence. If a= b+ sm and c=d-+ im, then 


ate=b+d+(s+i)m, 
a—c=b~d+(s—i)m, 


and 
ac = bd + (bt + sd + stm)m, 


where s+?¢, s—#, and bt+ sd+ stm are integers, since the set of 
integers is closed under the ring operations. The congruence (2-18) 
may be specialized in the case a = c, b = d to give (by mathematical 
induction) for any positive integer 7 


(2-19) a” = b" (mod m). 


For example, the congruences 2 = 7 (mod 5) and 3 = 8 (mod 5) may 
be added to give 5 = 15 (mod 5), subtracted to give —1 = —1 
(mod 5), and multiplied to give 6 = 56 (mod 5). Both sides of the 
congruence 2 = 7 (mod 5) may be squared to give 4 = 49 (mod 5). 

Since only ring operations are required in the formation of a 
polynomial (Section 3~2), the congruences (2-16), (2-17), (2-18), 
(2-19) may now be used to give 


TuHeoreM 2-14. If a = b (mod m) and f(x) is a polynomial with 
integral coefficients, then f(a) = f(b) (mod m). 


Consider as an example of this theorem the polynomial f(x) 
= 23— 37°+22+1 and the congruence 2 = —1 (mod 83). f(2) 
=8-—12+4+1=1landf(—1) =-1-—3-2+1=—-5 = 1 (mod3). 

There is also a cancellation rule for congruences. If ak = bk 
(mod m), their difference is a multiple of m, say (a — b)k = tm. Let 
d = (k, m), then 


(a — b)k/d = t(m/d) and a = b (mod m/d). 
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For example, 2 = 8 (mod 6) implies | = 4 (mod 3); 12 = 32 (mod 10) 
implies 6 = 16 (mod 5) and 3 = 8 (mod 5). If ak = bk (mod m) and 
(k, m) = 1, then a = b (mod m). In general, we have 


THEOREM 2-15. If ak = bk (mod m) and (k, m) = d, then a = b 
(mod m), where m = dm. 


Congruences may be used to give tests for the divisibility of any 
integer n by an integer m. Every positive integer can be uniquely 
expressed (Section 2-6) in the form 


(2-20) n= d+a,-10+ a,-10?+---+a,- 104, 


where 0 S a; $9 fort? =1,2,...,k. The familiar test for divisi- 
bility by 2 is found by considering both sides of (2-20) modulo 2. 
Since 10 = 0 (mod 2), we may replace 10, 10?,..., and 10* by 0 
when n in (2-20) is considered modulo 2. Then n = a» (mod 2), that 
is, m = do + 2¢ for some integer ¢, and n is divisible by 2 if and only 
if @ is divisible by 2. . Similarly, from 10 = 1 (mod 3) and (2-19), 
we have n = a +a,:+---+ a (mod 3), that is, n is divisible by 3 
if and only if the sum of its digits is divisible by 3. Since 10? = 0 
(mod 4), we have n = a + 10a: (mod 4), whence 7 is divisible by 4 
if and only if the number composed of its last two digits is divisible 
by 4. We may also use (2-20) to obtain 


nN == d (mod 5), 
N = dy + 3a; + 2a, — a3 — 34 — 2as + ag 
+ 3a; + 2as — a —--- (mod 7), 
(2-21) n=a+at---+a, (mod 9), 
N = M% — + G2 — Os +---+ (—1)*a, (mod 11), 
N = dy — 3a, — 4a. — ag + 3a, + 4a5 + ag 


— 8a, — 40g — ag + -- - (mod 13), 
n = a + 10a; (mod 25), 


and many other such tests for divisibility. For example, 342538 = 0 
(mod 7), ie., it is divisible by 7, since ap = 8, a = 3, a2 = 5, a3 = 2, 
a, = 4, as = 3, and, using the test given above, 342538 = 8+3-3+ 
2-5~2-3-4-2-3=7=0 (mod7). Similarly, 3637425 is di- 
visible by 11, and 7587125 is divisible by 13. The periodic nature 
of the multiples of the digits a; is considered in Exercises 5 and 6, 
Section 2-10. 

Before the invention of the calculating machine, many arithmetical 
processes were checked by the method of casting out nines, i.e., the 
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numbers were considered modulo 9 as in (2-21) and the congruences 
(2-16), (2-17), (2-18) were used. The product 321 - 152 = 48792 
would be checked by the congruences 321 = 6 (mod 9), 152 = 8 
(mod 9), 321 - 152 = 6-8 = 48 = 3 = 48792 (mod 9). This method 
is not a complete check, since some errors, such as the interchange 
of two digits, are not located. In the case of a quotient a/b = ¢+ r/d, 
the relation a = gb+r must hold and one checks that a = gb+r 
(mod 9). For example, the equation ?# = 4+ +3 is checked by con- 
sidering 83 = 4- 17+ 15, which becomes 2 = 4- (—1) + 6 (mod 9). 


EXERCISES 


1. Prove that a2 = 1 (mod 8), where a is any odd number. 

2. Give four examples for Theorem 2-14, using polynomials of degree at 
least three. 

3. Find (13) (mod 9) where f(x) = 7x* + 182+ — 7223 +- 2153. 

4. Give three numerical examples illustrating Theorem 2-15. 

5. Give tests for divisibility by 6, 8, and 15. 

6. Use congruence theorems to test 1113 and 23,535 for divisibility by 
7,9, 11, and 15. 

7. Test the following by the method of casting out nines: 

(a) 1235 - 341 = 421135, 
(b) 852 + 1289 + 251 + 172 = 2514. 

8. Develop a method of casting out elevens. Repeat Exercise 7, casting 
out elevens. 

9. Find a test for divisibility by 4 when numbers are expressed to the 
base five. Give one three-digit and one four-digit example. 

10. Find a test for divisibility by n — 1 when numbers are expressed to 
the base n. 

11. Find a test for divisibility by n + 1 when numbers are expressed to 
the base n. 

12. Develop tests for divisibility by 4,8, and 16, and prove that at most 
b digits need to be considered to test any given integer expressed to the 
base 10 for divisibility by 2°. 

13. Prove that a = 6 (mod m),0 <a<m,0 <b < m imply a = b. 

14. Three brothers decided at svhool to divide their common box of 


marbles among the seven members of their gang. The first boy home divided | 


the marbles into seven piles and had one marble left over. He took his pile 


and the extra marble. The second boy home divided the remaining marbles 


into seven piles, had one marble left over, gave the extra marble to his sister, 


and took his pile. When the third boy came home, he divided the remaining ; 
marbles evenly into seven piles. Find the smallest possible number of 4 
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marbles that could have been in the box originally. Give another possible 
answer for the original number of marbles. Give all possible solutions as a 
congruence class (Section 2-9). (Hint: Start by expressing the desired 
number to the base seven, say, N = abcy.) 


*2-9 Residue Classes. Euler’s ¢-function. Given any two inte- 
gers c and m, the Division Algorithm states that there exist integers g 
andr,0 Sr <_m,suchthatc=qm+r. The number r is called the 
residue of e modulo m and we write ¢ =r (mod m). For example, 
7 = 2 (mod 5), 31 = 1 (mod 5), 102 = 2 (mod 5). The totality of 
numbers ¢ such that ¢ = r (mod m) is called a residue class or congru- 
ence class modulo m and is indicated by [r] (mod m). The numbers in 
the class {[r] (mod m) are 


rrekmrt Qm,r+3m,.... 
For example, the residue class [2] (mod 5) consists of the numbers . 
..., 718, —8, -3, 2, 7, 12, 17,.... 


Every integer, positive, negative, or zero, belongs modulo 5 to one 
of the residue classes [0], [1], [2], [3], [4] (mod 5). In general, every 
integer belongs modulo m to one of the residue classes [0], [1], [2], 

.,[m— 1] (med m) (see Exercise 8). For m = 2 all even numbers 
are in the residue class [0] (mod 2) and all odd numbers are in the 
residue class [1] (mod 2). A set of numbers nr, 72,...,7%m, one of 
which lies in each of the classes [0], [1], [2], ..., [m — 1] (mod m), is 
called a complete residue system modulo m. For example, the numbers 
5 and 8 form a complete residue system modulo 2; the numbers 64, 17, 
34, and —1 form a complete residue system modulo 4. 

A residue class [r] (mod m) may be expressed in terms of any one 
of its elements, that is, [r] (mod m) = [r+km] (mod m) for any 
integer k. Thus for any integer m the total number of distinct 


residue classes modulo m is |m|. A set of numbers ri, 72, ..., 7m is a 
complete residue system modulo m if and only if r; ¥ r; (mod m) 
whenever 7 ¥j andi,j = 1,2,...,m. 


Complete residue systems may be used in the determination of all 
nth roots of unity from a given primitive nth root of unity. By 
definition (Section 1-17), s is a primitive nth root of unity if and only 
if n is the smallest positive integer k such that s* = 1. Then ifs” = 1, 
we may write m= qn-+r, where 0 Sr <n, and obtain s™ = gs 
= si. sf = s'= 1. NowsinceO0 Sr < n,s" = 1 and nis the smallest 
positive integer k such that s* = 1, we have r = 0 and m = qn, that 
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is, s” = Lif and only if m = 0 (mod n), where s is a primitive nth root | 


of unity. 


The existence of at least one primitive nth root of unity for any 


positive integer n is assured by De Moivre’s Theorem (Section 1-17). 
Given a primitive nth root of unity s, we found in Section 1-17 that 
every integral power of s, say s‘, was also an nth root, since (s‘)* 
= (s")'= 1'= 1. Furthermore, if s‘ = s“, then s*-“ = landt-~u=0 
(mod n), that is, =u (mod n). Thus two integral powers of a 
primitive nth root of unity are distinct if and only if the exponents 
are from distinct residue classes modulo n. Using these facts, we 
may now generalize Theorem 1-7 as follows: 


THEOREM 2-16. All nth roots of unity are given by the sequence 
ST, 87, 2. , 8%, 


where s is a primitive nth root of unity and the r;’s form a complete 
residue system modulo n. 


For example, if n = 4, then 16, —11, 30, 67 form a complete residue 
system and all the fourth roots of unity are in the set 78 = 1, 7-" = 7, 
7 = —], i = —7, wherei = V—1. 

We now prepare to define a second type of residue system, called 
a reduced residue system. 

For any positive integer m the number of positive integers less 
than or equal to m and relatively prime to m is denoted by ¢(m) and 
is called the indicator (totient) of m or Euler’s ¢-function of m. Thus 
¢(m) is the number of integers k in the set 


(2-22) 1,2,3,...,m—1,m 


such that (k, m) = 1;$(2) = 1, (3) = 2, o(4) = 2,¢(5) = 4, 6(6) = 2, 
2 From the above and the definition of relatively prime (Section 
2-1) we have ¢(1) = 1. 

If (r, m) = 1, then for any integer k we have (r + km, m) = 1, that 
is, every element of [7] (mod m) is relatively prime to m. Thus a 
residue class [r] (mod m) is relatively prime to m if and only if (7, m) 
=1. We use this fact in our definition of a reduced residue system. 
A set of numbers 7, 72, ..., 7a(m), one of which lies in each residue 
class that is relatively prime to m, is called a reduced residue system 
modulo m. 

This second type of residue system may also be used in the study 
of nth roots of unity. Suppose s is a primitive nth root of unity, 
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and consider the conditions upon & such that s* will be a primitive 
nth root of unity. We have (s*)" = 1 for any integer k, since s is a 
primitive nth root. If (k,n) =d > 1, then k = kid, n = md, where 
nm <n and (s*)™ = (s4)" = (97) = [4 = 1, that is, s* is not a 
primitive nth root if (k,n)=d>1. If (k,n) =1 and (s*)"=1, 
then km = 0 (mod n); that is, n[km and, by Theorem 2-9, n|m, 
whence s* is a primitive nth root of unity. Thus s* is a primitive 
nth root of unity if and only if (k,n) =1. This fact enables us to 
find all primitive nth roots from a given primitive nth root of unity. 


TuHEoREM 2-17. If s is a primitive nth root of unity, then all 
primitive nth roots of unity are in the set 


871, 87, 2. STdm, 
where the r’s form a reduced residue system modulo n. 


We shall also use reduced residue systems in the proofs of Euler’s 
Theorem and Fermat’s Simple Theorem (Section 2-10). 


EXERCISES 


1. Write down complete residue systems modulo each of the following 
integers: 4, 5, 9, 11, and 16. 

2. Write down reduced residue systems modulo each of the following 
integers: 4, 5, 9, 11, 16, 31, 60, —70. 

3. Prove that the numbers —5, —2, 12, 26, 39,53 form a complete 
residue system modulo 6. 

4. Prove that any m consecutive integers form a complete residue system 
modulo m. 

5. Prove that if (d,m) = 1, then d, 2d, 3d,..., md form a complete 
residue system modulo m. 

6. Prove thata+mn, a+, a+rn,...,@+ 7m is a complete residue 
system modulo m for any integer a if 11, 72, 73, ..., 7m is a complete residue 
system modulo m. 

7. Express a complete residue system modulo mn where (m,n) = 1 in 
terms of given complete residue systems of m and n. 

8. Use the Division Algorithm and prove that every integer belongs 
modulo m to one and only one of the residue classes [0], [1],..., [m — 1] 
(mod m) for an arbitrary integer m ~ 0. 

9. Define [a] + [b] = [a + d] modulo m, [a] - [b] = [ab] modulo m, and 
prove that these definitions are independent of the particular elements a, b 
selected from the residue classes [a], [6] modulo m. 

10. Prove that the residue classes modulo 5 form a ring. 
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11. Prove that the residue classes modulo 6 form a ring. 

12. Prove that the residue classes modulo m for any integer m + 0 form 
a ring. - 

13. Use residue classes modulo 6 to illustrate the concept of zero divisors 
(Section 1-14). 

14. Prove that the residue classes modulo 5 form a field. 

15. Prove that the residue classes modulo p for any prime number p form a 
field. 


*2-10 Evaluation of ¢(m). Since every positive integer can be 
uniquely expressed as a product of prime numbers (Theorem 2-8), 
we first evaluate the ¢-function for prime numbers. If m is a prime 
number, then every number except m in (2-22) is relatively prime to 
m and ¢(m) =m-— 1. If m = p*, where p is a prime, then in the 
set 1,2,3,...,p,p+1,...,2p,2p+1,...,3p,..., p*, only the 
numbers p, 2p, 3p,..., (p*!)p are divisible by p. Thus p* — p77! 
of the numbers are prime to p (Theorem 2-5) and 


o(p*) = ae = ): 


We next prove that if m = w, where (u,v) = 1, then ¢(m) = 6(u)d(v) 
and, in general, the ¢-function of a product of relatively prime factors 
is equal to the product of the ¢-functions of the factors. This can 
be quickly proved by using the fact that there are exactly ¢(m) 
primitive mth roots of unity and that all the mth roots of unity form 
a cyclic group (Section 1-17). A longer but more elementary proof 


is obtained by writing down all integers 1, 2,3,..., uv in a rec- 
tangular array as follows: 

1 2 3 ... A eaite, Ub 
uti u+t2 ut+3 ... Uth ... Qu 
2u+1 2u+2 2ut+3 ... 2uth ... 384u 
= nds @w-Dut+2 w-1)ut3 (vu-Luth ... vu. 


For example, if u = 5 and v = 3, we write 


1 2 3 4 #5 
6 7 8 9 10 
ll 12 13 #14 «#15 
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Each row forms a complete residue system modulo u. Each column 
forms part of a single residue class (mod wu), i.e., every element of 
the column headed by a number h belongs to [h] (mod u). Thus the 
elements in the column headed by A are relatively prime to u if and 
only if (h,u)=1. The number of columns whose elements are 
relatively prime to u is therefore ¢(u). Next we prove that in each 
column no two of the elements belong to the same residue class 
modulo v. Consider su+handtu+h. By the Division Algorithm, 


suth=qvt+r, O57, <2, 

uth=qvtn, OS <». 
Suppose r,=7,, then (s—é)u=(g,—q,)v. Since (u,v) =1 and 
u > 0, either g, = q: or v divides s—t. But s <v, t < v and, using 
Exercise 3, Section 2-1, we have s = #, that is, no two distinct elements 
of any fixed column are congruent modulo v. Since there are v 
elements in each column, each column constitutes a complete residue 
system modulo v and contains exactly ¢(v) elements that are relatively 
prime to v. Therefore, on each of the ¢(u) columns of elements 
relatively prime to u there are ¢(v) elements that are also relatively 
prime to v, that is, there are ¢(u)¢(v) elements relatively prime to 
both u and v and, therefore, to uv (Theorem 2-9). In other words, 
o(w) = ¢(u)o(v). In general, if mm, mez,..., ms, are k positive in- 
tegers which are relatively prime each to each, then 

o(mime . .. Me) = (m1) (m2)... b(m:). 
The last two paragraphs and Theorem 2-8 now give us 


THEOREM 2-18. For any positive integer m = p% - p®.. . p%, where 
the p’s are distinct prime numbers, 


(m) = m(1-)(1 -4)...(1-4). 


$(15) = 15(1 — $)(1 — 4) = 8 
or $(15) = 6(3)¢(5) = 2-4=8, 
We also have 


For example: 


THEOREM 2-19. Given positive integers m,n,d such that m = nd, 
the number of integers k S m such that (k, m) = d ts 6(n). 


This is easily proved, since every number S m= nd having a 
divisor d is one of the set 


d, 2d, 3d,...,td,..., (n—1)d, nd 
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and (id, m) =d or (td, nd) = d if and only if (,n)=1. Thus the 
number of values of é such that (td, m) = d is exactly ¢(n). 

The value of ¢(m) for any positive integer m can be found using 
Theorem 2-18. For m < 10,000 these values are available in a set 
of tables by J. W. L. Glaisher. 

A very important application [43; 272-310] of the ¢-function is 
given by the following theorem. 


THEOREM 2-20. Evier’s THEorEM. If m is a positive integer 
and a is any integer such that (a, m) = 1, then a*™) = 1 (mod m). 


If m is a prime number 7, this theorem reduces to a theorem 
stated earlier by Fermat. 


TuroreM 2-21. Fermat’s SimpLeE THEorEM. If p is a prime 
number and p +a, then a? = 1 (mod p). 


Theorem 2-21 is frequently expressed in the form a? = a (mod p) 
which holds for all positive integers a. 

One proof of Theorem 2-20 and therefore also of Theorem 2-21 
involves a reduced residue system modulo m, say 1, 12, ... 5 To(m)- 
Since by hypothesis (a,m) = 1, the set of elements ar, aro, ..., 
argm) also constitutes a reduced residue system modulo m. The 
elements of the two systems must therefore be congruent modulo m in 
pairs (under some ordering), and we have by repeated application 
of (2~18) 

at™riry ... To(m) = Ti", .. Te(m) (mod m). 


By definition of a reduced residue system, (7;,m) = 1[¢=1,2,..., 
¢(m)]. Thus by Theorem 2-15, we may divide both sides of the 
above equation by 7172 . . . 7¢(m and obtain a#™ = 1 (mod m). This 
completes our proof of Theorem 2-20 and also of Theorem 2-21. 
In the remaining two sections of this chapter we shall consider linear 
congruences and Diophantine problems. 


EXERCISES 
1. Find $(12), (82), (17), 6(81), $(60). 


2. Prove that (n — 1)! = 0 (mod n), where n is any composite number 
different from 4. 

3. Prove that (a + b)? = a? + b? (mod p), where a and b are any integers 
and p= is any prime number. 

4. Verify Euler’s Theorem when a = 7 and m = 12. 
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5. If (m, 10) = 1, prove that in the test for divisibility by m of any 
sufficiently large number expressed to the base 10, the multiples of the digits 
must occur in sets very much like the digits of a repeating decimal. For 
example, 10?=1(mod11l) and n=a— a+ a: —a;+--- (mod 11) 
where the multiples are the set +1, —1 repeated until all digits of the given 
number have been considered. 

6. If (m, 10) ¥ 1, write m = 2°5' and use Exercise 3, Section 2-7, to 
show that for any sufficiently large number m the multiples of the digits 
occur in repeating sets after a certain finite number of digits have been 
considered. 


*2-11 Linear congruences. Arithmetic is primarily concerned 
with numbers. In algebra, new symbols called variables (Section 3-1) 
are introduced. We now turn momentarily from arithmetic to 
algebra. As in the theory of equations, we may consider the problem 
of finding integers x that satisfy a polynomial congruence f(z) = 0 
(mod m). If a is an integer such that f(a) = 0 (mod m) anda = b 
(mod m), then by Theorem 2-14, we have f(b) = 0 (mod m) and 
there is a countably infinite set of integers 


a,a+m,a+ 2m,a+ 3m,.. 


satisfying the congruence f(z) =0 (mod m). One speaks of the 
whole residue class [a] (mod m) as a single solution of the polynomial 
congruence. Thus the number of solutions of f(x) = 0 (mod m) is 
the number of residue classes [ri], [72], ..., [rx] (aod m) such that 
f(rs) = 0 (mod m). Since there are exactly m distinct residue classes, 
any given polynomial congruence has at most m solutions modulo m. 

In the ring of integers, both sides of an equation ax = b may be 
divided (Section 2-1) by a if and only if there exists an integer ¢ such 
that ac = b. Similarly, the divisibility of both sides of a congruence 
modulo m by an integer is related to the solution of a linear con- 
gruence at = 6b (mod m). Thus we seek integral values of the 
variable x that satisfy 


(2-23) ax = b (mod m). 
Let us first consider a special case of (2-23). The congruence 
(2-24) ax = 1 (mod m) 


~ holds if and only if az = 1+ km or ax — km = 1 for some integer k. 


Then, by Theorem 2-12, az = 1 (mod m) if and only if (a, m) = 1. 
Thus (2-24) has a unique solution if and only if (a,m)=1. When 
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(2-24) has a, unique solution [b] (mod m) any element of [b] is called a 
reciprocal a-! of amodulo m. Accordingly, an integer a has a recipro- 
cal modulo m if and only if (a, m) = 1. For example: 3 is a reciprocal 
of 2 modulo 5, 4 is a reciprocal of 2 modulo 7, but 2 has no recipro- 
cal modulo 6. If such exists, a reciprocal of n modulo m can always 
be found by Theorem 2-12, since if (n, m) = 1 there exist integers 
Aand B such that Am+ Bn = 1, and Bis the reciprocal of n modulo m. 

We now consider (2-23). If (a, m) = 1, then a has a reciprocal 
a-, and we may write a—ar = a~'b (mod m), x = ab (mod m). 
Thus (2-23) has a solution if (a, m) = 1. In general, if (a, m)|b, we 
let (a, m) = d, a = aid, m = mid, and b = bid. Then (ai, m) = 1 and 
az = b; (mod m) has a solution x = az"b, (mod m1), that is, ar = 
b, + km, for some integer k. From this equation, we get aidz = bid + 
kmid, or ax = b + km, whence (2-23) has a solution if (a, m)|b. Con- 
versely, if az = b (mod m) has a solution [r] (mod m), then ar = b + 
km for some integer k, whence ar—km=b and (a, m)|b. Thus 
az = b (mod m) is always solvable if (a, m) = 1 and, in general, we 
have 


THEOREM 2-22. The congruence ax = b (mod m) is solvable if and 
only if d= (a, m) divides b. 


For example, 2x = 1 (mod 6) and 8z = 5 (mod 6) have no solutions; 
2x = 1 (mod 5) and 3x = 9 (mod 6) are solvable. 

If az = b (mod m) and ay = b (mod m), then ax = ay (mod m), 
ax =ay+km. As before, let d = (a,m), a= da, m=dm,. Then 
a:(x — y) = km, and x = y (mod m). Thus any two solutions of 
(2-23) are congruent modulo m. If [z] (mod m) is a solution of (2-23), 
then using b = dby, we have a.dx = bid + kdm,, whence ax = bi + km, 
that is, any solution of (2-23) is a solution of az = b; (mod m). By 
Theorem 2-22, az = b, (mod m:) has a solution [%} (mod m1) that by 
the preceding argument is unique. Thus all solutions of (2-23) are 
in [xo] (mod mm), that is, in the set 


Xo, Lo ~ m1, Zo + 2M,...,2o + dm,.... 


Since to + dm; = xo (mod m), there are exactly d solutions (mod m), 
namely, [x0], [vo + mi], . . . , [to + (d — 1)m] (mod m). Thus we have 


THEOREM 2-23. If ax = b (mod m) has a solution, then there 1s one 
unique solution (mod m/d) where (a,m)=d, and d solutions 
(mod m). 
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For example, 6x = 9 (mod 15) has a unique solution [4] (mod 5) 
and three solutions [4], [9], [14] (mod 15), where.d = (6, 15) = 3. 

Results similar to the above may be obtained for simultaneous 
congruences involving several moduli [43; 240-249]. In particular, 
the Chinese Remainder Theorem [If integers mm, me,..., mm: are 
relatively prime in pairs, there exist integers x for which simultane- 
ously x = a; (mod m), z = a (mod m),..., 2 = a; (mod’m)] is the 
basis for many interesting problems. However, in a brief treatment 
many details must be omitted. Thus we consider our aim of intro- 
ducing basic concepts of linear congruences accomplished and leave 
such interesting applications as the one mentioned above for the 
reader to pursue in texts devoted entirely to the theory of numbers. 


EXERCISES 


1. Prove that factorization is not necessarily unique (mod m) where m 
is not a prime number by exhibiting two distinct factorizations of 2? — 1 
modulo 15. 

2. Solve the congruences 

(a) 2? — 62 + 5 = 0 (mod 4), 

(b) 23 + 222 + 42 + 3 = 0 (mod 5). 
. How many solutions has the congruence 2” = x (mod 17)? 
. Solve the congruence 2’ + 226+ 825+ 2+ 3 = 0 (mod 5). 


. Find the reciprocals of 7 (mod 13), 5 (mod 33), 12 (mod 49). 
. Solve if possible: 
(a) 4% = 1 (mod 5), 
(b) 42 = 1 (mod 6), 
(c) 6z = 39 (mod 15), 
7. Find all solutions of the following congruences: 
(a) 42 = 6 (mod 10), 
(b) 102 = 8 (mod 16). 
8. Prove Wilson’s Theorem: (p — 1)! = —1 (mod p), for any prime num- 
ber p. 
9. Prove [43; 241-242] that two congruences + = a (mod m) and x = b 
(mod n) have a common solution if and only if a = b (mod s), where s 
= (m,n). Give a method for finding the solution when such exists. 


ao - & 


(d) 6z = 39 (mod 34), 
(e) 12502 = 1725 (mod 2000). 


*2-12 Diophantine problems. We conclude our brief study of 
the theory of numbers by mentioning two famous problems. The 
first concerns the integral solutions of the Pythagorean equation, 
a + b? = c?; the second is known as Fermat’s Last Theorem. Both 
problems are concerned with integral solutions and may be called 
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Diophantine problems, i.e., algebraic problems in which rational 
solutions are desired. Such problems are discussed in most texts on 
the theory of numbers, for example, [43; 165-208] and (50; 37-67, 
388-428]. 

The Pythagorean equation is an algebraic expression of the 
Pythagorean theorem, which states essentially that in a right triangle 
the sum of the squares of the lengths of the legs is equal to the square 
of the length of the hypotenuse. The problem of finding all integral 
solutions of the Pythagorean equation is thus precisely the problem 
of finding all right triangles whose sides have integral lengths. The 
particular solution a =3,b=4,c=5, along with a=5,b= 12, 
e=13 and a=8,b=15,c=17, was known by early Chinese, 
Hindu, and Egyptian writers. A somewhat more general solution 
(2-25) a=2n+1, b=2n?+2n, c= 2n?+2n4 1. 
where n is any integer, is attributed by the Greeks to Pythagoras 
himself. 

We may easily verify by substitution that (2-25) is a solution for 
any integer x. However, the relation b+ 1=c¢ which must hold 
for all solutions obtained from (2-25) does not need to hold for all 
solutions of the Pythagorean equation. For example, a = 8, b = 15, 
c = 17 is a solution which cannot be obtained from (2-25). Many 
other such solutions arise from the fact that if a, b,c is a solution 
of the Pythagorean equation, then da, db, dc is also a solution for any 
integer d. Thus (2-25) does not give all solutions of the Pythagorean 
equation or even all solutions such that a, b, and c are relatively 
prime, i.e., primitive solutions. All primitive solutions of the Pythag- 
orean equation are given [50; 40] by the formulas 
(2-26) 
where (r,s) = 1,0 < s <r, andr # s (mod 2). 

The other problem that we shall mention has been a constant 
challenge to mathematicians for over three hundred years. 


a=r—s, b=2rs, c=?r+8*, 


THEOREM 2-24. Frermat’s Last THrorrem. Jf n ts an integer 
greater than 2, there do not exist integers x, y, 2 where xyz ~ 0 such 
that x” + y” = 2". 


Fermat [43; 203-207] saw this theorem as an extension of the 
Pythagorean equation and indicated that he had a “truly wonderful 
proof”’ of it, but never stated the proof. Even though large prizes 
have been offered for a proof and the theorem has been proved for 
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all n S 617, no general proof has yet been found. The status of the 
theorem was summarized in 1946 by H. 8. Vandiver [51]. 

Throughout this chapter we have considered properties of the ring 
of integers. Divisibility and the Division Algorithm were used in 
the discussion of prime numbers, unique factorization, and the 
Euclidean Algorithm. Representation of numbers to several bases 
has been considered. In the decimal notation it was found that 
every rational number may be represented as a repeating decimal 
and conversely. The concept of a congruence modulo an integer m 
was used to verify several common methods of checking divisibility 
and arithmetical computations. This concept was also used to 
subdivide the set of integers into congruence or residue classes. The 
concept of residue class led to that of a complete residue system 
modulo m consisting of exactly one element from each class. Then 
it was found that in any complete residue system modulo m the 
elements relatively prime to m constituted a reduced residue system 
modulo m. Given a primitive mth root of unity, all mth roots were 
obtained using any complete residue system modulo m, all primitive 
mth roots using any reduced residue system modulo m. The prop- 
erties of a reduced residue system were used to prove two classical 
theorems in the theory of numbers, Euler’s Theorem and Fermat’s 
Simple Theorem. Finally, linear congruences and Diophantine 
problems were briefly mentioned. Our task has been primarily 
to present a few fundamental concepts and thereby in particular to 
give a better understanding of the properties and behavior of the 
integers to readers who will not have an opportunity to undertake a 
full course on this one phase of mathematics. In the next chapter 
we shall reconsider many of the properties of the ring of integers as 
properties of a ring of polynomials. 


EXERCISES 


1. Prove (50; 38-40] that all primitive solutions of the Pythagorean 
equation are given by (2-26). 

2. List the twenty possible right triangles having all three sides of integral 
lengths and the longest side not over fifty units long. 

3. A class of 12 children have b apples each for lunch. Another class of 
8 children have ¢ oranges each. Find two possible pairs of values of b 
and c such that the two classes of children may exchange lunches and dis- 
tribute them equally. What are the least possible positive values of b and c? 
Give a complete solution of the problem using congruence classes. 

4, Discuss the work and methods of Diophantos of Alexandria. 


CHAPTER 3 


THEORY OF POLYNOMIALS 


The positive integers have been used in Chapter 1 to define rational, 
algebraic, transcendental, and real numbers. Properties of the ring 
of integers have been discussed in Chapter 2. In this chapter we 
shall use a ring of polynomials in one variable to define rational, 
algebraic, transcendental, and analytic functions. Divisibility, the 
Division Algorithm, the Euclidean Algorithm and properties in the 
ring of polynomials corresponding to prime numbers, bases, and 
congruences in the ring of numbers will be discussed. Our purpose is 
threefold: to understand the basie properties of polynomials, to see 
the relationships between polynomials and other common functions, 
and to introduce a few concepts that will be needed in our discussion 
of the theory of equations in Chapter 4. 


3-1 Polynomials. In the first two chapters, we have been pri- 
marily concerned with numbers: integers, rational numbers, real 
numbers, complex numbers. We now introduce a new set of symbols 
z, y,t,...and consider equality, addition, subtraction, multiplica- 
tion, and division in the total set composed of the new symbols and 
the complex numbers. The new symbols may be considered simply 
as symbols without any sets of values or assumed relations. In this 
case they are called indeterminates. The new symbols may also be 
considered as variables that take on values from a subset of the set of 
complex numbers. We shall usually call the symbols variables, 
although we shall at times mention corresponding properties of 
indeterminates. A great deal of the theory considered in this 
chapter will apply to both variables and indeterminates. 

Given any indeterminate x, we define the symbol x" for any positive 
integer n to represent the product of n factors x, 2° = 1, a-"2" = 1, 
and (z/")" = x. Similar definitions hold for any variable x, with the 
exception that 2° and x are undefined when z= 0. Addition and 
multiplication of the new symbols and complex numbers may be 
defined such that they are unique, commutative, associative, and 
satisfy the distributive laws. Thus ax + bz = (a + b)x and (ax)(br) 
= abz? for any complex numbers a, b. 

The product of any set of complex numbers and the new symbols 
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is called a monomial. For example, 15, z, 22, 5x*y%t, and 3V2zy are 
monomials. The sum of two monomials is called a binomial. A sum 
of three monomials is called a trinomial and, in general, a sum of one 
or more monomials is called a polynomial. 

A monomial of the form bz”, where m is a nonnegative integer 
and 6 is a complex number, is called a monomial in x with coefficient 
b and, when 6 = 0, of degree m. Any complex number 0 is itself a 
monomial. The monomial 0 has no degree. When b ¥ 0, the 
monomial b = bz® has degree zero. 

A polynomial of the form 
(3-1) MHE™ E+ + + An it + Am, 
where the a; are complex numbers and a = 0, is called a polynomial 
of degree minz. The a; are called the coefficients of the polynomial. 
The nonzero leading coefficient a is called the initial of the poly- 
nomial. Since indeterminates do not take on numbers as values, 
two polynomials in an indeterminate x are equal if and only if the 
coefficients of corresponding powers of x are equal. Thus, for an 
indeterminate x, the equation 

axv?+ br+ec=ar4+2 
implies that a = 0,b = 1,ande =2. Two polynomials in a variable x 
may be equal for any nonnegative integral number of values of the 
variable z. Thus for a variable xz, the equation x? — 2x -—3=0 
implies z = 3 or = —1. 

The degree of a polynomial depends upon the variable under 
consideration. For example, 32°y* is of degree two in x with coeffi- 
cient 3y° and of degree five in y with coefficient 3x2. The polynomial 
10z° may be considered as a polynomial of degree six in x with 
coefficient 10, a polynomial of degree two in 2z* with coefficient 3,4 
polynomial of degree twelve in Vx with coefficient 10, and in many 
other ways. We shall use the notation p(z) to indicate a polynomial 
in x, p(V2z) to indicate a polynomial in V2z. 


EXERCISES 


1. List five polynomials in z. 
2. Give the initial and degree of each polynomial listed in Exercise 1. 
3. Find the coefficient when 362? is considered a polynomial in: 


(a) 2, (d) 322, 
(b) 22, (e) Vx, that is, y where y? = 2, 
(ec) 2, (f) 2x, that is, y where y? = 2z. 
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4. Give the degree of the.polynomial in each part of Exercise 3. 

5. Write 823 + 122? — 10x + 7 as a polynomial in (a) 2z, (b) V2. 

6. Given two polynomials p(x) and q(x) of degrees m and n respectively 
and with complex numbers as coefficients, prove that the product of the two 
polynomials has degree m + n. 

7. Repeat Exercise 6 for the product of an arbitrary finite number of 
polynomials with degrees m,. 


3-2 Rings of polynomials. Each polynomial (3-1) consists of a 
variable x and a set of coefficients a, a1, .. . , @m combined under the 
ring operations of addition, subtraction, and multiplication. The 
polynomials in a single variable x are often classified according to 
their coefficients. Thus we shall speak of polynomials in x with 
integral coefficients, polynomials in x with rational coefficients, with 
real coefficients, with complex coefficients. These sets of polynomials 
are sometimes respectively called integral polynomials, rational 
polynomials, real polynomials, and complex polynomials in x. Each 
set has the preceding sets as subsets. The sum of two polynomials 
with integral coefficients is a polynomial with integral coefficients. 
Similar statements may be made for the product and difference. 
Thus the polynomials in x with integral coefficients form a ring. In 
general, given aring 7’ of numbers, the set of polynomials in x with co- 
efficients from the set of numbers T forms a ring of polynomials. This 
ring of polynomialsis an integral domain [34 ; 33-34] if and only if T isan 
integral domain as defined in the introductory paragraph of Chapter 2. 

When the coefficients of a set of polynomials may be arbitrary 
elements of a field or number system (Section 1-14), we shall be able 
(Section 3-5) to apply the Division Algorithm (Section 2-2) to the 
ring of polynomials. Accordingly, we shall be primarily concerned 
throughout this chapter with rings of polynomials in which the 
coefficients may be arbitrary elements of a field such as the rational 
number system, the real number system, or the complex number system. 

Polynomials in several variables may be defined as arising from a 
finite set of variables and a set of coefficients combined under a finite 
set of ring operations. Although we shall usually find it convenient 
to discuss polynomials in a single variable, many statements will 
apply equally to polynomials in several variables. The most 
important exception is the Division Algorithm (Section 3-5) and its 
many applications. Except when otherwise specified, we shall 
hereafter consider polynomials in a single variable with arbitrary 
real numbers as coefficients. 
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EXERCISES 


1. Describe five different rings of polynomials. 

2. Describe five different integral domains of polynomials (See Exercise 9, 
Section 2-1). 

3. Describe two rings of polynomials that are not integral domains. 


3-3 Rational functions. The set of positive integers in Chapter 1 
was gradually extended to the set of rational numbers, the real 
numbers, and the complex numbers. In this chapter we shall 
consider extensions of the set of polynomials to the set of rational 
functions (corresponding to rational numbers) and analytic functions 
(Section 3-16) (corresponding to real numbers). 

A rational number (Section 1-8) may be defined as the indicated 
quotient of two integers a/b, where b #0. A rational function of an 
indeterminate x may be defined as the indicated quotient of two 
polynomials f(x)/d(x), where d(z) is not identically zero. Similarly, 
if f(z) and d(x) are polynomials in a variable x, then the indicated 
quotient f(x)/d(x) is called a rational function of the variable x 
and is defined for all values of x such that d(x) #0. It is undefined 
when d(x) = 0, since division by zero is undefined. For example, 
x’ + a+ 1 is different from zero for all real values of x, and thus the 
rational function (2a? — 2+ 1)/(2?+ 2+ 1) is defined for all real 
values of x. The rational function (x? — 1)/(# — 2) is defined when x 
is an indeterminate or when the variable x has a value different 
from 2. It is undefined when the variable z takes on the value 2. 

Several of the above concepts may be restated using the termi- 
nology in Section 1-18. The ring of integers J has the field of rational 
numbers £# as its quotient field. When the symbol z is adjoined to 
the field R, the ring R[x] of polynomials in x with rational coefficients 
is obtained. The quotient field of R[x] is R(x), the field of rational 
functions of x. In general, if T is any integral domain, then T[z] 
is the ring of polynomials in z with coefficients in 7', and T(x) denotes 
the quotient field of T[z]. This concept is important to us in that 
we shall at times consider a polynomial in x and y, such as 


3x°y + 4e —y + 5, 
as a polynomial in 2 with polynomials in y as coefficients, i.e., any 


polynomial p(x, y) in R[x, y] may be considered as a polynomial 
p(x) in T[z], where T = R[y]. 
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EXERCISES 


In each exercise, indicate the values of the real variable x for which the 
rational function y = f(x)/d(x) is defined.* 


1. 8a + 2y=1 4. e+ Qry=y—5 

xv —~ 44 +3 5 _8+77%+1 
2.0 = on EO (YB br+8 
3. ry = 


3-4 Divisibility. We now start a discussion of the ring of poly- 
nomials which is very similar to the discussion of the ring of integers 
in Chapter 2. Most of the definitions and theorems from Chapter 2 
will be rephrased to apply to polynomials. This parallel develop- 
ment should give additional meaning both to the present discussion 
and to the theory of numbers. 

A polynomial d(x) divides a polynomial f(x) if and only if there 
exists a polynomial g(x) such that f(x) = d(x) - g(x) for all values 
of z. For example, x — 1 divides x? — 1; z divides 2x; 2x — 2 divides 
3x2? — 3 in the ring of polynomials with rational coefficients but does 
not divide 32? — 3 in the ring of polynomials with integral coefficients, 
since the quotient g(x) does not have integral coefficients in this case. 
The phrase ‘‘for all values of x” will be used throughout this text to 
indicate that a relation holds for all values of the variable x for which 
the expressions in the relation are defined. When the set of numbers 
from which the coefficients are taken is infinite, this phrase also 
indicates that the relation holds for any indeterminate x [7, 82]. 
Equations that hold for indeterminates are sometimes called zdentztzes. 

Theorem 2-1 may now be stated for polynomials f(x), g(x), d(x) as 
follows: If d(x) divides f(x) and f(x) divides g(x), then d(x) divides 
g(x). If d(x) divides f(z) and d(x) divides g(x), then d(x) divides 
f(x) + g(x) and f(x) — g(x). The proof of this theorem is exactly 
analogous to that given for Theorem 2-1 (Exercise 9). 

When the set of allowable coefficients (i.e., the set of numbers from 
which the coefficients of the polynomials under consideration may 
be chosen) forms a number system or a field, the only polyno- 
mials that divide every polynomial are the nonzero constants, Le., 
the polynomials of degree zero. Thus the nonzero constants are the 
units for the ring of polynomials. However, only +1 is unity, the 
identity for multiplication. 


* The zeros of a quadratic polynomial are discussed in Section 4-5. 
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In the theory of numbers (Theorem 2-8) we considered any integer 
different from zero as the product of a unit and a positive integer. 
In the theory of polynomials we define a polynomial with initial +1 
to be a monic polynomial. Then, assuming that the set of allowable 
coefficients forms a number system, any polynomial (3-1) except 
the constant zero may be expressed as the product of a unit and a 
monic polynomial. For example, 222-2 =2(2?-1) and 34+2 
= 3(r+4%). The last example illustrates the necessity for the 
assumption that the set of allowable coefficients forms a number 
system, so that division by the initial of the polynomial will be 
possible. 

The correspondence between monic polynomials and positive 
integers is also evident in the following definition of the greatest 
common divisor of two polynomials. Any polynomial d(x) that 
divides both f(x) and g(x) is a common divisor of f(x) and g(x). If 
d(x) is a monic polynomial and every common divisor of f(z) and 
g(x) divides d(x), then d(x) is the greatest common divisor of f(x) and 
g(x). Similarly, the definitions of common multiple, the least 
common multiple, and relatively prime are exactly analogous 
(Exercise 10) to those given for integers (Section 2-1). In the theory 
of polynomials, 2c and 2z?— 2 are relatively prime, since their 
greatest common divisor is a unit. 

Two integers have the same absolute value or numerical value if 
each may be expressed as the product of the other and a unit. Two 
polynomials are called associates if each may be expressed as the 
product of the other and a unit, that is, f(x) and g(x) are associates 
if f(x)|g(z) and g(x)| f(x). For example, « — 2, 5z — 10, 7x — 14, and 
x/2— 1 are all associates when rational coefficients are allowed. 

When the set of allowable coefficients forms a number system, 
every polynomial p(x) except the constant zero has a unique associ- 
ated monic polynomial. The units defined above are precisely the 
associates of unity. Two polynomials that are not associates are 
said to be independent. 


EXERCISES 


1. Does the set of polynomials of even degree in x form a ring? Does 
the set of polynomials in z* form a ring? Does either of these sets also form 
an integral domain? 

2. List three polynomials and then express each as the product of a unit 
and a monic polynomial. 
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3. Can every polynomial in an arbitrary ring of polynomials be expressed 
as the product of a unit and a monic polynomial? Give examples. 

4. Repeat Exercise 3 for an arbitrary integral domain. 

5. Repeat Exercise 3 for polynomials with coefficients from an arbitrary 
field. 

6. Give three associates of 2? — 2? + 7x — 5. 

7. Give two independent polynomials having a common divisor x — 2. 

8. Give two polynomials that are associates when the set of allowable 
coefficients is the set of real numbers but are not associates when the set of 
allowable coefficients is the ring of integers. 

9. Prove Theorem 2-1 for polynomials in « with complex coefficients. 

10. Define common multiple, the least common multiple, and relatively prime 

for polynomials in z. 


3-5 Division Algorithm. In Section 2-2 the Division Algorithm 
was stated for integers as follows: If a and 6 are any two positive 
integers, there exist integers g and r, 0 S$ q, 0 Sr <a, such that 
b=ga+r. In the theory of polynomials, the condition that the 
integers be positive could be replaced by the condition that the 
polynomials be monic polynomials. In this case we would have: 
If p(x) and g(x) are any two monic polynomials, there exist poly- 
nomials s(x) and r(x) such that p(x) = s(x)- q(x) +r(x) for all 
values of x, and either r(x) is identically zero or the degree of r(z) 
is less than that of g(x). For example, if p(x) = 2? — 5a +6 and 
q(t) =x — 3, then s(x) =x2-—2 and r(z)=0; if p(x) = 2 — 22? 
+ 7x — Sand q(x) = 2? — 2+ 1, then s(x) = x — 1 and r(x) = 54 — 4. 
This form of the Division Algorithm can be readily proved, but it is 
not the most useful form of the theorem. One disadvantage is that 
even when r(x) is not identically zero, it is not necessarily a monic 
polynomial. For example, r(x) = 5x — 4 in the above example. 

It is customary to replace the condition that the polynomials 
p(x) and q(x) be monic polynomials by an assumption, as in the 
discussion of monic polynomials (Section 3-4), that the set of allow- 
able coefficients form a field such as the rational, real, or complex 
number system. Under this assumption the Division Algorithm 
may be stated for polynomials in one variable as follows: 


THeEoREM 3-1. If p(x) and q(x) are any two polynomials with 
coefficients from a field, there exist polynomials s(x) and r(x) such 
that p(x) = s(x) - q(x) + r(x) for all values of x, and etther r(x) is 
identically zero or the degree of r(x) is less than that of q(x). 
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The proof of Theorem 3-1 corresponds essentially to the short 
“proof” of the Division Algorithm in Section 2-2, since the properties 
of our number system have now been established. The details of 
the proof are left as an exercise for the reader. The necessity of the 
assumption that the set of allowable coefficients forms a field is 
evident from the following example: If p(x) = x* — 225+ 377+ 1 
and g(x) = 22?+ 3a + 1, then we have 


x — 22° + 3274+ 1= 


zw o7 4,19, 43, 139\,, 331 107 
(5 gut gt get gy) a + 82+ 1) +(— Ba ~ ), 


_w 74,19 , 43, 139 

where s(x) = a qr + gt ig * + 39 
331 107 

and (2) = — “35 ® ay" 


Thus Theorem 3-1 involves only ring operations upon 2, but all four 
rational operations upon the coefficients. 

The fact that the Division Algorithm does not extend immediately 
to polynomials in two or more variables can be easily verified. Given 
two polynomials p(x, y) and g(x,y), we seek polynomials s(z, y) 
and r(x, y) such that 


(3-2) p(z, y) = q(x, y) . s(x, y) Te r(x, y) 
for all values of x and y, and such that r(x, y) is either identically zero 


or has degree less than that of ¢(z, y). In particular, for p(z, y) = 
and q(z, y) = y, we seek polynomials s(z, y) and r(z, y) such that 
(3-3) z=y- (x,y) +r(z, y) 

for all values of x and y, i.e., such that (3-3) is an identity (Section 
3-4). Since q(z, y) = y has degree one, r(x, y) must be a constant. 
Since the degree of the right side of the identity (3-3) cannot exceed 
the degree of the left side, s(x, y) must also be a constant. Thus we 
are seeking constants m and b such that x = my + 6 for all values of 
x andy. Since (Section 3-1) there do not exist any constants m and 
b satisfying these conditions, it is not possible to find polynomials 
s(x, y) and r(x, y) satisfying (3-3). Thus, except for special cases, 
it is not possible to find polynomials s(z, y) and r(z, y) satisfying 
(8-2). Therefore Theorem 3-1 must be altered before it can be 
applied to polynomials in two or more variables. For example, 
(3-3) may be written in the form x = 1- y+ (x — y), where r(z, y) 
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= x — y has the same degree as y = q(z, y). A more useful modifica- 
tion is considered in Section 3-7. 

Just as in the theory of numbers, the Division Algorithm for 
polynomials serves as the foundation for the Euclidean Algorithm 
for polynomials (Section 3-7). In view of the above difficulty with 
polynomials in two variables, we shall expect some modification of 
the Euclidean Algorithm to be necessary when polynomials in two 
or more variables are considered. 

We shall apply the Division Algorithm for polynomials in one 
variable to the calculation of the greatest common divisor of two 
polynomials (Section 3-7), to the expression of a polynomial p(x) in 
the form g(bz + d) (Section 3-8), to the determination of the exact 
number of distinct real roots of a polynomial equation with real 
coefficients (Section 4-12), and to the determination of the multiple 
roots of a polynomial equation with complex (real or imaginary) 
coefficients (Section 4-13). 


EXERCISES 


Find s(x) and r(x) in Theorem 3-1 for each of the following pairs of 
polynomials: 
1. p(x) = 2? — 382 + 4, qa) = 4 — 2. 
2. p(x) = 22? — 32 + 4, g(x) = 32 — 2. 
3. p(z) = 2 — 5a? + Tx + 11, qa) =2+a—-1. 
4, p(x) = x4 + 82? — 227+ 22 — 1, q(a) = 3a? — 2x + 5. 
5. p(x) = (1 — V2)a° + (1 + V2)22 + V2, 
g(x) = (1+ V2)? + (2 — V2). 


3-6 Irreducible polynomials. In Section 2-3 the integers were 
classified according to the integers that they divide, or are divisible 
by. It was found that every integer belongs to one of four classes: 
zero, units, prime numbers, composite numbers. Similarly, we shall 
find that every polynomial belongs to one of four classes: zero, units, 
irreducible polynomials, reducible polynomials. 

The units divide every polynomial and, when the set of allowable 
coefficients forms a field, are composed of the nonzero constants 
(Section 3-4). A polynomial that is not zero or a unit is said to be 
irreducible if its only divisors are its associates and the units. A 
polynomial is called reducible if it has two or more irreducible divisors 
(not necessarily distinct). All linear polynomials are irreducible. 
The irreducibility of polynomials of degree greater than one often 
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depends upon the set of allowable coefficients (Section 3-4). For 
example, x? — 2 is irreducible in the ring of polynomials with rational 
coefficients, reducible in the ring of polynomials with real coefficients. 

In the theory of numbers it was convenient to assume that negative 
prime numbers were expressed as a product of a unit and a positive 
prime number. In the theory of polynomials it will often be con- 
venient to assume that every irreducible polynomial is expressed as the 
product of a unit and an irreducible monic polynomial (Section 3-4). 

We now use the above definitions and summarize some of the 
correspondences between the elements and properties of the theory of 
numbers and the theory of polynomials. When the set of allowable 
coefficients forms a field, the integers m with identity for addition, 
zero, and units +1 and —1 correspond to the polynomials p(x) with 
identity for addition, zero, and units b, where b is any element 
different from zero in the set of allowable coefficients. Any integer 
different from zero may be expressed as the product of a unit and a 
positive integer; any polynomial that is not identically zero may be 
expressed as the product of a unit and a monic polynomial. Prime 
and composite integers correspond respectively to irreducible and 
reducible polynomials. The absolute value of an integer corresponds 
to the degree of a polynomial. For example, an integer m with 
|m| = 0 or a polynomial p(x) without degree is identically zero; 
an integer m with |m| = 1 or a polynomial with degree zero is a unit; 
an integer m with |m| > 1 or a polynomial with positive degree is 
neither zero nor a unit. Most of these basic correspondences between 
the ring of integers m and the ring of polynomials p(x) are given in 
the following array: 


integers m polynomials p(x) 
zero zero 
unity, +1 unity, +1 


constants different from zero 
monic polynomials 

prime integers irreducible polynomials 
composite integers reducible polynomials 
absolute value of m degree of p(x) 

|jm| >1 p(x) has positive degree 


units, +1 and —1 
positive integers 


These correspondences will be useful in restating for polynomials 
some of the theorems in the theory of numbers. For example, 
Theorem 2-2 may be stated for polynomials in the form: 
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TuEroreM 3-2. Every polynomial of positive degree has an tirre- 
ducible monic polynomial divisor. 


The proof of this theorem may be obtained from that for Theorem 
2-2 using the above correspondences. Let a polynomial p(x) of 
degree m be given. If p(x) is irreducible, it has its associated monic 
polynomial as an irreducible monic polynomial divisor. If p(x) is 
not irreducible, then p(x) = pi(%) - p(x), where p;(x) has positive 
degree m; for j = 1,2 and m+m,=m. If no p,(x) is irreducible, 
then p(x) = pu(Z)- p(x) - palz)- po(z), where no px is a unit, 
that is, 0 < mj. This process must terminate after a finite number 
of steps, since the sum of the positive integers mj is a given positive 
integer m (Exercise 7, Section 3-1). Thus p(x) has at most m 
divisors and must have an irreducible polynomial divisor. When the 
set. of allowable coefficients forms a field, every polynomial different 
from zero has a monic polynomial among its associates. Then every 
polynomial p(x) of nonnegative degree has an irreducible monic 
polynomial divisor. 

Theorem 2-3 is restated for polynomials.in Exercise 1. Theorem 
2-4 does not immediately extend to the theory of polynomials. For 
example, in the ring of polynomials with real coefficients the set of 
irreducible polynomials has an uncountably infinite subset, since 
x —b is irreducible for every real number 6. Most of the other 
theorems of Sections 2~3 and 2-4 are restated for polynomials in the 
following exercises. The proofs may be obtained from those in 
Chapter 2, using the correspondences listed above. 

Many of the following exercises and their proofs may be restated 
for polynomials in several variables. For example (Exercise 9), the 
Unique Factorization Theorem (Theorem 2-8), holds for polynomials 
in any finite number of variables with integral, rational, real, or 
complex coefficients [7; 97-100]: 


EXERCISES 


1. Prove that any reducible polynomial p(x) of degree m has an irre- 
ducible monic polynomial divisor of degree S$ m/2. 

2. Give examples for Exercise 1 when m = 2, 3, 5, and 7. 

3. Prove that if p(x) is an irreducible polynomial and q(x) is any poly- 
nomial, then either p(x) divides g(x) or they are relatively prime. 

4. Give examples illustrating both cases in Exercise 3. 

5. If r(z) and s(x) are two polynomials each of degree less than m, and 
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p(x) is an irreducible polynomial of degree m, prove that p(x) does not divide 
r(x) - s(x). 

6. Give two examples illustrating Exercise 5. 

7. If an irreducible polynomial p(x) divides the product 


gi() + qo(x)-... + a(x), 


prove that p(x) divides at least one of the polynomials ¢,(x), ga(x),... , da(2), 
where 7 is any positive integer. 

8. Give two examples illustrating Exercise 7. 

9. Prove that except for the order of the factors every polynomial that 
is not identically zero can be represented in one and only one way as a product 
of a unit and a finite number of irreducible monic polynomials. 

10. Prove that the number of independent divisors of 


pe) = elri(a)|% - (roa) | - 2. . + [re(x) 


is (a, 4- 1)(a2 + 1)--- (a, +1), where the 7,(x) are distinct irreducible 
polynomials, e is a constant, and the a; are positive integers. 

11. Give an example illustrating Exercise 10 where k = 3, and list the 
independent divisors. 

12. Repeat Exercise 11 where e ¥ 1 and k > 3. 

13. If r(x) is the greatest common divisor and s(x) is the least common 
multiple of two monic polynomials p(x) and q(x), prove that r(x) - s(x) 
= p(x) - q(z). 

14. Restate the Postulate of Archimedes (Section 2-2) for polynomials 
and give an example. 

15. Restate for polynomials each of the three parts of Theorem 2-9. 

16. Give examples illustrating each statement in Exercise 15. 


3-7 Euclidean Algorithm. The Euclidean Algorithm was used in 
Section 2-5 to find the greatest common divisor of two integers 
without expressing either integer in terms of its prime factors. We 
now use the same procedure for polynomials p(z) to find the greatest 
common divisor of two polynomials without expressing either 
polynomial in terms of its irreducible factors. ‘Theorem 2-11 may 
be restated for polynomials as follows: 


TueoreM 3-3. The greatest common divisor r(x) of any two poly- 
nomials fo(x) and fi(x) of positive degree and with coefficients from a 
field can be found as the last nonvanishing polynomial remainder in 
the Euclidean Algorithm. There exist polynomials A(x) and B(z) 
such that ra(x) = A(x) - fo(z) + B(x) - fi(z) for all values of x. 
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We may prove the first part of the theorem by repeated applications 
of the Division Algorithm (Section 3-5). The procedure for the 
polynomials fo(x) and fi(x) is illustrated by the following array, 
where b is a nonzero constant to be determined, the degree of r,(z) is 
less than that of f,(x), and the degree of r;(zx) is less than that of r;1(x) 
for 7 = 2,3,...,7. 

folx) = a) fiz) + ri(z), 
fiz) = qo(x)ri(z) + ro(2), 
ri(x) = ga(x)r2(x) + ra(2), 


Tr2(t) = Gu(t)rn—a(2) + rn (2), 

Tri(t) = Gn4i(2)Pa(z). 
In this array it is convenient to assume that the initial (Section 3-1) 
of r,(z) has been made +1 by dividing both sides of the next to the 
last equation by a suitable constant b. Then r,(z) is a monic 
polynomial and, using the same reasoning as in Section 2-5, is the 
greatest common divisor of fo(x) and fi(z). With the convention 
that r,(z) is to be a monic polynomial, constant factors (units) may 
be inserted or removed from any equation of the array. Essentially, 
this means that any polynomial remainder may be replaced by any 
one of its associates at any time. 

The proof of the existence of polynomials A(x) and B(x) in the 
second part of the theorem is also similar to that in Section 2-5. 
We successively express 7:(z), 72(z),...,7n(x) in the form r;(x) 
= A,(x)fo(x) + B,(x)fi(x). All further details of the proof are left 
as an exercise for the reader. 

The Euclidean Algorithm, like the Division Algorithm on which 
it is based, does not extend directly to polynomials in two or more 
unknowns. For example, even though the greatest common divisor 
of x and y is 1, there does not exist an equation of the form Az + By 
= 1, where A and B are constants, that holds for all values of x and y. 
An extension of the theorem is possible when fo(11, t2,...,2n) and 
filai, t2,..., Zn) are considered as polynomials in x, with polynomials 
in the first n — 1 variables as coefficients. The A and B are then 
rational functions of the first 2 — 1 variables, since all four rational 
operations are used upon the coefficients in the Division Algorithm 
(Section 3-5). For example, considering the polynomials x and y 
as polynomials in y with coefficients in z, we have (1/z)-x+0-y=1. 
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Arrays similar to those used in Section 2-5 to find m, A, B may 
also be used for polynomials in one variable. In general, we have 


fo fi Th M2 .0e Tn 0 
@ G2 9s eee Qn tt 
Since the calculation of the g’s and r’s now usually requires written 


computations, we interchange the order of the two rows and use the 


arTra 
y n qe a3 eee Oni 


fo f 1 Ti Ye sen Rn 0 
afi Gri = are 
QP, A2%2  Agr3 


where air; = fo — Hifi, Gere = fi ~ wri,...and the a,’s are arbitrary 
constants. 
If fo(x) = at ~ 3x? + 2x and f,(x) = x? — x, we have the array 
xz —83 z+l1 
xt — 323 +22 23 —-“2% 2-2 0 
x — 2 x3 — 2? 
— 328+ 22+ Qe v-—2x 
— 3x3 + 3a ev-—ezr 
v- x 0 


whence the greatest common divisor is z?— 2. This array can be 
extended to give A(x) and B(z), as in Section 2-5. The algebraic 
details in the calculation of r,(x) may often be noticeably simplified 
by the use of cross multiplication [37]. 

As in the numerical case, the greatest common divisor could be 
obtained by inspection if both polynomials were expressed in terms of 
their irreducible factors (Exercise 9, Section 3-6). The Euclidean 
Algorithm gives a procedure for determining the greatest common 
divisor of two polynomials without factoring the polynomials. This 
algorithm also has very practical and important applications in the 
determination of the number of roots of a polynomial equation 
(Sections 4-12 and 4-13). 

In the next section we continue our development of the theory of 
polynomials and seek a concept corresponding to that of bases 
(Section 2-6) in the theory of numbers. 


EXERCISES 


Use the Euclidean Algorithm to find the greatest common divisor of 
each of the following pairs of polynomials. 
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J. 2?—5r+6 and 2-4. 

9. 2 — 322+ 382 —-1 and 2? —2r+1. 

3.22 4+22+20 and 327+ 2. 

A. ot — 643 + 72? +62 —2 and 223 — 9274 72 +3. 


3-8 Change of variable. Any positive integer m may be expressed 
as a polynomial in an arbitrary positive integer n > 1 with coefficients 
from the set of integers 0,1, 2,...,2—1 (Theorem 2-13). There 
are several possible statements for polynomials corresponding to this 
theorem. The following is one of the most useful. 


TuroreM 3-4. Any polynomial p(x) with coefficients from a field 
may be expressed as a polynomial in an arbitrary linear polynomial 
ba + d. 


Given a polynomial p(x) = x* — 627+ 2, we may designate its 
zeros as 7, s, t and seek a new cubic q(y) with zeros r — 2, s — 2, t — 2: 
This process of reducing the zeros of a polynomial is frequently used 
in solving cubic equations (Section 4-9). Methods for obtaining 
the new polynomial will be considered in Sections 3-15 and 4-3. In 
the above case, it would then be found that q(y) = y* — 12y — 14 or 
g(a ~ 2) = (x — 2) 12(@ — 2) — 14, where «—-2=y,. Theorem 
3-4 states that for any numbers b ~0 and d in the set of allowable 
coefficients, any polynomial p(x) may be written in the form q(bx + d). 

The following proof of Theorem 3-4 corresponds closely to that 
for Theorem 2-13. Given a polynomial p(x) of degree m and a linear 
polynomial ba + d, we apply Theorem 3-1 to obtain 


p(z) = pi(x) - (bn +d) +n, 


where 7; is a constant since, if it is different from zero, its degree must 
be less than that of bx +d. Furthermore, the degree of p,(x) is one 
less than that of p(x). If pi(z) has positive degree, we may repeat 
the process. In general, since p(z) has degree m, we repeat the 
process m times and obtain a sequence 


p(x) = p(x) (br + d) + 1, 
pi(x) = pa(z)(bx + d) + 72, 


pmol) = Pua(t)(be + d) + Pm 
pais) = pu be > ates 
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where the p,’s are polynomials of degree m —j and the r’s are con- 
stants. Let the constant p,(r) be designated by rnii. The above 
equations may then be used exactly as in Section 2-6 to obtain 


D(x) = rmyi(ba + d)™ + rn(bu + d)™4 +--+ +n(be+d)+n 
= q(bx + d). 


Synthetic division (Section 4-2) and Taylor’s Theorem (Section 
3-15) are very useful in performing the computations that are fre- 
quently necessary in order to apply Theorem 3-4. Accordingly, 
we shall not consider detailed applications of Theorem 3-4 until 
after these other concepts have been introduced. 

Most of the remaining topics that we considered in the theory 
of numbers (congruence, residue class, ¢-function, Diophantine 
problem) have one or more interpretations in the theory of poly- 
nomials. However, since these interpretations will not be needed 
in our discussion of the theory of equations, we shall mention only 
the concept of an ideal corresponding to a congruence (Section 3-9). 
Then we shall reorient our development of the theory of polynomials. 
In the first eight sections of this chapter, we have developed cor- 
respondences between the ring of integers and the ring of polynomials. 
In Section 3-10 we shall start the development of several types of 
functions from the ring of polynomials corresponding to the develop- 
ment in Chapter 1 of several number systems from the ring of integers. 
Zeros of polynomials will be considered in Chapter 4. 


EXERCISES 
1. Write p(x) = 2? + 32 — 1 as q(x + 2). 
2. Write p(z) = 23 + 322+ 5 as q(x +1). 
3. Write p(z) = xt + 823 — 7x + 11 as g(x — 2). 


*3-9 Ideals. We shall conclude our development of the cor- 
respondences between the theory of polynomials and the theory of 
numbers in Chapter 2 with a brief mention of a concept corresponding 
to congruences (Section 2-8). 

Two integers a and 6 are congruent modulo an integer m if their 
difference is divisible by m. Two polynomials p(x) and q(x) are 
congruent modulo a polynomial m(zx) if their difference is divisible 
by m(x). The set of all integral multiples of an integer m forms a 
residue class [0] (mod m) and constitutes the ideal of m in the ring 
of integers. The set of all polynomial multiples of m(x) constitutes 
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the ideal of m(z) in the ring of polynomials. For example, 2? + 2z, 
z®, x7 — 122? are each in the ideal of 2, whereas 22+ b with b #0 
isnot in the ideal of 2. 

Residue classes may be defined in terms of the ideal of m(xz). How- 
ever, the number of residue classes is no longer finite. For example, 
in the ring of polynomials with integral coefficients, each integer 
represents a distinct residue class with respect to the ideal of z. 
The analogs, when such exist, for most of the theorems on residues in 
the theory of numbers are beyond the scope of our brief discussion. 
An excellent introduction to this subject may be found in [34]. 


EXERCISES 

1. In the ring of polynomials with integral coefficients, describe the ideal of 
(a) , (b) 2, (ec) 2 +1. : 

2. A subset S of one or more elements from a ring R is an ideal if (i) the 
difference of any two elements of S is an element of S, and (ii) the product 
of any element of S by an element of R is an element of S. This statement is 
commonly used to define an ideal. Show that each ideal in Exercise 1 
satisfies this definition. 

3. Use the definition in Exercise 2 and prove that any ideal S in a ring R 
must also be a subring of R. 

4. Indicate which of the following are ideals: (a) the ring of even integers 
in the ring of integers, (b) the ring of integers in the ring of rational numbers. 

5. An ideal S in a ring R is called a principal ideal if every element of 8 
is of the form rb, where b is a fixed element and r is an arbitrary element of BR. 
Each of the ideals in Exercise 1 is a principal ideal; in fact, whenever the 
Euclidean Algorithm holds in a ring, every ideal in that ring is a principal 
ideal. Give an example of an ideal that is not a principal ideal. 


3-10 Functions. Given any polynomial p(x), we may associate 
a unique number p(b) with each numerical value 6 assigned to x. 
Thus the numerical values assumed by the polynomial p(x) depend 
upon the set of values S assumed by the variable x. This notion of 
dependence is the basis for the following definition of function. 

The variable y is said to be a function of the variable x over a set of 
numbers S if corresponding to each value of x from S there are one 
or more values of y. The variable z is called the independent variable; 
y, the dependent variable. Formally, the function is the rule or 
channel by means of which values of x give rise to values of f(z). 
This function or rule may be expressed as a polynomial in x, as a graph 
in the zy-plane, and in many other ways. The functional relation 
between xz and y is indicated in symbols by y = f(x). The set of 
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values S is called the domain of definition or, briefly, the domain of f. 
The set of values assumed by y is called the range of values or range 
of f. If there is exactly one value of y corresponding to each value 
of x from S, y is said to be a single-valued function of x over S. If 
there are two or more values of y for each z, y is a multiple-valued 
function of x. 

In terms of these definitions, the statements at the beginning of 
this section imply that any polynomial p(x) is a single-valued func- 
tion of the variable x. This statement is a consequence of the 
definitions of Chapter 1, since for any given numerical value, say 
b of x, p(b) involves only a finite number of the operations of addition 
subtraction, and multiplication of numbers. Each of these Gnesie 
tions has been defined so as to be unique. Consider, for example 
p(x) = x8 ~ 7a? + 82 + 2 at x = 5, where 


p(5) = 5-5-5-7-5-54+3-5+4+2 


is uniquely defined. 

We have seen that the set of values, or range of the function, is 
dependent upon the set of values 8 assumed by the variable 2, i.e. 
the domain of the function. It is convenient to identify the sets s 
to which x is commonly restricted. The set of values S often consists 
of one or more intervals where the set of all real numbers satisfying 
any one of the following relations is called an interval: x < a,x Sa 
a<a<bakz<ba<2Sba<2Sb,bS2,b <2 for any 
real numbers a, b. The set a < x < b is also called a segment or open 
interval; a Sax <b is neither open nor closed and is sometimes 
called a semi-closed interval; a S x < b is called a closed interval. 
When the set S consists of all real numbers or a single interval of 
real numbers such as x <0, O<2< 1, or 2S, x is called a 
continuous real variable. When the set S consists of all positive 
integers, x is called a postive integral variable. 

We now prepare to define a continuous function (Section 3-12). 
This preparation is one of the main purposes of the present and the 
following section. Continuity is an important property of all 
polynomials in continuous variables. In fact, we shall find (Exercise 
4, Section 3-13) that when z is a continuous real variable, the poly- 
nomial p(x) is a continuous function of x. This property of poly- 
nomials is a fundamental one and may be used to locate roots of any 
polynomial p(x) (Exercise 5, Section 3-13; Section 4-5). One of 
the best definitions of a continuous function involves limits. 
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The concept of limit is usually considered to be a topic of analysis 
where the three main subdivisions of mathematics are algebra, 
geometry, and analysis. However, the fundamental concepts of 
algebra cannot be compartmentalized into a closely knit entity 
entirely separate from geometry and analysis. A postulate for the 
existence of all real numbers may also be used to postulate continuity 
on a line in geometry (Section 1-12). We have used geometric 
representations of algebraic relations to clarify the concepts involved 
(Sections 1-12 and 1-16). Thus we now consider a few topics of 
analysis [limit (Section 3-11), continuity (Sections 3-12 and 3-13), 
and derivative (Section 3-14)] that will be useful in our discussion 
of the theory of equations (Chapter 4) and in our development in 
this chapter of the following correspondences between numbers and 
functions: 

integers polynomials 

rational numbers rational functions 
algebraic numbers algebraic functions 
transcendental numbers transcendental functions 
real numbers analytic functions 


EXERCISES 


1. Indicate which of the following functions are single-valued functions 
of x (consider only real values of x and y): 


(a) y= oe—3r4+1 *(e) y = 27 

(db) y=v2 —-9 *(f) y = logz 

(c) y= @ — 9) *(g) y = sina 
_v@+1 *(h) y = arc sin x 

Oy=5 


2. Give the domain of definition and range of values for each of the 
functions in Exercise 1. 
3. List five multiple-valued functions of z. 
4. Give three examples of each of the following types of intervals: 
(a) open, (b) closed, (c) neither open nor closed. 
5. Indicate which of the following define functions of the real variable z: 
(a) y= xoi—3bet), 
(b) y = z whenz > 0, —z whenz 30, 
(c) y = x — [z], where [z] indicates the greatest integer S 2, 
(d) y = 2/(@ — 2), 
* The asterisk indicates that the exercise involves concepts that have not 
been discussed in the present text but that should be familiar to most readers. 
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(e) y = 1 when z is rational, 0 when z is irrational, 
*(f) y = tan 2, 
(g) y = 2 when x < —1, —z when —1 S x S 0, 1/z when 0 < z. 


6. Repeat Exercise 5 when the domain of definition of x is the set of 
(a) rational numbers, (b) positive integers. 

7 . If f(y) is given by x = y*, then the principal value of the inverse 
function f(z) is given by y = x”, This relation may be used to define 
a" for (i) > 0 and any integer n ~ 0, and (ii) any real value of x and any 
odd integer n (Exercise 13, Section 1-12). Designate the inverse functions 
of each of the following: 


(a) r=y+2 (g) = = (ay+)/(ey+d), — where 
(b) x= 2y ad — be ¥ 0 (See Theorem 4-8) 
(c) r= 3y+5 (h) y = g(z) 

(d)zr=¥ *G) a =siny 

(e) z= y8 *(j) c= Qv 


(f) c= (yt+1)/y¥-1) *(k) x = logs y. 
8. Discuss the relations among the domains and ranges of df 
in each part of Exercise 7. . cae ae 
9. Find the inverse functions of each of the following: 


(a) cx=y+b (d) «= cy" +b 
(b) 2 = by *(e) x = a¥, where0 <a 
(ec) z=cy+b *(f) 2 = logy y, where 0 <8 


10. Use the definition of x" given in Exercise 7 and define x" for z > 0 
and any integers m and n. 
; 11. A real single-valued function f(z) is an increasing function of x on an 
interval a < x < b if f(z + h) — f(x) > 0 for every x and every A such that 
a<xzx<x+h<b. Prove that 2? is an increasing function of x for z > 0 

12. Prove that x" is an increasing function of x for z > 0 and any Suattive 
integer n. (Hint: Let + h = y and use Exercise 7, Section 1-4.) 

13. Define a decreasing function of x and prove that 2~™ is a decreasing 
function of x for any positive integer n and 0 < z < 1. 

14. Prove that a? is an increasing function of the positive integral variable 
x when a > i. 

15. Repeat Exercise 12 where n may be any integer. 

16. Prove that a? is a decreasing function of the integral variable z when 
0<a<i1. 

17. Indicate the functions in Exercise 7 that are increasing functions of 
the real variable y. Specify intervals when necessary. 

18. Indicate the increasing functions in Exercise 9. 


* The asterisk indicates that the exercise involves concepts that have not 
been discussed in the present text but that should be familiar to most readers. 
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3-11 Limits. We first define the limit of an ordered set of real 

numbers 
fan} = G1, Ge, ...,Gn,.+-- 

The notation {a,} indicates that there exists a number a, correspond- 
ing to each positive integer n, and the numbers a, (not necessarily 
distinct) are considered in the order of their subscripts. For example, 
if a, = 1/n®, we have a = 1, 2 =4, a, =%,.... Such ordered sets 
are called sequences of numbers. We may also consider sequences 
of functions, such as {x* — 1}. 

The sequences 


La ierarea yey 
-4, ae =e; +75, Selsbaricgl (=1)*725, sey 
1, 01, .001,...,10-,... 


clearly have a common property in that for each sequence {a,} the 
term a, can be chosen to have arbitrarily small absolute value by 
choosing n sufficiently large. In other words, |a, — 0| can be made 
less than any given positive number e by a suitable choice of n. We 
let N denote a particular value of n such that ja, — 0| < ¢ for all 
n2=N. Since |ja,| > |ansi| in each of the given sequences, it is 
clear that |a, — 0| < « for x = N implies that the same relation is 
also satisfied for any n = N. In the terminology of analysis, we 
indicate the dependence of N upon e by writing N.. For example, 
if e= 1 and {a,} = {1/n}, then we may choose N,=2. Ife=.0l 
for the same sequence, we choose No: = 101. The necessity for this 
dependence of N upon the given e is evident from the fact that for 
any given value of N one may often choose an ¢ such that the given 
N does not satisfy the desired conditions. In particular, if {an} 
= {1/n} and N = 1,658,972 is given, one need only take ¢ = 107 to 
show that e must be given first and N. chosen for the given e. Using 
this terminology, we may describe the common property of the above 
sequences by saying that given any positive number e there exists an 
integer N. such that |a,—0| < for ally 2 N.. Sequences with 
this property are said to approach zero as a limit and hence are 
called null sequences. 
If we consider the sequences 
9, .99, .999,..., (10" — 1)/10",..., 
23°4,...,(n+1)/n,..., 

we find that in each sequence the terms a, approach 1 as 7 increases. 
Given ¢ = .1, we may take N, = 2 in the first sequence and N, = lt 
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in the second sequence in order to have |a, — 1] <e«=.1 for all 
n2wN,. Similarly, if «= .001, we may take N.=4 in the first 
sequence and N,= 1001 in the second sequence. In general, a 
sequence of numbers j 


M1, day...,4n,... 
ts satd to approach a finite limit A, lim a, = A, if for every positive 
nn 


number e there exists an integer N, such that for any n = N, the inequal- 
ity |an — Al < € is satisfied. 

Many sequences such as {n} and {~n?} may be defined to approach 
infinite limits (Exercise 8) [12; 33]. Many other sequences, such as 
((—1)"} and {n(—1)"}, oscillate and do not approach a limit of any 
kind. We do not consider such sequences, since we shall need to 
me only convergent sequences, i.e., sequences which approach a finite 
imit. A good general discussion of se i 

quences may be found 
{12; 27-41.] f = t 
The manipulations of numerical inequalities used in the determina- 
tion of N. for a given sequence are based upon the definitions in 
Sections 1-6, 1-9, and 1-12. Briefly, given a < b, we have for any 
real number c 
ate<bte, 
and therefore 
a-c<b-e. 
Also 
ac < be if cis positive, 
ac > be if c is negative. 


The convergence of a sequence may also be considered in terms of 
Cauchy sequences. A sequence of real numbers {a,} is called a 
Cauchy sequence if for any given positive number e there exists an 
integer N. such that |a, — da4i| <¢ for n 2 NM, and all positive 
integers k. The Cauchy convergence criterion (Exercise 4) then 
states that every Cauchy sequence is a convergent sequence and 
conversely, every convergent sequence is a Cauchy sequence. Thus 
& sequence may be proved to converge by proving that it is a Cauchy 
sequence. 

All the above sequences were obtained by eXpressing Gd, as a 
function of the positive integral variable n and considering the 
sequence of values of a, as n=1,2,.... We may also obtain 
sequences by expressing the general term, say az, as a function of a 
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continuous real variable x and considering the sequence of values of 
az corresponding to any sequence of real numbers taken as values of =. 
For example, let a, = 2+ 5 and let x take on the values 1, 1/V2, 
U/V3, oni Af Vn,.... This concept will be used in the next two 
sections in the definition of a continuous function of a continuous 


variable. 
EXERCISES 


1. Prove that the following sequences are null sequences: 


i, Sy Dy aaa e e 

) 3 3° 4’ 5 , n > 

ee ca es cet SIS, ns MDE, 406 

7 7 8 7 16 32’ poe / 
1 

1, O1, 001, 0001, ..., soe 


2. Write the first five terms and find the limit of each of the following 
sequences. 


(a) {n=}, (b) {[5n + (—1)"HY/n}, — @) {(?— D/n'}. 


3. Find an N for each of the sequences in Exercise 2 (a) when « is an 
arbitrary positive number, (b) when e = .01. 

4. Prove the Cauchy convergence criterion: A sequence of real numbers 
{an} approaches a finite limit A if and only if for any given positive number e 
there exists an integer N. such that |@n — Gngx| <€ for n 2 N, and alli 
positive integers & (21; 35-36]. 

5. If lima, = A and limb, = B, where A and B are real numbers, 

nO nw 
prove that 
(a) lim (an + ba) = A+ B, 


(b) lim (a, — bn) = A — B, 
NO 
(c) lim a,b. = AB, and 


NID 
_ dn _ A 
(d) when B # 0, lim fe =F 


6. The assumption that every convergent sequence of rational numbers 
has a limit is often used to postulate the existence of the real numbers. In 
Exercise 5 it has been indicated that limits of sequences of numbers may be 
added, subtracted, multiplied, and divided the same as numbers. Show 
that the order relations for limits of sequences are similar to but not exactly 
the same as those for numbers by proving that 

(a) if a, 2 O and lima, = A, then A2z0, 


nO 
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(b) : ‘ = dn, Jima an = A, jim bs = B, then A 2 B, 
(c) it is possible to have a, > b., lima, = A, lim}, = B, and 


A=B. nO n0 


ii, aera 10, Section 3-10, and the definition of a real number as 
it of a sequ i iti 
aa quence of rational numbers to define x? for any positive real 
8. We may define the symbols lim a, = +o, lim —a, = —oo if for 
: : no no 
any e>0 there exists an integer N. such that a, > 1/e forn => Ne. The 
ee {an} is thus said to become positively infinite if for any given 
an pees p we have a, > p for all sufficiently large values of n. Prove 
At I lim d_, = -+90, lim 6, = B, where B is finite and lim c, = 0, then 


re. no pr 


(a) jim (an sk bn) = +o, 
oe 


(c) lime 0, 


n—09 On 


(d) lim ab, = +00 if 0 < B, 


NH 


(e) Jim 7 = +0 if0 <B. 
9. Use the results of Exercise 8 to justi : . 
where B is finite: © Justify the following conventions, 


ae map abe (d)o-B=awif0<B 
~ 2 = —% (©) B/0 = «i 
; e 0 if0 < B. 
(c) B/o =0, 
Note that there are also some undefined i i i 
operat 

cunts 3 os ie 6 sue ions involving the symbols 

10. Given an infinite sequence {a,} of real numbers, where n is a positive 


integral variable, the indicated sum > a» is called an infinite series of real 
n=1 

numbers. The series converges to (has sum) S if and only if the sequence of 

olla SUMS, Sn, where fn = + a+ +--+ a,, has limit S and S is finite. 
he series is said to diverge in all other cases, i.e., when (i) {s } becomes 

positively infinite, (ii) {s,} becomes negatively infinite (iii) { pe oscillates 

and therefore S does not exist. Give examples iltustratin each f th 

three types of divergent series. or 


é ie] ins) 
11. Prove that if > a, = 8, > b, = R, and C is any real number, then 
n= 


n=1 


4] 
@ Saetae ae usoas 


nauk 
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(b) C+ S$ u=C+S, 


n=1 


(c) S Ca, = CS, 


n=l 
aii eG, 
e) S (ant bo) =S+R. 


ae ‘ . . . . . ift 
12. Restate each part of Exercise 11 in words and indicate its significance. 


3-12 Continuity. One frequently hears it said that a continuous 
curve is one that can be drawn without lifting the pencil. All such 


y 


1 


Fig. 3-1 


curves are continuous, and the definition is easy to visualize. How- 
ever, such a definition is not exact, since there do exist curves, such 
as y = «sin (1/z) in the neighborhood of the origin, that oscillate so 
rapidly that they cannot be drawn with a pencil (Fig. 3-1), and yet 
some of these curves are also continuous. A continuous curve is the 
graph of a continuous function and, conversely, the graph of a 
continuous function is a continuous curve. We shall use this fact 
to define continuity in terms of limits for both curves and functions. 
Consider the function y = f(x) graphed in Fig. 3-2. It is defined 
by 
y=2 whenz < -Il, 
=-—g when —-l Sx 0, and 
=1/e when0 <2. 
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In this way we may associate exactly one value of y with each real 
value of x for all real numbers zx. Thus (Section 3-10) we have 
a single-valued function 

y =f(x) of a continuous y 

real variable x. From the 

graph it would appear 

that the function is con- 2 

tinuous for positive x but 1 

not for all z. Let us now 

examine the curve in more -1 01 

detail and find a basis for 

describing a curve as con- Fig. 3-2 

tinuous. 

Each break in the curve must occur at some point such as x = —~1 
and x = 0 in Fig. 3-2. Thus we shall be primarily concerned with 
continuity at a point. If a curve is continuous for every point of an 
interval (Section 3~10), it is defined to be continuous on that interval. 
The above curve appears to be, and is, continuous on each of the 
three segments x < —1, -1<2<0,0<z2. The points at which 
the curve jumps or breaks are called points of discontinuity. These 
points may be exactly defined in terms of the limits of sequences 
(Section 3-13). 

Suppose y = f(x) is defined as for Fig. 3-2. For any sequence of 
positive numbers {a,} having limit 2 there exists a corresponding 
sequence {1/a,} of values of y = f(x). The function f(z) is said to 
be continuous at x = 2, since for every sequence of values of x having 
the limit 2 the corresponding sequence of values of f(z) has the 
limit 3 and f(2)=4. The function f(x) is discontinuous at zx = 0, 
since there exist null sequences of values of x such that the cor- 
responding sequences of values of f(x) do not approach the same 
limit. In particular, if the sequence of values of x is {—1/n}, then 
the sequence of values of f(x) in Fig. 3-2 is {1/n} with limit zero. 
If the sequence of values of x is {1/n}, then the sequence of values 
of f(z) is {n}, which increases without bound. Thus there exist null 
sequences of values of x such that the corresponding sequences of 
values of f(z) do not have the same limit. The function and the 
curve in Fig. 3-2 are then said to be discontinuous at r=0. In 
Fig. 3-1 every null sequence of values of x corresponds to a null 
sequence of values of y = x sin (1/zx) and, assuming y = 0 when x = 0, 
the curve is said to be continuous at x = 0. 
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From Fig. 3-2 it is evident that if x approaches zero through any 
sequence of negative values, the corresponding sequence of values 
of y =f(z) approaches zero. This common limit of all sequences 
for f(x) corresponding to sequences of values of v which approach 
zero from the negative side is indicated by the notation iim f(z) =0. 


Similarly, from Fig. 3-2, we say that iim f(x) is unbounded, Jim f(z) 
= 4, lim, f(x) = 3, jim | f(x) =2, jim, f(z) = 1. In the next section 


we shall use the concepts of limit from the left and limit from the 
right to define a continuous function. 


EXERCISES 


1. Sketch (algebraic conditions are not required) a function f(z) such that 
i = —land li = +1 
(a) lim f(z) = —1 and lim f(x) = +1, 


(b) lim f(z) = 0 and lim f(z) = 5. 
227 got ; ; 
2. By definition, lim f(z) = f(a) if and only if baa f@) = Ae f(x) = f(a). 
za a 
Graph a function such that lim f(z) = f(a) for every real value of a. 
wa 
3. Graph a function such that = f(x) ¥ f(a) when a = —2,0, 2. 
4. Graph a function such that lim f(x) = 0, f(0) =1, and lim f(x) = 2. 
20- 20" 
5. Graph a function such that lim f(z) = 0, f(@) =1, and a f(x) = 0. 


3-13 Continuous functions. When z is a continuous real variable, 


a single-valued function y = f(x) defined on a< az < b is said to 


be continuous at 2%, @ <2 <b, if and only if Jim f(@) = f (Xo) 
= lim f(z). As mentioned previously, f(z) is continuous on an 
zat 


interval if it is continuous at every point of the interval. Thus the 
function f(z) is continuous on an interval if and only if at every 
point of that interval the limit from the left, the limit from the right, 
and the value of the function are all equal. 
If the two limits lim f(x) and lim. f(x) are finite and equal, 
Eee Eee 2) 


then either their common limit is f(z) and f(x) is continuous at 
z= 2, or their common limit is not f(x) and f(x) has a removable 
discontinuity at « = 2. For example, the function 


2 
. 
= 
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when x < 8, 
= when z = 8, 
=4-—2 whenz>3 


is graphed in Fig. 3-3. There is a removable discontinuity at 
x = 3 that may be removed by redefining f(z) as 


f(x) =1 when x 3 3, 
=4-—2 whenz> 3. 

If the two limits are finite but are not equal, f(x) has a discontinuity 
at x = 2X that is called a finite jump. For example, in Fig. 3-2, f(x) 
has a finite jump at x = —1. 

If at least one of the limits is not finite, then either at least one 
limit becomes unbounded and f(x) has an infinite discontinuity or at 


y 
2 
1 
x 
012 3 
Fie. 3-3 Fie. 3-4 


least one limit oscillates (does not exist) and f(x) is discontinuous. 
For example, in Fig. 3-2, f(x) has an infinite discontinuity at x = 0. 
The functions y = 1/z and y = 1/2? also each have infinite discon- 
tinuities at z= 0. The function graphed in Fig. 3-4 is given by 


f(z) =1 when z S 0, 
= sin (1/z) when z > 0. 


If {x} = {1/(mm)}, then {f(x)} = {0} has limit 0; if 
{x} = {2/[(4n + 1)m]}, 
then {f(z)} = {1} has limit 1. In fact, for any b, -1 <b < 1, there 


exists a null sequence of positive values of z such that the correspond- 
ing sequence of values of f(z) has limit b. In this case, lim f(x) 
2 0t 


does not exist, and both the curve and the function are said to be 
discontinuous at x = 0. 

We now give a second definition of a continuous function in which 
the concept of limit is replaced by some of the concepts used in the 
definition of a limit. Here again a figure is a very useful visual aid. 
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A single-valued function f(z) (Fig. 3-5) defined for a S t & 6 is con- 

tinuous at x = c, a Sc S b if and only if for every « > 0 there ex- 

ists a dee such that |f(x)—f(| <e 

¥ for all z on a S$ x S Db satisfying 

la —c| < de. The notation 6. in- 

dicates that 6 depends both upon 

the given e and the chosen point 
L=C. 

If two functions f(z) and g(z) 
are each continuous at x = c, then 
by definition, given « > 0, there 
exists one positive dec for f(x) and 

Fig. 3-5 another for g(z). The smaller of 
these two positive numbers will be 
satisfactory for both f(x) and g(x) atx =c. Thusif f(x) and g(x) are 
both continuous, there exists a 6. such that both | f(x) — f(c)| < € and 
lg(x) — g(c)| < ¢ for jv —c| < da. We now use this fact to prove 
that the sum f(x) + g(x) of two continuous functions is continuous. 
Given « > 0, we take e/2 as our positive number and choose 6 such 
that for |x — cl < 6, we have | f(x) — f(c)| < ¢/2 and |g(x) — g(c)| < ¢/2. 
Then 
x) + g(x)] — Lf) + gée)}] = If(z) — fle) + a(@) — 9€©)| 
Maer en S | f(x) — f©| + \g(e) — g0)| < «/2 + €/2 =. 
This completes the proof that the sum of two continuous functions 
at a point is continuous at that point. The following sequence of 
exercises involves the above method of proof and leads to one of the 
principal results of this section, Exercise 4. This exercise can be 
proved from the preceding exercises, using the fact that each poly- 
nomial consists of a variable and a set of coefficients combined under 
ring operations. 


-EXERCISES 


1. If f(z) is continuous at 2 = ¢ and g(z) is continuous at x = ¢, prove 
that f(x) — g(z) is continuous at x = ¢. 

2. If f(z) and g(z) are each continuous at x = ¢, prove that f(x) - g(z) 
is continuous at x = c. 

3. If f(z) and g(x) are each continuous on a segment a < x < 6, prove 
that f(z) + g(x), f(z) — g(x), and f(z) - g(x) are continuous on that segment. 

4. Prove that any polynomial in a continuous real variable z with real 
coefficients is continuous for all real values of x. 
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5. If there exist real numbers a and 6, a < 6, such that p(a) - p(b) < 0, 
where p(z) is a real polynomial, prove that there is a real number 6a<c<b, 
such that p(c) = 0 [12; 66-67]. 

6. Graph and discuss continuity for each of the following: 


(a) Y= 2-9 (f) y = 2 

(b) y= V2 —9 (g) y = 1 when z <0, 

(ce) Y= x = 2 whenz > 0 

(d) xy =1 (h) y = |z| when z = 0, 

Op aa = 1 whenz=0 
~ ge] 


7. Draw graphs of single-valued functions illustrating each of the follow- 

ing: 
(a) removable discontinuities at z = 0 and x = 1, 
(b) finite discontinuities at 2 = n for all positive integers n, 
(c) infinite discontinuities at x = +1 andz = —1, 

8. Give algebraic expressions for single-valued functions that could be 
used in Exercise 7. 

9. A single-valued function f(z) defined on the interval a $ xz <b is 
uniformly continuous on that interval if and only if for every « > 0 there 
exists a 6. such that |f(z) — f(xo)| < ¢ for all x and a (any fixed value of 2) 
on the given interval and satisfying |x — 19| < 6.. Graph a function that is 
continuous on 0 < x < 1 but not uniformly continuous on 0 < x < 1. 

10. Prove [12; 65-66] that if a function is continuous on a closed interval, 
it is uniformly continuous on that interval. 

11. Prove that if a function is continuous on a closed interval, it (a) is 
bounded on that interval, (b) has a maximum M and a minimum m on that 
interval, and (c) takes on any value b, mS b <M , at least once on that 
interval. 

12. Graph a function y = f(x) that is single-valued, continuous, and 
increasing fora Sx <b. It can be shown that there exists a corresponding 
inverse function « = f(y) that is also single-valued, continuous, and 
increasing (12; 67-68]. Check these properties for the function graphed. 

13. Use the result stated in Exercise 12 to show that y" may be defined 
as a single-valued, continuous, and increasing function of y, where y>o 
and n is any positive integer (see Exercise 12, Section 3-10). 

14, For a > 1 show that a is an increasing function of the positive real 
variable z (see Exercise 7, Section 3-11). 

15. Show that log, y may be defined as a single-valued, continuous, and 
increasing function of y, where y > O anda > 1. 


3-14 Derivatives. The derivatives of a polynomial p(r) may be 
defined in terms of limits or simply in terms of the coefficients of the 
polynomial p(w +h). If p(x) = 2%, then p(x +h) = 22+ Qch + he. 
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The coefficient of h in p(x +h) may be taken as the first derivative 
of p(x) = 2%. We write (d/dz)p(z) = p' (x) = (2?) = 2x. In general, 
the derivative of any polynomial p(x) may be taken as the coefficient 
of h in the expansion of p(x + h). 

The derivative with respect to x of any polynomial p(x) is usually 
defined as +h) @) 
, lim, PE 7 pe 
p'(t) = lim 
since for polynomials this limit exists for all real values of x and this 
definition may be readily extended to more general functions. The 
derivative at 2 = % (a fixed value of x) of an arbitrary single-valued 

function f(x) is defined by 

f’ (x0) = lim f(xo + 0 f(xo) 

h0 

whenever the limit exists. When the limit does not exist, the deriv- 
ative is undefined. 

Geometrically, the above defini- 
tion of the derivative of f(z) may be 
visualized in terms of tangent and 
secant lines on the graph of f(z). 
Any line cutting the graph of f(x) in 

x two points may be called a secant 
line or a secant. In particular, we 
shall consider a secant (Fig. 3-6) 

cutting the graph of f(x) at [zo, f(ao)] and [xo + h, f(%o + hy]. The 
slope of this line may be taken as 


h 


flxot h) b------------ 
(xe) Tot Tey 


The tangent line or fangent to the graph of f(x) at {0, f(%o)] may be 
defined as the limiting position of the above secant as h approaches 
zero. The slope of the tangent at x = 2 is thus the limit as h ap- 
proaches zero of the slope of the above secant and is precisely the 
derivative of f(z) at x = 2. 

The derivative is undefined at every point of discontinuity and at 
points of a curve at which the slope of the tangent line is a discontinu- 
ous function of the independent variable. For example, if 

f(z) =x when x S 1, 
=2-—2 whenz > l, 
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we have the graph in Fig. 3-7. At x= 1 the slope of the tangent 
poe abruptly from 1 to —1 and the derivative at x = 1 is unde- 
ned. 


Given any monomial bz", we may obtain 
Fk Eos a1, “n- 1 
D(a + hy» = dfer + mhart 4 ROD pape 4 + el 


Thus nbx"—! is the derivative of ba" whether the derivative is con- 
sidered as a limit or as the coefficient of h. Next we observe that 
[f(z)+-9(x)) may be taken as the co- 
efficient of h in [f(a+h)+g(x+h)], 
that is, [ f(z) +9(x))’ = f’(z)+9'(2). 
In other words, the derivative of 
the sum of two functions is equal 
to the sum of the derivatives of 
the functions. In particular, con- 
sidering a polynomial as a sum Fig. 3-7 

of monomials, the derivative of a polynomial is equal to the sum of 
the derivatives of its terms (monomials). Since any monomial bz* 
has derivative nbz”, the derivative of any polynomial 


P(L) = An + Anat + Gy—ot? + Op_gt? +++ + ayn” 
is given by 
D(X) = Ana + 2On2 + Bang? ++ ++ + nage, 

We may thus find p(x) the first derivative with respect to x of 
any polynomial p(z). Since p’(x) is also a polynomial, the process 
aps be repeated to obtain p’’(x), the derivative with respect to x of 
P 2), 


p(t) = 2an2+3 + Qansx ++ +++ n(n — Lar, 


Similarly, one may obtain p’’(z), p“(z),... ,»p™(z). Finally 
pot (x) = 0 for any positive integer k, since the derivative of a Gon: 
stant is zero. We shall speak of p(x), where r is any positive in- 
teger, as the rth derivative of p(z). 

The values of p(z) and its first n derivatives when x = 0 are closely 
related to the coefficients of p(x). For example, at x = 0, we have 
P(0) = an, p’(0) = dns, p'"(0) = ana, p’”"(0) = 3(2an-s), « ‘ p™ (0) 
=n!(a). If these equations are solved respectively for ae On) 
An—2, + » A, and the corresponding expressions substituted for the 
coefficients in the polynomial p(z), we have 
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" mr {n) 0 
p(x) = p(0) + pO) +P) 2 4 OO wy. see) x”, 
This method of expressing a polynomial p(x) in terms of its deriv- 
atives at a point (in the above case at += 0) is a special case of 
Taylor’s formula for polynomials: 


pla) = pla) + pi(ay(e— a) +2 (e — aye +--+ + PI (way 


This formula may be used to express any polynomial p(x) in terms 
of the values of the polynomial and its derivatives at x = a for any 
real number a. It also gives an effective method for expressing p(2) 
in the form q(x +h), where a = —h, that is, replacing the variable x 
by the new variable x + h (Section 3-8). 

We have seen that given any polynomial p(x) of degree n, we may 
obtain its kth derivative for any positive integer k. Also, for a 
polynomial p(x) of degree n there are at most n+ 1 terms in its 
Taylor formula, since p®+(x)=0 for all positive integers k. 
However, there exist functions such as f(x) = e* for which no deriv- 
ative vanishes at x =a. In such cases Taylor’s formula is extended 
to Taylor’s series (Section 3-15). 

We have now discussed all the properties of polynomials that we 
shall need in Chapter 4. The properties of the ring of polynomials 
corresponding to properties of the ring of integers, the fact that every 
polynomial in a continuous real variable is continuous, and the expres- 
sion of any polynomial in terms of its derivatives in Taylor’s formula 
will all be useful in our future discussions. 

We shall conclude the present chapter with brief discussions of 
Taylor’s series and analytic functions. Both concepts are very 
important in advanced mathematics but are not necessary for our 
future discussions. The fundamental role of analytic functions is 
evident from the correspondences between numbers and functions 
given at the end of Section 3-10. 


EXERCISES 


. Derive Taylor’s formula when a # 0. 
. Write p(x) = 23 — 5x2 + 82 — 2 as g(x — 1). 
. Write p(z) = 28 + 8x? — 6x5 + 5a* + 3 as g(x + 1). 
. Repeat Exercises 1, 2, and 3 of Section 3-8, using Taylor’s formula. 
5. Give a single-valued function of z that is continuous for all values of x 
but has no derivative at z = 0. 


Bmw he 
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6. Prove that if f(z) is an increasing function and f'(z) exists on the 
interval a < x < b, then f’(r) = Oona<a <b. 


7. Graph an increasing function f(z) on a < x <b, where i’(@ = 0 for 
somez=d,a<d< 6b. 


*3-15 Taylor's series. Given a polynomial p(x) of degree m, we 
may assume (Section 3-8) that p(x) may be expressed in the form 
p(x) = bo + bie — a) +- +--+ bn(x — a)”. 
We may then determine the b’s in terms of the value of p(z) and its 
derivatives at x =a as in Taylor’s formula (Section 3-14). Only 
(m+ 1) terms are necessary, since p(x) has at most m derivatives 
different from zero. 


Given any single-valued function f(z), we may endeavor to express 
it in the form 


(3-4) f(x) == bo + bia — a) + box — a)? +- my 


where there is a term associated with every non-negative, integral 
power of (x — a). Such an expression is called an infinite series and 
corresponds in some respects to an infinite decimal in the development 
of our number system. If f(z) may be expressed in the above form 
the b’s may again be expressed in terms of the values of f(x) and ts 
derivatives at x= a. For example, by = f(a), b: = f’(a), b = f""(a)/2. 
Thus a function must have derivatives of all orders if it is to be 
expanded as in (3-4). When the b’s in (3-4) are replaced by the 


corresponding expressions in f(z) and its derivatives at x = a, we 
have Taylor’s series: 


§@) = fa) + f@(e- a) +. 4 OE Oy, 


In general, given any single-valued function f(x) defined over an 
interval c <.:<d, where c<a<d, we may consider in turn 
f@),F'@),; f°'@), ...,f(a),.... If f(a) exists for all positive 
integral values of n, then f(z) has a Taylor’s series expansion at 
x = a, as indicated above. 

The infinite series used in Section 1-16 may now be obtained. It 
is proved in all calculus textbooks that the derivative of e* is e?, the 
derivative of sin x is cos z, and the derivative of cos x is nin x. 
Using f(x) = e*, f’(z) = e*, and Taylor’s series at x =0, we have 
f™(0) = 1 for every positive integer n and 


—_ a 3 
é -itaetsytat 
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When f(z) =sinz, we have f’(z) = cos 2, f(z) = —sinz, f’’(z) 
=—cos 2, f(z) =sinz,.... At 2=0, f(x) =f’"(x) =f (x) =0 


and f’(x) = 1,f’"(z) = -1, f° (x) = (—1)* for any positive integer k. 
Then we have the Taylor series expansion: 
3 5 7 
sntez-F+R- at 
The Taylor series expansion of cos x may be similarly obtained 
(Exercise 1). 

We have formally indicated how to obtain a Taylor series expan- 
sion at x =a of any function that has derivatives of all orders at 
x=a. The question of convergence of the infinite series, i.e., for 
what values of x the series has significance, will be left for textbooks 
in analysis such as [12; 320-329, 365-424]. The series for e* and 
sin x converge for all real values of x. Our interest in the formal 
expansion will be evident from the definition of an analytic function. 


EXERCISES 


1. Develop a Taylor series expansion of cos z in terms of powers of z. 

2. Use the Taylor series expansions of cos z and sin x to form a Taylor 
series expansion of cos x + 7 sin z. 

3. Develop a Taylor series expansion of e* and compare with that found 
in Exercise 2. 


*3-16 Analytic functions. We now complete our development 
of the correspondences between numbers and functions listed in 
Section 3-10. We defined a polynomial in Section 3-1 and have 
noted the correspondences between polynomials and integers in 
Sections 3-1 to 3-9. The correspondence between rational numbers 
and rational functions was established in Section 3-3. The remain- 
ing correspondences will now be briefly discussed. 

A number is said to be algebraic if it satisfies a polynomial equation 
with integral coefficients that is not identically zero (Section 1-10). 
All other numbers are said to be transcendental. Similarly, a function 
y = f(z) is said to be an algebraic function of x if it satisfies a poly- 
nomial equation with polynomials in x as coefficients that is not 
identically zero in y. For example, y = Vx satisfies y* — x = 0 and is 
therefore an algebraic function. All functions that are not algebraic 
are called transcendental functions. For example, sin z, log z, and 
e* are transcendental functions. 
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We obtained real numbers (Section 1-10) by assuming that all 
decimals exist as numbers. The set of real numbers could also have 
been obtained by assuming that every Cauchy sequence of rational 
numbers represents a real number. We now obtain analytic func- 
tions of a variable x by assuming that every Taylor series in x repre- 
sents a function. Many texts define an analytic function of a variable 
x to be a function that has a Taylor series expansion. Here, as in 
Section 3-15, there is the problem of the convergence of the series. 
In the above statements it is assumed that a Taylor series expansion 
exists if and only if it has meaning on some segment a < x < b. 

We have now seen that polynomials form not only a ring with 
properties very similar to those of the ring of integers, but also that 
the set of polynomials may be extended to the set of analytic func- 
tions in a manner very similar to that used when the integers were 
extended to the set of real numbers. We shall consider additional 
properties of polynomials in our study of the theory of polynomial 
equations in Chapter 4. 


EXERCISES 


1. List ten rational functions of x and state the values of x for which each 
is defined (Section 3-3). 

2. List ten algebraic functions and give a polynomial equation that each 
satisfies. 

3. List ten transcendental functions. 


CHAPTER 4 
THEORY OF EQUATIONS 


We have previously discussed the operations, monomials, and 
relations used in the formation of polynomials. In this chapter we 
shall consider equations p(x) = 0 obtained by setting a polynomial 
in one variable equal to zero. For example, the polynomial equation 
xv? —2-—6=0 is satisfied when x = 3 or x = —2. The above equa- 
tion thus places a condition upon the variable and is called a condi- 
tional equation. The equation (« — 1)? = #? — 22+ 1 is an identity 
(Section 3-4) and is satisfied by all numerical values of the variable z. 
We shall be primarily concerned with methods of determining the 
numbers that, when substituted for x in the equation p(x) = 0, will 
make the equality hold. Such numbers are called zeros of the poly- 
nomial or roots of the equation. They are also sometimes called 
solutions of the equation. The topics considered in this chapter are 
selected to prepare the reader 


(i) to find all integral and rational solutions of any given poly- 
nomial equation in one variable with rational coefficients, 

(ii) to find all solutions of any given polynomial equation with 
complex coefficients whenever possible using radicals and the 
four rational operations, 

(iii) to determine on any given interval the exact number of real 
solutions of any given polynomial equation with real coefficients, 
and 

(iv) to approximate as closely as desired any real solution of a 
given polynomial equation with real coefficients. 


4-1 Zeros of a polynomial. A number b has been defined above 
to be a zero of the polynomial p(x) if and only if p(b) = 0. Given 
any polynomial p(x), we may seek numbers b such that p(b) = 0, 
that is, seek the zeros of the polynomial. Given any polynomial 
p(x) and a number b, we may seek necessary and sufficient conditions 
that p(b) =0. Of course, one such condition would be obtained by 
outright substitution of 6 for x in the polynomial to obtain the number 
p(b) and observe whether or not that number is zero. However, 


there exists another necessary and sufficient condition (Theorem 4-1) 
134 
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that is often much easier to apply (Section 4-2) than straight sub- 
stitution. 

Given a polynomial p(x) and a number b, we may find by long 
division a polynomial g(x) and a constant R such that 


(4-1) p(x) = (x — b)- g(x) + R, 
as prescribed by the Division Algorithm (Section 3-5) for polynomials 


in one variable. The identity (4-1) gives p(b) = R when x = b. 
This fact is sometimes referred to as the 


REMAINDER THEOREM: The remainder when p(x) is divided by 
x—bis p(b). 


We may also obtain the following theorem from (4-1). 


TuroreM 4-1. Facror Turorem: A polynomial p(x) vanishes 
for x = b tf and only if it is divisible by x — b. 


In other words, the polynomial equation p(x) =0 has a root 
x = bif and only if the polynomial p(x) has a divisor or factor x — b, 
that is, if and only if R = 0 in (4-1). The task of finding R and 
g(x) in (4-1) can often be most easily and quickly performed by 
synthetic division. 


EXERCISES 


1, Give three examples of the Remainder Theorem where p(x) has degree 
at least three. 

2. Repeat Exercise 1 for the Factor Theorem. 

3. Give four conditional equations. 

4. Give three equations that are identities. 


4-2 Synthetic division. Synthetic division, like the array used 
to find the greatest common divisor of two integers (Section 2-5), 
gives an elementary and concise method of presenting the results 
of algebraic calculations. 

Suppose we are given a number b and a polynomial of degree 
n > 0, say 


(4-2) p(x) = bor* + bia™ 1 +--+ + dy. 


The polynomial q(x) in (4-1) must then have degree n — 1 and thus 
be of the form 


Q(x) = cot? + ct? + + + + Car, 
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where the c’s are to be determined. The identity (4-1) then has 
the form 
(4-3) bor” + bie" + +++ + by = cot" + (ey — cob)a™ 1 +--- 
+ (Cn-1 — Cn_ab)x + RB — nab. 

When x=0, (4-3) has the form b,=R—cn1b. If these equal 
constant terms are subtracted from both sides of (4-3) and both sides 
of the resulting equation are divided by x, we find, by again putting 
x=0, that ba=Cr41—Cn2b. In general, coefficients of like 
powers of x must be equal, and we have 

bo = Co, 

by =(1~— cob, 

be = Co — cid, 


ba4 = Cn—-1 — Crab 
ba = R- Crd. ‘ 


These equations may be solved for the c’s to give 


o= bo,» 
e, = bi + wb, 
co = be + cb, 


Cn—-1 = Dai + Cn2b, 
R = ba t+ Crab, 
and thus successively determine the coefficients of g(x) and R. 
The above relations may be very concisely expressed using the 
following array, i.e., by synthetic division, 


bo Bb, bp ww. Onn | b 
0 eb ab ... Cn-2b Carib 
Go C C ... Cri R 


In this array the first row contains the coefficients of p(x) Gncluding 
all zero coefficients); the first element of the second row is zero and 
each succeeding element is the product of the number } and the 
element of the third row in the immediately preceding column; each 
element of the third row is the sum of those directly above it. For 
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example, if p(x) = 2? — 327+ 7x — 10 and b= 4, the above array 
becomes 

1-3 7 -10 | 4 

0 4 4 £44 

1 1 11 34 


from which we conclude that q(x) = 22+ 2+ 11 and R = 34, that is, 
8 — 32? + 7x — 10 = (ce — 4) (2? + 2+11) +34. Since the first ele 
ment, zero, of the second row is always the same, it is frequently 
not written down. 

The above array for the division of a polynomial p(x) by a monic 
linear polynomial z — 5 may be modified to include the division of 
p(x) by a quadratic or higher degree polynomial in x [47; 56-58]. In 
general, synthetic division is very useful in checking that p(b) = 0 
as above; expressing p(x) in the form q(x — b), that is, reducing the 
values of the zeros by b (Sections 3-8 and 4-3); solving cubic and 
quartic equations (Sections 4-9 and 4-10); computing a table of 
values for graphing y = p(x); determining an upper bound for the 
zeros of p(x) (Section 4-11) ; and solving numerical equations (Section 
4-13). 

EXERCISES 


1. Without actual division, find the remainder when 
(a) 2? — 5x + 6 is divided by x — 4, 
(b) 2° — 32% + 62 — 5 is divided by x — 3, 
(c) at — 32? — 2x — 4 is divided by z + 3. 
2. Without actual division, show that 
(a) 132 + 1425 + 1 is divisible by 2 + 1, 
(b) 224 — 23 — 62? + 4x — 8 is divisible by x — 2 and by x + 2, 
(c) ot — 30 + 30? — 3v + 2 is divisible by » — 1 and by » — 2, 
(d) 2* — 1 is divisible by x — 1. 
3. By synthetic division, find the quotient and remainder when 
(a) 2rt + 423 — x? — 16x — 12 is divided by x + 4, 
(b) 32¢ — 272? + 14x + 120 is divided by z — 6, 
(c) at — 4x3 — 8x + 32 is divided by x — 4. 
4. Given that p(z) = 23 — 22 —42~—6 has a zero at x = 3, find a 
quadratic polynomial having as zeros the other two zeros of p(z). 
5. Use synthetic division to write each of the following in the form (4-1): 
(a) p(z) = 8 — 327+ 22+1, b=1, 
(b) p(x) = 2° — 234 227-77, b= —1, 
(ec) p(z) = 28 — 7x4 + 323 — 52? +6, b= 5, 
(d) pty) = y+ 4y¥34+ 2, b= —3, 
©) pw =yY+1, b= -2. 
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4-3 Change of variable. In Section 3-8 we proved that any 
polynomial p(x) could be expressed in the form q(x — ). In this 
section we shall see how synthetic division may be used to find the 
polynomial g(x — b) when the polynomial p(x) and a number b are 
given. One method, using Taylor’s formula, has already been 
discussed in Section 3-14. 

Given a polynomial p(x) of degree m and a number b, we may 
(Theorem 3-4) express p(z) in the form 
(4-4) p(x) = a + a(x — b) + ao(e — 6)? ++ ++ + Gm(x — 6)”, 
where the a’s are to be determined. Then 

p(x) = (x — b)[ar + an(x — b) + +++ + Om(e — 6)" 7] + ao 
= (x — b)- u(x) + a, 
as in (4-1). Thus a@ = p(b) may be computed by synthetic division, 
as in Section 4-2. Next, we write 
q(x) = (x — b) [a2 + as(x — b) + +++ + Gm(e — b)™ 7] + ay 
= (c — b)- @(z) +m, 
whence a, = 9:(b). This process may be continued to give a, = q2(b), 
..+)4m = Qm(b) and thus completely determine the a’s in (4-4), 
ie., completely determine g(x — b) = p(z). 

Suppose that p(x) = 24 — 2? — 427+ 8c —1 and b= 2. We may 

use the first three rows of the following array to find 

q(x) = 22? +2? - 22-1 
and a = —3. Then we may continue the same array for two more 
rows to find q(x) = 22+ 32+4anda,=7. Similarly, g(r) = 2+ 5, 
@2 = 14; qa(x) = 1, a3 = 7; a4 = 1. 


1-1 -4 38 -1 {2 
0 2 2 -4 -2 
1 i -2-1-3 
0 2 6 8 
1 3 4 7 
0 2 10 

i 5 14 

0 2 

I 7 

0 

I 


In general, we may write any polynomial p(x) of degree m as 
q(x — b) and use synthetic division (m + 1) times to find the coefficients 
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of the new polynomial g(x — b). Thus the theory of Section 3-8 can 
now be carried out for any given polynomial p(x) and any given 
number b. Note that this reduction of the zeros or change of variable 
is accomplished without any reference to the values of the zeros of 
the polynomial. 


EXERCISES 


1. Do Exercise 1 of Section 3-8, using the above method. Compare 

this method with those used in Sections 3-8 and 3-14. 

2. Do Exercises 2 and 3 of Section 3-8, using the above method. 
. Write 2° — 725 + at — 32? + 11 as q(x — 2). 
. Write 2’ — 1 as q(x — 1). 
. Write 27 — 1 as g(z + 1). 
. Find equations whose roots are 

(a) two less than those of 2? — 72? + 27 +1=0. 

(b) one more than those of 2! + 323 — Ba? +2+7=0. 


oor Ww 


4-4 Number of roots. The most practical aspect of this chapter 
is that concerned with finding one or more roots of a polynomial 
equation. In general, we say that a polynomial equation is solved 
when all its roots have been determined. Thus before solving a 
polynomial equation it is desirable to know the total number of roots 
that are required. This number can be stated in advance for any 
given polynomial with complex coefficients. If the polynomial is 
a constant 6, the equation has no roots if 6 #0, and it has every 
complex number as a root if b=0. If the polynomial is not a 
constant, we define the degree of the polynomial equation p(x) = 0 
to be the same as the degree of p(x) and have 


V THEOREM 4-2. Every polynomial equation of degree m > 0 with 


complex coefficients has precisely m complex roots (not necessarily 
distinct). 


This theorem may be easily proved in the theory of functions of 
a complex variable. We shall not attempt to give a complete proof 
here since the algebraic proofs are all somewhat involved. Instead 


we shall assume the following theorem and use it to prove Theorem 
4-2. 


THEOREM 4-3. FUNDAMENTAL THEOREM oF ALGEBRA. Every 


polynomial p(x) of positive degree with complex coefficients has at 
least one complex zero. 
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Theorems 4-2 and 4-3 are very closely related to the fact that the 
set of complex numbers is algebraically closed, as mentioned in 
the optional Section 1-18 and assigned as Exercise 6 of that section. 
For present purposes any reader who omitted that exercise should 
consult another text or accept Theorem 4-3 without formal proof. 

Now we use Theorem 4-3 and prove Theorem 4-2. Given any 
polynomial p(x) of degree m, we may, by Theorem 4-3, designate 
one of its zeros by the complex number 7 and, by Theorem 4-1, 
write p(x) = (x —7r1)pi(x), where p(x) is a polynomial of degree 
m-—1. The coefficients of p:(z) may be found by synthetic division 
and expressed in terms of the zero 7, the coefficients of p(x), and the 
three ring operations (Section 4—2). Therefore, the coefficients of 
p(x) are complex numbers, and the above procedure may be repeated 
for pi(x) if m-1>0. Since the degree m of f(z) is finite, this 
procedure may be repeated only a finite number of times, giving 


p(x) = (« — n1)pi(z), 
pi(x) = (% — r2)p2(z), 
p(x) = (& — 73)pa(z), 


P(t) = (% — 1m) do, 
and 
(4-5) p(x) = a(x — 11)(x& — m2)(v — 173)... (2 — Tm), 
where dp is the initial of p(x). 

The Unique Factorization Theorem states for polynomials (Exer- 
cise 9, Section 3-6) that every factor of p(x) of the form x — b is 
included in (4-5). Theorem 4-1 then states that the zeros of p(x) 
are precisely 11, 72, 73,...,?%m. This completes the proof of Theorem 
4-2 using Theorem 4-3. For the remainder of this chapter we shall 
be primarily concerned with the determination of the roots of poly- 
nomial equations. 


EXERCISES 


Prove the following statements. 

1. Any polynomial equation of the form dyz™ + da™'+.---+d, =0 
having more than m distinct roots is identically zero, that is, d:; = 0 for 7 
= 0,1,2,...,m. 
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2. If two polynomials p(z) and g(x) of degree m are equal for more than 
m distinct values of z, they are identical. 


3. If two polynomial equations of degree m have precisely the same roots, 
they are associates (Section 3-4). [Hint: Consider f(z) + kg(x), where k is 
chosen so that the terms of degree m drop out.] 


4-5 Determination of the roots. We have seen that every 
polynomial equation of degree m with complex coefficients has 
exactly m complex roots (not necessarily distinct). There still 
remains the very practical problem of finding the roots of a given 
polynomial equation p(z) = 0. 

The general linear equation is of the form ax + b = 0, where a ¥ 0. 
It has a unique root x = ~b/a. Every linear equation with rational 
coefficients has a rational root; every linear equation with complex 
coefficients (real or imaginary) has a complex root. 

The general quadratic equation is of the form az®+ bz +c =0, 
where a #0. Its two roots may be found by completing the square 
of the left member as follows: © 


pees se, 
a a 
b b? bP ¢ 
2 eof ae 
sane a 42 a’ 
db b? — 4ac 
cae 2a” 
—b + Vb? — dae 
2a 


The two roots of az? + br + c = 0, where a ¥ 0, are then 
(—b + Vb? — 4ac)/2a and (—b — Vb? — 4ac) /2a. 


The number }? — 4ac is called the discriminant of the quadratic 
equation. If the two roots are respectively designated by 7; and ra, 
it is easily verified that they satisfy the elementary symmetric 
polynomial relations (Section 4-7) m+7=—b/a, mre=c/a. If 
the coefficients are real numbers, we have 


THEOREM 4-4. A quadratic equation with real coefficients has two 
roots that are real and unequal, real and equal, or conjugate imaginary 
according as the discriminant is positive, zero, or negative. 


The roots of the general cubic (Section 4-9) and quartic (Section 


4-10) equations may be expressed in terms of the coefficients, using 
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the four fundamental operations and radicals. The general equation 
‘of degree m, m > 4, cannot be solved in terms of the coefficients, 
using the four fundamental operations, and radicals. This negative 
result can be proved using the work of Evariste Galois in the theory 
of groups. Lillian Lieber has written a very interesting and readable 
booklet [32] giving this result and some other applications of Galois’ 
theories. 
The approximate value or graphical location of the real zeros of 
a polynomial p(x) can often be determined from the continuity of 
p(x). By Exercise 4, Section 3-13, every polynomial in the con- 
tinuous real variable x is continuous for all finite values of z. Thus 
(Exercise 5, Section 3-13) if there exist real numbers a and b, a < b, 
such that p(a) - p(b) < 0, there is a real number c, a < ¢ < b, such 
that p(c) =0. Also, since p(x) has the sign of its initial (Section 
3-1) for sufficiently large positive values of x, every real polynomial 
equation of odd degree and positive initial has at least one real root 
opposite in sign to its last term; every real polynomial equation of 
even degree whose initial and constant term have opposite signs has 
at least one positive root and at least one negative root. 
We shall consider other methods for approximating the roots of a 

polynomial equation in Section 4-14. First we consider further 
some of the relations between the coefficients and the roots. 


EXERCISES 


Describe the roots of the equations in Exercises 1-7. 
1. 5-17 =0 5. 23 — 327 ++ 82 —1 = (@ — 1) 
2.i2+71+5=0 6. 52? — 34 —2 = 0 
3. 2° -—324+7=0 7.0? 4 22 +7 = x(x + 2). 
4, 227 — 7x +35 =0 
8. Construct a quadratic equation with roots whose sum is 3 and whose 
product is 5. Is there a unique answer? 
9. Find the sum and product of the roots in each of the following equa- 
tions: 
(a) 2 —52+6=0 
(b) 222 — 3841 +5=0 
(c) 32?-+42 —7 =0 
10. Describe (without finding them) the roots in each part of Exercise 9. 


4-6 Conjugate imaginary roots. We shail prove the following 
theorem: 
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é 
VP'neorem 4-5. The imaginary roots of a polynomial equation with 
real coefficients occur in conjugate pairs. 


Let p(z) be a polynomial with real coefficients and suppose that 
p(w) = 0, where w= a+ bi; a,b are real: b¥0. We shall prove 
that p(w) = 0 where @ = a— bi. The quadratic polynomial 

(2-—w)(z2-W)=2-2a2+ +P? 
may be used with p(z) in the Division Algorithm (Section 3-5) to 
obtain 
p(z) = [2 — 2az + a? + B]- g(z) + sz +4, 

where g(z) is a polynomial. At z= w we have p(w) =0=O0+sw+t 
or, using w= a+ bi,0 =sa+sbi+¢. Equating real and imaginary 
parts of this equation gives sa + ¢ = 0 and sb = 0, whence s = 0 and 
t=0,sinceb #0. Then p(z) = (2 — w)(z — B) - g(2), p(w) = 0, and 
the proof of Theorem 4-5 is complete. 

In Section 4-4 we found that every polynomial p(x) of degree m 
with complex coefficients had m complex roots. This implied that 
p(x) could be written as a product of m linear factors with complex 
coefficients (4-5). In other words, every irreducible polynomial 
whose factors may have arbitrary complex coefficients is linear. 
Theorem 4-5 and the fact that (2 — w)(z — @) is a quadratic polyno- 
tial with real coefficients now imply that every irreducible polynomial 
whose factors may have arbitrary real coefficients is quadratic or 
linear. A polynomial of any degree m may be irreducible when the 
factors are required to have integral or rational coefficients. For 
example, +” — 2 for any positive integer m has no factors of degree 
less than m with rational coefficients. 

The solution of a polynomial equation and the factorization of the 
polynomial into irreducible factors are therefore equivalent, in the 
sense of Theorem 4—1, only when the coefficients of the factors may 
be arbitrary complex numbers. Actually, the set of algebraic com- 
plex numbers is sufficient, as mentioned in Section 1-18. 


EXERCISES 


le Prove that the quadratic surd (irrational) roots a + “bof a polynomial 
equation with rational coefficients occur in conjugate pairs. 

2. Form a rational cubic equation having 1 and 3 — 2V—1 as two of 
its roots. 


3. Form a real quartic equation having 1 + 5V —1 and 5 — V—1 as two 
of its roots. 
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4. Given that 2? — 32? — 27 + 6 = 0 has a root x = V2, find the other 


two roots. 7 
5. Given that 224 — 1223+ 192? — 62 + 9 = 0 has i/V2 as a root, find 


the other three roots. 


4-7 Elementary symmetric polynomials. We have seen that any 
quadratic equation ax? + br +c = 0 has two roots r, s which satisfy 
the relations r-+s = —b/a, rs = c/a (Section 4-5). In general, if 
p(x) is a polynomial of degree m with complex coefficients, the 
polynomials in the zeros of p(x) obtained by taking the sum of all 
the zeros of p(x), the sum of all products of pairs of zeros of p(x), the 
sum of all products of triples of zeros of p(x),..., the product of all 
zeros of p(x) may be expressed rationally in terms of the coefficients 
of p(x). These polynomials in the zeros of a polynomial p(x) are 
called elementary symmetric polynomials. 

Since any m numbers may be considered as the zeros of a poly- 
nomial of degree m, we may consider the elementary symmetric 
polynomials of any m given numbers. For example, the numbers 
1,2,3 are zeros of the polynomial p(x) = (x — 1)(a — 2)(x — 3) 
= 73 — 622+ llx—6. The elementary symmetric polynomials of 
these numbers or of the zeros of p(t) may be expressed in terms of the 
coefficients of p(x) as follows: 1 + 2+ 3 = 6, the coefficient of x? with 
its sign changed; 1-2+1-3+2-3= 11, the coefficient of x; and 
1-2-3= 6, the constant term of p(x) with its sign changed. In 
general, when the set of allowable coefficients forms a field, we may 
divide any polynomial p(x) of degree m by its initial to obtain a monic 
polynomial having the same zeros as p(x). In the monic polynomial 
the sum of the m zeros is equal to the coefficient of x”! with its sign 
changed; the sum of the products of the zeros in pairs is equal to the 
coefficient of 2”-%;...; the product of the zeros is equal to the 
constant term multiplied by (—1)”. 

These general results may be obtained using the expansion (4-5) 


of p(x): 
p(x) = a(x — m)(u — 72)(@ — 73) ++ (@ — Tm). 
Then 
p(x) = afx™ — (terete st rm)e 
+ (rire + orirg + rerg tee + Tima m) x"? Catan 


+ (-1)"nre... Pn] 
= aofx™ — Siz" + Soom? — Ssx™-F + «+ - + (—1) "San, 
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where S; is the elementary symmetric polynomial of degree j, that is, 


Sp=n+trret+-: tra = Ir, 
So = rite + ring + rears briny tio ee $ Tm—itm = IP iPj, 


S; = 2rare... Ti, 


Sm = 7193... Tm 


Given any polynomial of degree m, we may obtain a corresponding 
monic polynomial in which the sum of the zeros is equal to the coeffi- 
cient of x”! with its sign changed; the product of the zeros is (-1)™ 
times the constant term; and, in general, S; is (—1)* times the coeffi- 
cient of x™*. For example, if p(x) = (e+ 1)(x — 1)(4+ 2)(x — 2) 
with roots —1, 1, —2, 2, then p(x) = x4 — 522+ 4, where the leading 
coefficient is unity, the coefficient of 23 is 0 = -[(-1) + 1+ (-2) 42] 
the coefficient of 2? is 

—5 = (-1)-1+ (-1)(-2) + (-l) -241-(-2) 41-24 (—2) - 2, 

the coefficient of x is , 
0 = —[(-1) + 1- (-2) + (-1) - 1-24 (-1)(-2)-2+41. (—2) + 2], 
and the constant term is 4 = (-1)-1- (—2)- 2. 

The elementary symmetric polynomials S; be used to solve 

polynomial equations when some additional relation is known among _ 
the roots. For example, if it is known that two Of the Toots of the — 
equation x — 4x? + 5 — 2=0 are equal, then the three roots may 
be represented by 7r,r, and s. The elementary symmetric poly- 
nomials may now be used to complete the solution of the equation. 
Using S: and S:, we have 2r-+s=4 and 2rs+r2=5. These two 
equations may be solved simultaneously by substituting from the 
linear into the quadratic to obtain 2r(4 — 2r) +r? = 5, 3r? — 8r +5 
= 0, whence r = 1 and s = 2orr=$ands=2. The second pair of 
values does not give the correct value for S3, since we must have 
7s = 2, and thus the given equation has roots 1, 1, and 2. 

ee nee nome about the roots of a polynomial equation 
except that they are roots of p()-=.0, the use of the elementary. 
symmetric polynomials merely leads to another.equation that is 


? 
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essentially equivalent to p(z)=0. For example, suppose that 
x? + br +c =0 has rootsr ands. Thenr+s=-—b,rs=c, and, by 
gubstitution, r(—b — r) = ¢, or? 4+ br +e=0. a 

The following exercises include several applications of the above 
results. We shall consider other important uses of the elementary 
symmetric polynomials in the next section. 


EXERCISES 


1. Without using linear factors, find 
(a) a cubic equation having roots 1, 2, 3, 
(b) a cubic equation having roots 0, —2, 2, 
(c) a quartic equation having roots 2,2, —2, —2. 
2. Given that «* + 1423 + 7822 + 168% + 144 = 0 has two pairs of 


double roots, find its roots. : 
3. Given that one root of 2° — 272? + 2422 — 720 = 0 is equal to half 


the sum of the other two, find the roots. 
4. Given that two of the roots of 23 + 72? — 6 — 72 = O are in the ratio 
of 3 to 2, find all three roots. 
5. Given that one root is the negative of another, solve 
(a) 423 — 1222 — 252 + 75 = 0, 
(b) 423 — 162? — 92 + 36 = 0. 
6. What relations must exist between the coefficients of a general quadratic 
equation if one root is twice the other? 
7, Solve 23 + 7x? — 212 — 27 = 0, given that the roots are in a geometric 


ression. : 
rae Solve 2? — 322 — 13x + 15 = 0, given that the roots are in an arith- 


metic progression. 


4-8 Transformations of roots. This section is essentially an 
extension of Sections 3-8 and 4-3. In Section 3-8 we found that 
any polynomial p(x) could theoretically be expressed in the form 
g(ax +b), where a#0. In Section 4-3 we used synthetic division 
to obtain the new polynomial in the special case a = 1. In this 
section we shall use the elementary symmetric polynomials to obtain 
the new polynomial g(az + b) for any a ¥ 0, i.e., given a polynomial 
p(x) with zeros 7; (j = 1, 2,..., m) we shall find a polynomial g(y) 
with zeros ar; + b for any given numbers a ~ 0 and b. 

Any polynomial with coefficients from a field and zeros 71, 72, ..., 
rm has an associate of the form 


p(x) = 2" — Sym + Seo? +--+ (-1)iSe™ 7 +--+ + (-1) "Sn, 
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where the S; are the elementary symmetric polynomials of degree j 
(Section 4-7). If we multiply each r; by a number k, then 


keri t kro +- % -+tkra = k(n + ret: ° -+ Tm) = kS,, 
(Ari) (kre) + (kri)(kr3) + (kre) (krs) fee + (krm—1)(krm) = KS, 


(Jers) (kre) (rs) . . . (lem) = k™S.y. 


Thus multiplication of the zeros of p(x) by & results in the multiplica- 
tion of the elementary symmetric polynomial S; by k’. Conversely, 
if we multiply the S; by k’, we obtain a new polynomial having zeros 
exactly & times those of p(x). For example, x? — 4x + 3 has zeros 1 
and 3, where 8; = 4 and S, = 3. If we construct a new polynomial, 
using 2S5;=8 and 2°S,=12 as the new elementary symmetric 
polynomials, we obtain g(y) = y?— 8y+12 with zeros 2 and 6. 
In general, we have 


TuEoreM 4-6. Given a polynomial p(x) = at” + qa"! 4... + Om 
and a number k, we may immediately write down a polynomial 
ay) = ay” + arky™ + agh®y™2 +--+ + ank™ with zeros k times 
those of p(x). 


In the following theorem, Theorem 4-7, we shall discuss a procedure 
for obtaining a polynomial with zeros that are the reciprocals of the 
zeros of a given polynomial. For example, given the polynomial 
x’? ~x-—6 with zeros 3 and —2, we may, by Theorem 4~7, obtain 
1 ~ x — 62? with zeros 4 and —3. In connection with this theorem 
it is necessary to consider that a polynomial assumes an infinite 
zero (designated by a/0 where a ~ 0) whenever its leading coefficient 
becomes zero. This convention is consistent with the result obtained 
using limits (Section 3-11) since at least one zero of p(x) increases 
without bound as the leading coefficient of p(x) approaches zero. 
Under the above convention for infinite zeros, we have 


THEOREM 4-7. Given a polynomial D(x) = agx™ + az" + +++ + am, 
we may immediately write down a polynomial h(u) = a) + au + anu? 
+++++ Gmu™ with zeros that are the reciprocals of those of p(x). 


The question of infinite zeros mentioned above arises, for example, 
when we take p(x) = 2? — x with zeros 1 and 0 and apply the above 
theorem to obtain h(u) = 0-u?—u+1 with zeros 1 and 3 We 
shall leave the proof of Theorem 4-7 as an exercise (Exercise 6). 
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We may now perform three transformations upon the zeros of any 
given polynomial p(x) with zeros 7, 72,...,7m. We may find f(v) 
with zeros r; — b (Section 4-3), g(y) with zeros ar; (a = 0) (Theorem 
4-6), and h(u) with zeros 1/r; (Theorem 4~7). These three transfor- 
mations are sufficient to prove the following theorem: 


THEOREM 4-8. Given a polynomial p(x) with complex coefficients 
and zeros r; (j= 1,2,..., m), we may obtain a polynomial q(y) 
with zeros s; = (ar; + b)/(er; + d) (j =1, 2,..., m), where a, b, c,d 
are any complex numbers such that ad — be ¥ 0, by using only the 
coefficients of p(x) and the four fundamental operations. 


The condition ad — bc = 0 makes it possible (Exercise 7, Section 
3-10) to express r; rationally in terms of s;, r; = (a's; + b’)/(c's; +d’), 
that is, to perform any linear birational transformation upon the zeros, 
of a given polynomial p(z). 

We divide the proof of Theorem 4-8 into two cases. When ¢ = 0, 
we use the two successive transformations & = axz/d and y = t, + b/d. 
When c ~ 0, we use the five transformations ¢, = cz, 


h=ht+d=cetd, t=1/h=1/(r+4), 
ts = (b — ad/c)ts = (be — ad)/[c(cx + d)], 

and y=&+ a/c = (ac+b)/(er +d). Since each of these transfor- 
mations is of one of the three types that we can perform, our proof 
of Theorem 4-8 is complete. 

One of the most useful applications of the elementary symmetric 
polynomials is expressed in the following theorem, which we shall 
prove using transformations of the roots of a polynomial equation. 


THEOREM 4-9. Every rational root of a polynomial equation 
Age” + aya" + age” +--+ + dn = 0 with integral coefficients may 
be expressed in the form bm/bo, where (bm, bo) = 1, bm divides an and 
bo divides ap. 

This theorem gives a basis for finding all rational roots of any given 
polynomial equation with integral coefficients in a finite number of 
steps. It enables us to use at most the quadratic formula to solve 
completely any polynomial equation with integral coefficients having 
at most two nonrational roots. For example, the only possible 
rational roots of 2? — x?+2—1=0 are 1 and —1. These may be 
checked by substitution or by synthetic division. The given poly- 
nomial equation may then be expressed as (x — 1)(z?+ 1) =0, 
whence its roots are 1, z, ~2. 
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Theorem 4-9 may, as mentioned above, be proved using transfor- 
mations of the roots. Suppose that p(x) =0 has a rational root 
bm/bo. We may assume that (bm, bo) =1. If we apply Theorem 4-6 
and multiply the roots of p(x) = 0 by by, then S», and by'adm/ay) have 
the same numerical value, the root b,, must divide S,, and therefore 
bm must divide bf'am. Since (bm, bo) = 1, bm divides am, by Theorem 
2-9. Similarly, by divides a, using Theorem 4-7 (Exercise 10). 
Since any polynomial with rational coefficients has an associated 
polynomial with integral coefficients, Theorem 4-9 may also be used 
to find all rational roots of any polynomial equation with rational 
coefficients. 

The elementary symmetric polynomials have considerable the- 
oretical importance aside from the above-mentioned applications to 
the transformations of the zeros of polynomials and the solution of 
polynomial equations with rational coefficients. The elementary 
symmetric polynomials in the roots of a polynomial equation can 
always be expressed rationally in terms of the coefficients of the 
original polynomial. 

A polynomial p(r:,72,..., 17m) is said to be symmetric if it is 
unchanged by every possible interchange of r; and r;. For example, 
r+y,cy,2+y,2y—-x~-y, and —-2zy+y?—2 are symmetric 
polynomials in zandy. It can be shown [49; 264] that any symmetric 
polynomial in the zeros of a polynomial p(x) is a polynomial in the 
elementary symmetric polynomials and can therefore be expressed 
rationally in terms of the coefficients of p(x). Exercises 14 and 15 
are examples of this property. 

The subject of symmetric polynomials or symmetric functions is 
extensively treated in many texts on the theory of equations. We 
conclude our brief discussion of this topic with the following exercises. 
In the next two optional sections we shall return to the problem of 
solving equations and in particular to the solution of cubic and quartic 
equations. After that we shall consider methods for determining 
the number of real roots of a polynomial equation. 


EXERCISES 


1. Given 23 — 2x? — 52 + 6 = 0 with roots 1, —2, 3, find a polynomial 
equation with roots —1, 2, —3. 

2. Generalize the method used in Exercise 1 and give a procedure for 
finding a polynomial equation ¢(y) = 0 with roots —r; corresponding to any 
given p(x) = 0 with roots r;. 
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3. Given a polynomial p(x), prove Theorem 4-6 by solving for z in the 
telation y = kz and substituting in p(z). 

4. Find a polynomial g(y) with zeros 3 times those of 

p(x) = 23 — 3224+ 22 - 1. 
First write down the answer according to Theorem 4-6 and then check this 
answer by the method given in Exercise 3. 
5. Find a polynomial g(y) with zeros —2 times those of 
p(x) = at 4+ 228 —a2? +a4+1. 
Use the same procedure as in Exercise 4. 

6. Prove Theorem 4~7, using symmetric polynomials. 

7. Rephrase and work Exercise 3 for Theorem 4-7. 

8. Write down a polynomial with zeros that are the reciprocals of those 
of the polynomial p(x) given in Exercise 5. Check this answer by the 
method given in Exercise 7. 

9. Rephrase and work Exercise 3 for Theorem 4-8. 

10. Prove that bo divides aj in Theorem 4-9. 

11. Find the rational roots and then solve completely: 

(a) 2y¥3-y—4y+2=0, 
(b) 2x4 — 1223 + 192? — 62 +9 = 0. 
12. Find all the rational roots of 
(a) 3y* — 40y* + 130y? — 120y + 27 = 0, 
(b) 3y3 — 2y? + 9y —6 = 0, 
(c) 108y? — 270y? — 42y + 1 = 90, 
(d) 24y3 — 2y? — By +1 =0. 
13. Find the integral roots of the equations 
(a) 24+ 625 + 2? — 242 — 20 = 0, 
(b) at + liz’ + 412? + 61z + 30 = 0. 

14. Given a cubic equation x? + az? + bz + ¢ = 0 with roots 1, s, t, find 
a formula for the symmetric function r? + s? + @ in terms of the coefficients 
of the given equation. Rewrite this formula in terms of the elementary 
symmetric polynomials S,, S,, and S3. 

15. Given a quadratic equation x? -+ px +q = 0 with roots r and s, 
express the following symmetric polynomials as polynomials in the ele- 
mentary symmetric polynomials 

(a) 7? + 82, (c) fF —rs+ 83 — 2, 
(b) r—rs+s, (d) r(? +s —r)4+s8(2? +7 — 8). 


*4-9 Cubic equations. We have stated (Section 4-5) that the 
general polynomial equations of degrees 1, 2, 3, and 4 may be solved 
using the four fundamental operations (addition, subtraction, mul- 
tiplication, and division) and radicals. The linear and quadratic 
equations were treated in Section 4-5; cubic equations will be treated 
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in this section; quartic equations in the next section. As observed 
in Section 4-5, there do not exist any similar methods for solving 
general equations of degree greater than four. We may solve any 
given polynomial equation with integral coefficients having at most 
four nonrational roots no matter how large the degree of the equation 
may be (Section 4-8). We may also solve certain equations of degree 
greater than four (Section 4-13). However, we still cannot solve 
in terms of a finite number of rational operations and radicals a 
general equation apr™+ a,z"1+---+a,=0 when m is greater 
than four. 

We shall base our method of solving cubic and quartic equations 
upon transformations of the roots (Section 4-8). First let us try 
this method upon the general quadratic equation. The general 
quadratic equation az? + bz + ¢ = 0, a ¥ 0 with roots n, 2, could have 
been solved by making the following two transformations upon the 
roots 71, 72. The equation g(y) = y? + 2by + 4ac = 0 has roots 2ar;, by 
Theorem 4-6. This is similar to the previous derivation of the roots 
in that the initial is now 1, and we are prepared to divide the co- 
efficient of the linear term by 2. Since the sum of the roots of gy) 
is —2b, we diminish the roots by —6 to obtain a new equation with no 
linear term, which therefore may be solved by factoring as the dif- 
ference of two squares. The new equation may be determined by 
synthetic division (Section 4-3), 


] 2b 4ac [—6 
0 —b —}? 

1 b 4ac — b? 

0 —b 

1 0 

0 

1 


to be 2 + (4ac — 6’) = 0 with roots s1, s2, where s; = 2ar;+6. Then 
8; = + Vb? — 4ac and the relation r; = (s; — b)/2a gives the roots rj 
in the usual form. A similar procedure may be used to facilitate 
the solution of cubic and quartic equations. 
Let the general cubic equation 

p(x) = ax* + ba? + ex +d=0,a+0 
have roots ri, 2,73. In order to have the initial 1 and the sum of 
the roots easily divisible by 3, we use Theorem 4-6 to obtain, after 
division by a, 

gly) = y® + 3by? + Yacy + 27a2d = 0, 
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with roots 3ar;. As before, we next reduce the roots by —b, using 
synthetic division, 


1 3b ©: 9ac 27a°d [— 
0 —-b 20? 2b? — Yabe 

1 2. Yac— 2b? 26® — 9abe + 270d 
0 —-b — 

1 b  9ac — 30? 

0 —-b 

1 0 

0 

£ 


to obtain 
h(z) = 2 + (Qac — 3b?)z + (268 — 9abe + 27a’d) = 0. 
This equation is called the reduced cubic. We rewrite it in the form 
2+pet+q=0, 


where p = 9ac — 3b? and qg = 2b8 — 9abe + 27a'd. 

There are two well-known procedures for continuing to solve the 
cubic. We can reduce the problem to simpler form by making a 
further transformation z = ¢ — p/8t [47; 105], or we can simplify it 
in a different way by means of the substitution 2 = u+v [49; 85]. 
Let us consider the second approach. We replace the single variable z 
by two variables u, v. These two variables may be required to satisfy 
another condition which we shall select shortly. Under the substi- 
tution z = u +», the above reduced cubic has the form 


w+ e+ (Buy + p)\(utrv)+¢q=0. 
We now take 3uv + » = 0 as the new condition on the variables u, v 
so that the above equation will have the form 
w@+etgq=0. 


Then the solution of the reduced cubic is equivalent to the simul- 
taneous solution of u?+ v? = —q and w = —p/3. The cube of the 
last equation is ux* = —p?/27. Thus u® and v' are two variables 
whose sum is —q and whose product is —p/27, that is, they are the 
two roots of 


(4-6) 2+ gt — p*/27 = 0. 


4-9] CUBIC EQUATIONS ; 153 


Therefore we may choose 


The possible values of u are WA, wWA, w°WA, and those of » are 
VB, wWVB, w?WB, where w is a primitive cube root of unity (Sec- 
tion 1-17). Since by hypothesis uw = —p/3, these values must be 
associated in pairs as follows: 


UW = VA, y= VB, 
UW = woWA, Ve = wW/B, 
U3 = wv, 03 = aw RB. 


Then, retracing our steps, we see that the roots r; of the original 
equation must be given by r; = (u;+ 0; — b)/3a (j = 1, 2,3). These 
formulas for the roots of a cubic equation are known as Cardan’s 
formulas. 

Thus we have used complex numbers and radicals to express the 
roots of a general cubic equation in terms of its coefficients. The 
cubic equation has one real and two conjugate imaginary roots when 
(4-6) has real distinct roots; three real roots of which at least two 
are equal when (4-6) has equal roots; three distinct real roots when 
(4-6) has imaginary roots. These facts and special methods for treat- 
ing various types of cubic equations are discussed in most texts in 
the theory of equations. In particular, when the cubic equation has 
real coefficients and three distinct real roots, it is often convenient to 
express the roots as real functions of the coefficients using trigono- 
metric functions. This method is especially useful when the cubic 
equation has rational coefficients and three irrational roots, since in 
this case [49; 91-92] it is not possible to express any root in terms of 
real radicals and it is not possible to obtain the roots from Cardan’s 
formulas by rational operations. 

Let us now apply the above theory to a simple cubic equation, say 
x’ — 2?+2x—1=0, that we can also solve by the methods of Sec- 
tion 4-8. The above equation has roots 1, i, and —i. Thus the use 
of Cardan’s formulas here becomes merely an illustration of the 
method for this particular cubic equation. We first multiply the 
roots by 3a = 3 and obtain g(y) = y* — 3y?+ 9y -27=0. Next we 
reduce the roots by —b = 1, using synthetic division, and obtain 
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h(z) = 2+ 62 — 20. Now we take z = u+v, where w = —§ = —2. 
Then u*? = —8 and, by substitution in A(z), u3+ v? = 20. These ele- 
mentary symmetric polynomials in u3 and v? may be used to form a 
quadratic equation @ — 20t-—_8=0 having u* and 2 as its roots. 
Since the roots are 10 +63, we may take u® = 10+ 6V3 and 
v® = 10 -6V3. We now know from this method that the given 
equation has one real and two conjugate imaginary roots. Then, 
using w = (—1 + 1V3)/2, we have 


u = V10 + 6V3, » = V10 - 6V3, 
ue = [(-1+ iV3)V 10 4 6V3)/2, » = [(-1- iv3)V'10 — 6V3)/2, 
us = [(-1 — iV3)V'10 + 6V31/2, 0% = [(-1 + iV3)V 10 - 6V3]/2. 


Finally, using r; = (u; +»; + 1)/3 and a considerable amount of arith- 
metical simplification, we have 7; = 1, re = iand7rs = —i. The above 
cubic equation can also be solved by considering rational roots. 
Cardan’s formulas give the same results as the other methods but 
require more work. We shall resort to the formulas only when other 
methods fail. Their importance lies in the fact that they give a sure, 
even though tedious, method for expressing the roots of any cubic 
equation with complex coefficients in terms of radicals. 


EXERCISES 


Solve the following equations: 
1. 2— 7227+ 154 —9 =0 
2. 8+ 22 +20 =0 


3. 2 — 322 — 27 +5=0 
4. 24y3 — 2y? — Sy +1 =0 


*4-10 Quartic equations. We now consider the solution of poly- 
nomial equations of the fourth degree. As in the case of cubic equa- 
tions, our method will be based upon transformations of the roots. 
Also as in the case of the cubic equations, we shall use this method 
only when other methods, such as finding rational roots (Section 4-8) 
and multiple roots (Section 4-18), fail. 

Let the general quartic equation 


f(z) = azt+ ba + ca? +dxr+e=0, a#0 
have roots r; (j = 1,2,3,4). The first general method of solving quar- 
tic equations was discovered by Ferrari, a pupil of Cardan. Uspensky 
[49; 94-97] gives a thorough and readable discussion of Ferrari's 
method. We shali use the method of Descartes [47; 114-117]. We 
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first multiply the roots by 4a and divide the new equation by a to 
obtain 


g(y) = y* + 4by? + l6acy? + 64a°dy + 256a%e = 0. 

Then the roots are reduced by —b and an equation of the form 
(4-7) a2+petqatr=0 
is obtained, where p, q, r are polynomials in the coefficients of f(x). 

Since in the set of polynomials with real coefficients every irre- 
ducible polynomial is linear or quadratic (Section 4-6), the equation 
(4-7) can be expressed as the product of two quadratic polynomials. 
If (4-7) has real coefficients, the new polynomials will have real co- 
efficients. Also, since the sum of the roots of (4~7) is zero, the sum 
of all four roots of the quadratic factors must be zero and the sums 
for the individual quadratics must be the same except for sign. 
Thus equation (4-7) may be expressed in the form 


(4-8) (22 — kz + n)(2? + kz +m) =0. 
Since the left members of (4-7) and (4-8) are identically equal, we 
haven+m-—k? =p, k(n — m) = q, and nm =r. 
’ We next eliminate n and m from these equations. We have: 
K(n + m)* = Ik + py, 
i(n — m)? = @ 
and by subtraction obtain 4k?nm = k®(k4 + 2k?p + p?) — @ or 
k8 + 2pk* + (p? — 4r)k? — @ = 0, 

the resolvent cubic in k?. The resolvent cubic can be solved and its 
roots designated by the complex numbers 442, 4B%, 4C?. Then the 
product of the roots is g? = 644?B°C®, and we may choose the A, B,C 
such that ¢q=—8ABC. Similarly, the sum of the roots is —2p 
= 4(A?+ B?+C?). If any root of the resolvent cubic is different 
from zero, suppose 2A #0. In any case, let k = 2A. Then from 
n+m—k =p, p = —2(A?+ B+ C?), and k? = 4A4?, we have 

n+m=Kk? + p= 2(A? — B— C), 
Similarly, from k = 2A, ¢ = ~8ABC, and k(n — m) = q, we have 

n—m=—4BC. 

From these two relations in n and m, we have 

n=(A+B+C)(A-B-O), 

m=(-A+B-C)(-A-B+0C). 
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Since the sums of the factors of m and m are respectively k and —&, 
these four factors are the roots of (4-8) and therefore of (4-7). The 
roots of the given quartic equation are obtained from those of (4-7) 
by adding —b and dividing by 4a. Thus the roots of a general 
quartic equation can be expressed in terms of the coefficients using 
radicals. As mentioned in Section 4-5, this process cannot be con- 
tinued any further, since a general equation of degree greater than 
four cannot be solved using the four fundamental operations and 
radicals. 


EXERCISES 


Solve the following equations: 
1. at — 223 — 37? ++ 474 +4=0 3. c¢—2? +107 —4=0 
2. 324 — 82? —- 22 +5 =0 4. a! — 62? —8%# —3 =0 


4-11 Descartes’ Rule of Signs. We now return to the task of 
counting various types of roots of polynomial equations. Any poly- 
nomial of degree m with complex coefficients has m complex roots 
(Section 4-4). The rational roots of any polynomial equation with 
integral (or rational) coefficients may be found in a finite number of 
steps (Section 4-8). In this section we shall consider a method for 
estimating the number of real roots of any given polynomial equation 
with real coefficients. To be exact, we shall estimate the number of 
positive roots, count the number of zero roots, and estimate the 
number of negative roots. In the next section we shall consider a 
method for determining exactly the number of real roots of a poly- 
nomial equation with real coefficients on any interval (Section 3-10) 
of the forma <2. The importance of the method in the present 
section lies in its simplicity. 

When all the roots of a polynomial equation f(x) = 0 are real and 
positive, all the elementary symmetric polynomials are positive, and 
the coefficients of f(x) alternate signs, since 


f(x) = aor” + aye" + agar? + asx"? +--+ + da 
= aoz® — Siz") + Son? — See F+-- + (-1)8,]. 
On the other hand, all the coefficients of f(z) have the same sign when 
all the roots are negative. We now seek more exact relations be- 
tween the coefficients of the equation f(x) = 0 and the location of its 
roots. 
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Two consecutive terms of a real polynomial in which the terms 
with zero coefficients have been omitted are said to present a varia- 
tion, or a permanence, of sign according as their coefficients have unlike 
or like signs. For example, x? — 1 has one variation and x? + 1 has 
one permanence. 

Consider a polynomial f(z) and suppose, for example, that it has 
no zero coefficients and that the signs of its coefficients are given as in 
(4-9) below. We next compute the signs of g(x) = (x — r) f(x), where 
r is any positive number, and indicate the signs of the coefficients of 
g(x) by + whenever the signs depend upon the values of r and the 
coefficients of f(z). 


(49) f@): ++---+--4+ 4+ - 
(e¢-r): + - 

ie i ae eee ae ee 

-~ -— +++-++4+ -- 4 

gz): +z - t+ t+-2 72 - Ff 


The sequence of coefficients of the polynomial f(x) above has five 


_variations in sign; that of g(x) has at least six variations and may 


have eight but never seven. 

In general, for any given polynomial f(x) with real coefficients and 
any given positive number r, it can be shown [19; 446-447] that the 
sequence of coefficients of the polynomial g(x) = (x — r)f(x) has at 
least one more variation in sign than that of f(x). This statement 
may be proved using the relations co = by and c; = b; + c;17, where 
the c; are the coefficients of f(x) and the b; are the coefficients of g(x) 
(Section 4-2). For example, if the sequence be, bi,..., 6, does not 
contain any variations, then the sequence t, ¢1, . . . , ¢s does not con- 
tain any variations. If, in addition, the sequence b,, . . . » Ospe CON- 
tains one variation, then the sequence ¢,,... , ¢.44 contains at most 
one variation. Furthermore, if b,, b,, is the jth variation in the se- 
quence of coefficients of g(x) and c, c, is the jth variation in the se- 
quence of coefficients of f(x), then w < u (Exercise 6). Thus the 
sequence of b; has at least as many variations as the sequence of ¢;. 
Finally, since bp = c and g(0) = —rf(0), the sequence of b; [the co- 
efficients of g(x)] has more variations than the sequence of c; [the 
coefficients of f(x)]. 

If f(z) = 0 has 7, r2,..., 7, as its positive roots, then 


Fe) = (@ — n)(@ — 72) +++ @ — )Q(@). 
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By repeated applications of the above statement, the sequence of co- 
efficients of f(x) has at least & more variations than that of Q(z), i.e., 
the number of variations of sign in f(z) is 2 k. Thus a real poly- 
nomial equation with V variations in the signs of the coefficients has 
at most V positive roots. 

Now if we write f(x) in the form 


f(x) = aox® + qqa7 +--+ + a0", 
where 0 Ss S n, we may assume aa, ~0. Then 
f(x) = x*-*(aox* + aye +--+ +a.) = 2™*9(z), 


and the positive roots of g(x) = 0 are precisely those of f(x) = 0. 
Since g(x) is continuous for all x, the equation g(x) = 0 has an even 
or odd number, N, of positive roots (not necessarily distinct) accord- 
ing as 0 < aoa, or aa, < 0 (Section 3-13, Exercise 5). Also, V is 
even if 0 < aa,, odd if aa, <0. Thus N and V are either both even 
or both odd, i.e., 


TuEoreM 4-10. Descartes’ Rue oF Siens. A real polynomial 
with V variations in the signs of its coefficients has V — 2k positive 
(real) roots where k is a nonnegative integer. 


Since the negative roots of f(z) = 0 are equal to the positive roots 
of f(—x) = 0 except for sign (Section 4-8), we also have: A real poly- 
nomial f(x) has W — 2k negative roots where k is a nonnegative integer 
and W is the number of variations in the signs of the coefficients of f(x). 

Let us consider a few examples of these two aspects of Descartes’ 
Rule of Signs. The polynomial equation 23 — 2? + 1 = 0 has either 
two positive and one negative root or no positive, one negative, and 
two complex roots. The polynomial equation z3- 2?+2—1=0 
has either three positive or one positive and two complex roots. 
The roots of the polynomial equation x5 + x* — 72° + 527 — aV2+4+ 11 
= 0 fall in one of the following three cases: four positive, one negative, 
and no complex roots; two positive, one negative, and two complex 
roots; no positive, one negative, and four complex roots. In the 
case of the polynomial xz? — 2?+2-—1= (4— 1)(2?+ 1), we may 
find the zeros 1,1, —7 and thereby determine which of the stated 
cases holds. For any polynomial equation with real coefficients, an 
exact determination of the proper case may be made using Sturm’s 
Theorem (Section 4-12) without finding the roots. 

Descartes’ Rule of Signs may also be used to give bounds for the 
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real roots of any polynomial equation with real coefficients, i.e., a 
real polynomial equation. Suppose f(x) = (z-— p)Q(z) + R,0 <p 
and Q(z) has no variations in the signs of its coefficients. Then the 
equation Q(z) = 0 has no positive root. If also R has the same sign 
as the coefficients of Q, then at x = p, f(z) = R, and for z > p, Q(z) 


-and f(x) have the same sign as R, that is, f(z) has no positive zeros 


greater than p. This test for an upper bound p is most easily applied 
using synthetic division, where the coefficients of Q(x) and R constitute 
the third row. The test then becomes: if p is a positive number such 
that in the synthetic division of f(x) by x — p all numbers on the third 
row have the same sign, or are zero, then p is an upper bound for the real 
zeros of f(z). A lower bound for the real zeros may be similarly de- 
termined as —g, where q is an upper bound for the zeros of f(—2). 

For example, if f(z) = 22 — 323 — 2? — 25x +30 and p=4, we 
have 


2 -38 -1 -—25 30 | 4 
0 8 2 76 204 
2 5 19 51 234 


whence f(z) has no positive zero greater than 4. Similarly, f(z) has 
no negative zero less than —1, since f(—x) = 2a4 + 323 — x? + 252 + 30 
has no positive zero greater than 1 from 


2 3 -1 2% 30 |1 
= ae 
25 4 29 59 


There are two other common methods [1; 162-166] of determining 
upper bounds for the real roots of a real polynomial equation 


p(x) = aoz® + gat +---+a,=0, a > 0. 


Ifa, 20 (j =1,2,...,k— 1), a <0, and all negative coefficients 
are less than or equal to A in absolute value, then 1 + VA /d@ is an 
upper bound for the real roots of p(x). If the absolute value of each 
negative a; is divided by the sum of all positive a; (¢ <j) and B is 
the greatest quotient so obtained, then 1+ B is an upper bound for 
the real zeros of p(x). 

More exact general information regarding the location of the zeros 
of any real polynomial can be found from Sturm’s Theorem (Section 
4-12), which gives the exact number of distinct roots on any interval 
a<azsb. 
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EXERCISES 


1. Discuss the nature of the roots of the following equations: 
(a) 26 + 324+ 42? + 22 —6 = 0, 
(b) at — 1527+ 72 — 11 = 0, 
(c) x" — 1 = 0 when n is odd, even, 
(d) 2* + 1 = 0 when 7 is odd, even. 
2. Give upper and lower bounds for the real roots of the following equations: 
(a) 2? + 22 + 20 = 0, 
(b) #2 — 322? —-22 +5 =0, 
(c) 32 — 62? + 82 —-3 =0. 

3. Are the bounds given in your answer for Exercise 2 the best possible 
real bounds, the best possible integral bounds? 

4, Prove that the number of negative roots of f(z) = 0 is of the form 
P — 2k, where P is the number of permanences of sign in f(z), & is a non- 
negative integer, and f(x) has no zero coefficients. 

5. Prove that if in the synthetic division of f(x) by x — b, b < 0, the signs 
of the terms in the third row, associating a suitable sign with any zero terms, 
can be made to alternate by a suitable choice of b, and if f(x) is of even de- 
gree, then the equation f(z) = 0 has no negative root less than 0. 

6. Write out a complete proof of Theorem 4-10. 


4-12 Sturm’s Theorem. We now consider a method for deter- 
mining exactly the number of distinct real zeros of any given real 
polynomial on any interval a <2. In the next section this 
method will be extended to determine the number of zeros of any 
given multiplicity &. Then we shall be able to determine the exact 
number (including multiplicities) of real roots of any given real poly- 
nomial equation p(x) = 0. 

Given any real polynomial f(x), we may take fo = f(x) and fi 
= ef’(x), where f’(x) is the derivative of f(x) (Section 3-14) and c is 
any positive constant, usually the reciprocal of the greatest common 
divisor of the coefficients of f’(z). We then apply the Euclidean 
Algorithm (Section 3-7) to fo and f; with the modification that the 
sign of each remainder is changed, i.e., we take 


fo= afi ag Cof2, 
fi= Qaf2 — Csfs, 


Suz = Qe—1fe—1 _ Crt, 
tea = Ont. 
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Since the signs of the functions will have meaning, only positive 
factors can be arbitrarily inserted or removed. The array in Sec- 
tion 3-7 can be modified to give 


n q2 qs cee Qk 
fo fi fr fo «+. fx O 
afi gefe asf fa 
—Cof. —esfs —tsifs —Osfs 


where the c’s are arbitrary positive constants. Then f; is a greatest 
common divisor of fy and f; and a common divisor of the f; (0 $j < k). 
The polynomial f, is not necessarily the greatest common divisor 
since its initial may not be +1. 

If fo = at — 24x? + 16x + 12, we may take jf; = 2? — 127 + 4, fo = 2? 
—2x-1,fs=2x—- 1, and f,=1. In this case the polynomials fy and 
fi are relatively prime. If fy = x* — 3x? — 2, we may take f, = 25 — xz 
and fz = 2° +1. In this case f; is identically zero and fr is the greatest 
common divisor of fo and f;. In general, the sequence 


fo, fi fa, aeons Sky 


where f; is not identically zero, is called the division sequence of fo 
and f,. We also form a sequence of polynomials g;, letting g; = f; if 
fx is constant, gf, = f; if f, is of positive degree. The sequence 


Go, Gry 92,++ +5 Gk 
is called the Sturm sequence of fo. The g’s are called Sturm functions 
or Sturm polynomials of fo. For example, the Sturm sequence of 
the above polynomial fp = z+ — 24x”? +- 16% + 12 may be taken as 


go = x* — 2477+ 1624 12, 
g= x? — 122 +4, 
gav—az-l, 
gs = 2a — 1, 
4 = 1. 
The Sturm sequence of the polynomial fy = x* — 3x? — 2 considered 
above may be taken as 
go = wave 2, 
qi = a a, 
g2.= 1. 
The Sturm sequence of any polynomial fo(z) with real coefficients 
has the following properties. 
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(t) If fo(ai) = 0, then gog. < O when x= 2; and gyi > 0 when 
x= xz}, where x; and x} indicate respectively a value of z slightly 
less than x; and a value slightly greater than x. This property may 
be easily visualized in terms of the graph of y = f2, When fy is linear, 
the equation y = f has a single double root at x = 1, the graph is a 
parabola, and (d/dx)f¢ = 2cf7 - gog: is negative at xy and positive at 27, 
where ¢ is a positive constant and f; is a real polynomial. In general, 
every zero of fj has even multiplicity (Section 4-13) and (d/dx)f? has 
the same properties as in the special case considered above. 

(it) If some g;(x2) = 0 where j > 0, then g;agi1 <0 at 2 = 2. 
This inequality may be obtained from the identity fj. = q;f; — cfj41, 
since all common zeros of f; 1 and f; or of f; and f;,1 must be zeros of 
fi. When expressed in terms of the g’s, where f; = fig;, this identity 
has the form g;-1 = 9:9; — cgi+1, where (9;1, 9;) = 1 = (gi, gi). Thus 
9i-19i41 < O whenever g; = 0. 

(it) The polynomial g, is different from zero for all real values 
of z. This property is an immediate consequence of the definition 
of g, as 1 when f;, is not constant and as f; when f; is constant. 

When expressed in terms of the sequence of signs of the Sturm 
functions, the first property above indicates that the first two signs 
of the sequence are either ~ + at xj and + + at x} or else they are 
+ —atay and — — at xf, where x is any zero of fo. The reasoning 
used for the second property indicates that whenever some g; (j > 0) 
vanishes, the polynomials g;-. and g;,1 have opposite signs, i.e., we 
have either ~ 0+ or + 0-. The third property indicates that gz 
never changes sign. Intuitively, we may visualize the variations in 
the signs of the Sturm sequence of fo(x) as flowing to the left as the 
real variable x increases. For example, consider the signs of the 
above Sturm sequence for fy = a+ — 242? + 16x + 12 at the indicated 
values of x as given in the following array: 


& Jo gi g2 Js 9a 
—6 + a + # + 
—4 _ - + a any 
—1 - + = = “+ 

0 + + = = + 
1 + = = a + 
2 _ = + + + 
4 _ + + + a 
i) + + + e + 
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Formally, the Sturm sequence of fo(x) will be a sequence of con- 
stants for any real value of z, say x =a. We shall use the symbol 
S. to indicate the number of variations in the sequence when zx = a. 
From properties (i) and (772) S, cannot change as x passes through 
any zero of g; (j > 0) which is not a zero of go. From (4) if fo(a1) = 0, 
then (Section 4-13) go(z1) = 0, and the sequence has a variation in 
sign in its first two terms at + = xj] but no variation at 7 = xj. Thus 
S, changes only at zeros of fo(z) and decreases by 1 whenever z in- 
creases through zeros of fo(z). Thus we have 


TuroreM 4-11. Srurm’s Tuzorem. A real polynomial f(z) has 
exactly S. — S, distinct real zeros on the interval a < x S b. 


The Sturm sequence of the polynomial 24 — 2422+ 16r + 12 is 
given above. For large negative values of x only the leading terms 
need to be considered (Section 4-5), and the Sturm functions have 
signs + — + — + with four variations. For large positive values of 
x, we have + + + + + with no variations. Thus the polynomial 
xt — 24? + 162 + 12 has four distinct real zeros. 

The Sturm sequence go, 91,92 of fo = x* — 322-2 was obtained 
above by dividing the polynomials fo, fi, f2 by fe, since fy is not a 
constant. For large negative values of x their signs are + — + 
with two variations. For large positive values of x their signs are 
+ + + with no variations. Thus the polynomial x* — 372 — 2 has 
two distinct real zeros. 

Sturm’s Theorem may also be used for determining bounds for the 
roots of polynomial equations and indeed for isolating the roots on 
arbitrary small intervals. For example, 2° — 3z?—2=0 has two 
distinct real roots as determined above. At x = 2 the signs of the 
corresponding Sturm functions are + + +, the same as for large posi- 
tive values of x. Thus by Theorem 4-11, the equation 2° — 3z? 
— 2=0 has no real roots greater than 2. Similarly, at x = —2 the 
signs are + — +, the same as for large negative values of x, and there 
are no real roots less than —2. At «= 1,0, and —1 the signs of the 
Sturm functions that are different from zero, i.e., the signs of the 
Sturm functions that have signs, are — + with one variation. Thus 
S_2 = 2, S_1= 1, So = 1, S; = 1, and S, = 0, whence there is one real 
root satisfying — 2 < zx < —1 and one real root satisfying 1 < x < 2. 
The intervals —-2 < + S —land 1 <x S 2 were replaced by —2 < x 
<—land 1 <x < 2, since x = —1 and z = 2 are not roots. The 
process of finding intervals containing the roots could be continued 
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using S_g, S3, .... In general, we shall say that the real roots 
of an equation have been isolated when an interval a < x < b has 
been found for each real root such that b — a < 1 and the interval 
contains only one of the distinct real roots. 

We may now determine exactly the number of distinct real roots 
of any given real polynomial equation, i.e., any given polynomial 
equation p(x) = 0 with real coefficients. Also we may isolate each 
root on an arbitrarily small interval. In the next section we shall 
define the multiplicity of a root and determine the total number of 
real roots on any interval, using their multiplicities. 


EXERCISES 


1. Test for real roots: 
(a) zt — 6x3 + 7x? + 62 — 2 = 0 (see Exercise 4, Section 3-7), 
(b) at — 227 +122 —8 =0, 
(c) x4 — 1822+ 44 + 2 = 0, 
(d), zt — 2? + 102 —4=0. 
2. Isolate all the real roots by Sturm’s Theorem: 
(a) 2? + 22 + 20 = 0, 
(b) 23 — 32? — 24 +5 = 0, 
(c) 3a4 — 627+ 82 —3 = 0. 


4-13 Multiple roots. A number b has been defined (Section 4-1) 
to be a zero of a polynomial p(x) if and only if p(b) =0. Thus 2 is 
a zero of x—2, 22 —4r74+4, 2?-3242, and x3 — 22°?+ 4x -8. 
This definition and Theorem 4-1 imply that any polynomial p(x) 
with a zero b may be written in the form p(x) = (# — b) - q(x), where 
q(t) is a polynomial. In the above examples, x — 2 = (x — 2) - 1, 
oe —4¢+4=(¢-2)- (2-2), 2? -—382+2=(x—- 2): (x—1), and 
a3 — Qn? + 4a — 8 = (2 — 2) (2? +4). In other words, 6 is a root 
of p(x) = 0 if and only if x — b divides p(x). We say that b is a 
multiple root of p(x) = 0 if and only if (x — 6)? divides p(x). Thus 0 
is a multiple root of x* — 72’. 

We also speak of the multiplicity of a root 6 of p(x) = 0 indicating 
the greatest integral power of (x — b) that divides p(x). Thus, for 
example, the root 0 has multiplicity 5 in 28 -— 727+ 2°=0. In gen- 
eral, a root b of p(x) = 0 has multiplicity k if (a — 6)* divides p(x) and 
(x — b)*+1 does not divide p(x), where k is a positive integer. A root 
of multiplicity 1 is called a semple root. 

The calculation of the multiplicity of a root b is often most easily 
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accomplished using a change of variable to express p(x) in the form 
giz — 6). This may be done using synthetic division (Section 4-3) 
or Taylor’s formula (Section 3~14). In the notation of Taylor’s 
formula we have the following identity for any polynomial f(z): 


Ha) = Hla) + f(a)(e— a) +--+ F(a) FM". 

It is now evident that if f(a) = 0, then f(z) has (x — a) as a factor; 
if f(a) = f’(a) = 0, then f(x) has (x — a)? as a factor; and, in general, 
if f(a) = f(a) = --- = f(a) = 0, then f(x) has (x — a)*+ as a factor. 
Since the coefficients in Taylor’s formula are uniquely determined, 
the converse is also true, i.e., if f(z) has (« — a)**+' as a factor, then 
f(a) =f'(@) =---=f(a)=0. Furthermore, if f(z) has (x — a)*+1 as 
a factor, then f’(z) has (x — a)* as a factor, f(z) has (x — a)" as a 
factor, and so forth. Thus any root of f(z) = 0 of multiplicity m > 1 
is a root of f’(z) = 0 of multiplicity m—1. In particular, a simple 
root of f(z) = 0 is not a root of f’(z) =0. If f(x) = 0 and f’(z) = 0 
have a common root r that is a zero of f’(x) of multiplicity m — 1, 
then r is a zero of f(x) of multiplicity m. Finally, if f,(x) is a greatest 
common divisor of f(x) and f’(x) and f = fig:, then g,(z) has the same 
distinct zeros as f(x) but no multiple zeros. Thus in Section 4~12 the 
zeros of go(x) are simple and are precisely the distinct zeros of fo(z). 
Also, fo(z) has multiple zeros if and only if f,(x) is of positive de- 
gree. 

Given any interval a < x < 6 and any real polynomial fy(x), we 
may find the division sequence of f(x), say, fo, fi,...,fm. Since 
fix 18 an associate of the greatest common divisor of fo and fi, fa is 
a constant if and only if fo(x) has only simple zeros. If fy: has posi- 
tive degree, the Sturm sequence go, 41,..., 91 is called the first 
Sturm sequence of fo. In either case, Theorem 4-11 gives the num- 
ber of distinct real zeros, i.e., the number Nj of zeros of fo(x) of multi- 
plicity at least one. We now use the fact that any zero of fo(x) of 
multiplicity m is a zero of fj(x) and therefore of fi1(x) of multiplicity 
m-—1. Thus if fi is not a constant, we find its division sequence 
ft, fis, ~ ex and its Sturm sequence, the second Sturm sequence 
of fo. If fro = c(fu, fur) is constant, fo(z) has no root of multiplicity 
greater than two. In any case, Theorem 4-11 for fi gives the num- 
ber N2 of zeros of fo(x) of multiplicity at least two. If fiz has positive 
degree, we find its Sturm sequence (the third Sturm sequence of fy) 
and the number N; of zeros of multiplicity at least three. Since 
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fo(z) has finite degree, this process can be repeated only a finite num- 
ber of times. If N; is the number of zeros of fo(x) of multiplicity at 
least 7 as obtained from the ith Sturm sequence of fy, then the number 
of zeros of multiplicity exactly 7 is N;— Nju:. In particular, the 
number of simple zeros is Ni — Ne. This procedure therefore gives 
Sturm’s Theorem for Multiple Roots [48] by means of which the num- 
ber NV; — N54: of real zeros of fo(z) on any interval a < x S b and 
of any multiplicity 7 may be computed without determining the 
zeros themselves. 

The zeros of hi = fo/fir are the zeros (real or imaginary) of fo of 
multiplicity at least one; those of he = fi/fee the zeros of fo of multi- 
plicity at least two; those of h; = fig—»/fe; the zeros of fy of mul- 
tiplicity at least j. Therefore, the zeros of s, = hi/hz are precisely the 
simple zeros of fo; those of se = he/hs the double zeros; those of s; 
= hj/hjy1 the zeros of multiplicity 7, where s, = ha if fen is constant. 
The f,; are polynomials obtained by the greatest common divisor 
process; the h; and s; are polynomials obtained by division. These 
operations can be carried out whether fo(z) has real or complex co- 
efficients. Thus for any polynomial equation f(z) = 0 and for any 
positive integer 7 we may obtain a polynomial equation s; = 0 whose 
roots are the distinct zeros (real and imaginary) of f(x) of multi- 
plicity 7. Then, using these polynomials s;, we have 


THEOREM 4-12. A polynomial equation f(z) =0 can be solved 
(7) using the quadratic formula if it has at most two roots of every 
multiplicity k, (it) in terms of tts coefficients using radicals if it has at 
most four roots of every multiplicity k. 


Example. The equation 
(4-10) fo(x) = 2! — «8 — Be + * 4+ 822 +4=0 


has at most two positive roots and at most two negative roots (Sec- 
tion 4-11). It has no rational roots (Theorem 4-9). Before re- 
moving the greatest common divisors to obtain the Sturm sequences, 
we compute the division sequences: 


fo = x — 28 — 5a + ot + 82? 4 4, 
fi = 52° — 4x7 — 1525 + 223 + 82, 
fo = 28 + 102° — 3x4 — 32x? — 20, 
fs = x? — 323 — 2x, 
Sa = —2° + 32? + 2; 
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fia = —2° + 32? + 2, 


afin = —2+ z, 
Sie =—-7- 1; 
fr = —2?—1, 

cof ia =a, 
fis = 1; 


where fm is a greatest common divisor (GCD) of fo and fo, fie is a 
GCD of fir and fi, and fis is a GCD of fie and fi, (that is, fis and fie 
are relatively prime). 
The first Sturm sequence of (4-10) is then 
gio = —e+e+2= So/fia, 
gu = —S5ae®?+42 = fi/fua, 
gp=—2-10 = f2/fu, 
gis = 2 = fs/fua, 
gu = 1 = fia/fia; 
the second Sturm sequence is 
go=at—- 2? -2Q= Fia/fiea, 
gu = 28-2 = afis/fu2, 
gor = 1 = fia/fiea; 
and the third Sturm sequence is 


930 = —v-l= See, 

g31 = —2 = Cofia, 

9x2 = 1 = fis. 
From the first Sturm sequence we see that (4-10) has two distinct 
real roots, one positive and one negative, since S_» = 3, Sp = 2, and 
S.. = 1. Similarly, from the second Sturm sequence we see that 
(4-10) has two distinct real roots of multiplicity at least two, one 
positive and one negative. From the third Sturm sequence we see 
that there are no real roots of multiplicity greater than two. 

In the notation of the paragraph preceding Theorem 4-12, the 
zeros of 
hy = at +? +2 = fo/fia 
are the zeros of fo of multiplicity at least one, those of 

he = at — 2? — 2 = fa/fra 
are the zeros of fy of multiplicity at least two, and those of 
hs = —22 — 1 = fiaa/fis 
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are the zeros of fo of multiplicity at least three. We note that h; 
= gj, since both are defined in the same manner. Continuing in 
the earlier notation, the zeros of 


8 = —1 = hy/he 

are the zeros of fy of multiplicity exactly one, those of 
8 = —2?> +2 = he/hs 

are the zeros of fy of multiplicity exactly two, and those of 
8 = —2?—l=h; 


are the zeros of fo of multiplicity exactly three. From s, we see that 
the equation (4-10) has no simple roots, from s; it has /2 and —V2 
as double roots, and from s; it has 7 and —17 as triple roots. Thus 
the roots of (4-10) are V2, V2, —-V2, —V2, i, i, i, -i, —7, -7. 

The calculation of the Sturm series of a polynomial is often a long 
and tedious process. However, the solution of a cubic or quartic 
equation using the formulas is also a long process (Sections 4-9 and 
4-10). Theorem 4-11 and the above methods may be used for any 
polynomial with complex coefficients regardless of its degree to obtain 
multiple and also simple roots whenever the s; may be solved by our 
previous methods. The s; have lower degrees than the given poly- 
nomial if and only if there are multiple roots. In particular, if all 
roots are simple roots, then s; is an associate of the given polynomial. 
The methods of this section are important in that they enable us to 
solve equations that could not be solved by methods previously con- 
sidered. In the next and final section of this chapter we shall con- 
sider methods for approximating the real roots of polynomial equa- 
tions in one variable with real coefficients. 


EXERCISES 


1. Solve: 
(a) xt — 423 — 22? 4+ 122 +9 = 0, 
(b) at — 223 — 327+ 4¢ +4 =0, 
(c) x4 — 9x3 + 92? + 81z — 162 = 0, 
(d) 24 — 62? — 8 —3 = 0, 
(e) 8 — 7227+ 15r2 —9 = 0. 
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2. Solve x! — 52° — 5x6 + 45x24 — 108 = 0. 
3. Give a method for solving the equation in Exercise 2 by first finding the 
rational roots of a related equation. 


4-14 Approximate solutions. We conclude our brief study of the 
theory of equations with a discussion of two methods for approxi- 
mating the real roots of a polynomial equation f(z) = 0 with real 
coefficients. By Sturm’s Theorem or even by trial and error we may 
determine intervals of the form n < x S$ n+ 1 on which the roots 
occur (Section 4-12). The following procedures represent two 
methods of taking successive approximations which approach the root 
asa limit. Since all rational roots may be obtained by Theorem 4-9, 
approximate methods may be necessary only for irrational roots. 

Newton’s method. Suppose f(z) = 0 has a root a+h where the 
number a is known, f’(a) #0, and h? is less than one. Taylor’s 
formula at « = a+ h gives 


flath) =fla)+f'(@h +E) Ae) +. 


since a-+h is aroot. For small values of h the terms containing h? 
as a factor are neglected to give f(a) + f’(ah = 0 or h = —f(a)/f’(a) 
as a first approximation for h, and a, = a — f(a)/f’(a) as a first ap- 
ean for the root a+h. This process is repeated taking 

= a, — f(a)/f'(a) and, in general, ajy1 = a; — f(a;)/f'(aj). Al- 
atcagh a; must be chosen such that f’(a,;) ¥ 0, this causes no difficulty, 
since f’(z) has only a finite number of zeros. Thus if f’(x) = 0 for 
some value of x = a;, we merely replace a; by a slightly different value 
at which f’(z) #0. The sequence of values a, a1, a2,..., G);,...ap- 
proaches a+h as a limit that can be approximated to any desired 
degree of accuracy. For example: f(z) = 2° — 32 + 1 = 0 has a root 
between zero and one; f’(z) = 5a — 3. Ifa = 0, the differences a; — a 
= 4, @2 — a = .0014,... approach zero very rapidly and the desired 
root is approximately 0.3346. Newton’s method may also be used. 
for any function f(z) which has a first derivative. 

The second method of approximation, Horner’s method, gives the 
successive digits in the decimal expansion of the root. For example, 
az? — 122? + 52 — 17 = 0 can be determined by Sturm’s Theorem or 
by trial and error to have a root between 10 and 20. The first digit 
of the root may thus be taken as 1. We now use synthetic division, 
as in Section 4-3, to diminish the roots by 10: 
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1 -12 5 —-I17 | 10 
0 10 -20 -150 
1 -2 ~15 —167 
0 10 80 
1 8 65 
0 10 
1 18 
0 
1 


and seek a root of the new equation 7? + 18y? + 65y — 167 = 0 be- 
tween 0 and 10. This root is found to lie between 1 and 2. Thus 
the second digit of the root is 1. Accordingly, we diminish the roots 
by 1 and seek a root of the new equation 23 + 212? + 104¢ — 83 = 0 
between 0 and 1. This root is found to be between .6 and .7, the 
roots reduced by .6 and a root of the new equation sought between 
zero and one-tenth. Continuing this process, one may calculate any 
finite number of decimal places of the desired root, 11.6.... After the 
first few steps, a useful approximation of the next digit may be ob- 
tained by considering only the last two terms of the equation at hand. 
Negative roots of f(z) = 0 may be computed by changing the signs 
of the positive roots of f(—z) = 0. 

There are other methods of approximating roots [49; 151-180], as 
well as rules for reducing the labor in the above procedures. However, 
enough has been presented to indicate how any real root of a real 
polynomial equation may be determined to any desired number of 
decimal places. For further details on this and other topics men- 
tioned in this chapter the reader should consult a textbook in the 
theory of equations. 

In this chapter we have discussed methods for finding the zeros of a 
polynomial in one variable. We found formulas for determining the 
roots of polynomial equations of degrees one, two, three, and four 
(Sections 4-5, 4-9, 4-10) with complex coefficients. We considered 
polynomial equations of arbitrary degree in terms of their multiple 
roots and real polynomial equations of arbitrary degree in terms of 
their rational roots. This study of polynomials and polynomial equa- 
tions represents a goal toward which we have worked steadily while 
studying our number system, theory of numbers, and theory of poly- 
nomials. However, even though it is a notable step in our study, it 
is by no means the end of the road. At nearly every step along the 
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way there have been opportunities to specialize and develop interest- 
ing concepts. We have considered only a few basic fundamentals 
relative to the vast field of algebra. The door is now open to a wide 
variety of topics, of which we shall be able to select only a few. 

The remaining three chapters may be read in any order, according 
to the interest of the reader. Chapter 5 on matrices and determinants 
along with their applications to linear dependence, solutions of systems 
of linear equations, and geometric transformations is the most funda- 
mental. Chapter 6 contains an important application of our alge- 
braic theories to classical construction problems in geometry and, in 
particular, contains a proof of the impossibility of trisecting an arbi- 
trary given angle using only straightedge and compasses. Finally, 
Chapter 7 is an introduction to the graphical representations of 
functions corresponding somewhat to our previous development of 
sets of functions in Chapter 3. 


EXERCISES 


1. Find the roots of x? — 3x2 — 2x + 5 = 0 to four decimal places. 

2. Find the real root of z? + 2x + 20 = 0 to five decimal places. 

3. A flag pole stands one hundred feet high and ten feet from a ten foot 
pole. If the flag pole breaks over (top section does not separate from base 
section) in such a way that it touches the top of the ten foot pole and just 
touches the ground, find the height of the break. 


CHAPTER 5 
DETERMINANTS AND MATRICES 


Determinants and matrices have many practical applications in 
mathematics and other sciences. We shall first take a general view 
of their historical development (Section 5-1), then define deter- 
minants in terms of matrices (Section 5-2) and permutations (Sec- 
tions 5-3 to 5-6), study a few of their properties (Sections 5-7 to 
5-10), and consider several of their applications. In particular, we 
shall consider the use of determinants and matrices in the solution 
of systems of linear equations (Sections 5-11 and 5-12), linear de- 
pendence (Section 5-13), analytic geometry (Section 5-14), and geo- 
metric transformations (Section 5-15). 


5-1 Historical development. The first notion of a determinant 
was probably due to Leibniz in the last part of the seventeenth cen- 
tury. He used symbols similar to our present determinant notation 
to simplify the expressions arising in the solution of systems of linear 
equations. For example, consider the following system of linear 
equations in two variables: 


aye + by = O15 
Got + boy = Ce. 


If the first equation is multiplied throughout by +e, the second by 
—b;, and the two resulting equations added, we obtain (ab. — aebi)x 
= ¢,bp — cb; or, in the notation of determinants, 


tr by 
Co be 


ar bi 
ae by 


d 


which may be solved for x if abe - ab, #0. This procedure was 
expressed as a formal rule for systems of linear equations in n 
variables by Gabriel Cramer in 1750. Accordingly, this method is 
called Cramer’s Rule (Section 5-11). This rule expresses one of the 
first and basic applications of determinants. 

During the two centuries since the formulation of Cramer’s Rule, 
determinants have been used in many ways. A few of these appli- 
cations will be discussed in the present chapter; many others cannot 
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be appreciated until the reader has studied the special branch of 
mathematics in which they are used. Bezout (1799) used deter- 
minants in his method of elimination by linear equations. Sylvester 
(1840) used determinants in his dialytic method of elimination. The 
work in the theory of determinants of Vandermonde, Jacobi, and 
others has been recognized by associating their names with special 
types of determinants. Vandermonde’s determinant (Exercise 22, 
Section 5-9) may be used, for example, in discussing the roots of a 
cubic equation. Wronskians and jacobians have significance in ad- 
vanced mathematical theories. Resultants, eliminants, alternants, 
orthogonal determinants, symmetric determinants, skew-symmetric 
determinants are a few of the many other types of determinants hav- 
ing special applications in mathematical theories. 

Considerable advances in the general theory of determinants were 
made by Cauchy (1815) and Jacobi (1841). Shortly thereafter the 
concept of a square array designating a determinant was extended 
to the quite different concept of a rectangular array called a matrix. 
The matrix is now the fundamental concept, with numerous theo- 
retical and practical applications. Every square matrix with ele- 
ments from a ring has an associated determinant. The theory of 
determinants has become a part of the theory of matrices. We shall 
restrict our study of matrices to concepts needed in the applications 
mentioned at the beginning of this chapter. Other applications and 
further details of the theory may be found in texts such as [9], [16], 
[39], [44], and [49]. 


5-2 Matrices. A matrix is defined to be a rectangular array such 


as 
iad 
5 6 7] 


and, in general, 


an Ae a3 Qin 

Go1 ag Ogg Aa, 
(5~1) 3 32 33 Sra A3n ) 

Ami GAm2 QUmg ... Amn 


where the elements ai; may. be chosen from any designated set of 
numbers, polynomials, or elements of a given ring of elements. We 
shall be primarily concerned with matrices having real numbers or 


174 DETERMINANTS AND MATRICES [cHap. 5 


polynomials as elements. Matrices with elements from an arbitrary 
ring or field could be considered with very little modification of our 
discussion. 

The matrix (5-1) has m rows and n columns. The notation a; 
is chosen so that the first subscript (row index) designates the row 
and the second subscript (column index) designates the column in 
which the element is situated. For example, a2 is in the first row 
and the second column; ay; is in the third row and the first column; 
a; is in the 7th row and the jth column. 

When m = n, we have a square matrix such as 


ay, Ay Ap 


Q1 Qe 
[ } Qa1 G22 423 
G21 Aee 


31 32 33 


or, in general, 


Qi Gy yg... Ain 
Gai G22 93 «~~ = Aan 
(5-2) 31 32 G33 ... Azn 
Ani Ang ans oe Quan 


In Section 5-7 we shall use the permutations of the subscripts of the 
elements and associate with any square matrix a polynomial in the 
elements of that matrix. This polynomial will be called the de- 
terminant of the matrix. When the elements of a square matrix are 
numbers, the determinant of the matrix is also a number. 

The determinant of a matrix is defined only for square matrices 
and may be designated by using straight lines in place of the square 
brackets used to designate a matrix. For example, the determinant 


of the matrix 
[ au ae | 
Qa, An 


A Ne] 
doi Ane 


may be designated by 


(5-3) 


The matrix (5-1) may also be designated by [az], ¢ = 1, 2,..., m; 
j=1,2,...,. The square matrix (5-2) may be designated by 
[ay], 7,j =1,2,...,n or simply as [an, d22,..., Gan] in terms of its 
elements with equal row and column indices, i.e., the elements on its 
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principal diagonal. The determinant of (5-2) may be designated 
using straight lines as in (5-3); by |a,|,7,7=1,2,...,n; or by 
|@11, @z2,..., Qunl. These three notations for matrices and deter- 
minants are introduced to facilitate reference to other texts on mat- 
rices and determinants. Unfortunately, mathematical notation is 
not well standardized. However, an understanding of the above 
should enable the reader to recognize quickly the notation in any 
other text. For our own purposes we have used straight lines for 
determinants and square brackets for matrices in all three notations. 

We have now defined a matrix and been told that, using permuta- 
tions, a determinant may be associated with each square matrix. 
In the next few sections we shall define and discuss some properties 
of permutations. 


EXERCISES 


1. Write down five matrices. 

2. Do there exist determinants associated with any of the matrices given 
in Exercise 1? Indicate these determinants when such exist. 

- 3. Give four square matrices and designate the determinant associated 
with each. 

4, The order of a square matrix (Section 5-7) is equal to the number of 
elements on its principal diagonal. Indicate the order of each of the matrices 
given in Exercise 3. 

5. Give three square matrices of different orders. 

6. Designate the determinant of the matrix [au, 22, dss, a4] in three ways. 

7. Give a matrix of order three having complex numbers as its elements. 

8. Give a matrix of order three having polynomials in x of positive degree 
as its elements. 

9. Give matrices having each of the following properties: (a) two rows and 
three columns, (b) one row and three columns, (c) three rows and one column, 
(d) one row and one column. 


5-3 Permutations. The various orders in which the elements of 
any given set may be arranged in a row are called the permutations 
of the set. For example, given the integers 1 and 2, we have two 
permutations 1, 2 and 2,1; given the integers 1, 2,3, we have six 
permutations 123, 132, 213, 231, 321, and 312 where the commas in 
each permutation have been omitted for convenience. We shall omit 
such commas whenever it is possible without causing confusion to the 
reader. However, given two integers such as 11 and 17 we shall not, 
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of course, be able to omit the commas in writing the two permuta- 
tions 11, 17 and 17, 11. 

Let us consider the number P, of permutations of a given set of n 
distinct elements. P, = 2, since any two elements a and b may be 
arranged in two orders: ab and ba. A third element ¢ may be intro- 
duced into each of these two permutations in three ways: before 
either element or after both, thus giving 3 - 2 = 6 permutations of the 
three elements. We write P; = 3!. Ina similar manner, given any 
positive integer k, an additional element may be introduced into each 
of the permutations of k elements in k+ 1 different ways: before 
each element and after all of them. Thus if P; denotes the number 
of permutations of k elements, then Pizi = (k +1)Px. Thus Ps = 4!, 
P,=5!,...,P,=! for all positive integral values of n (Exer- 
cise 1). 

We have now defined a permutation as a linear arrangement such as 


123 4 5 67 8 9 10 ll 12 


as contrasted with a circular (for example 

as on a clock, Fig. 5~1) or other arrange- 12 
ment of any given set of elements. Next 

we take one order (permutation) of the 10 
given set of elements as their natural order 9 3 
and consider all permutations of these 8 

elements with reference to their natural 7 5 
order. For example, it is customary to 6 
take the natural order of any set of con- Fig. 5-1 
secutive positive integers as the order 

used in counting; the natural order of any finite set of real numbers 
as the order of increasing numerical value; the natural order of any 
set of letters from an alphabet as their alphabetical order. Thus 
we shall consider each of the permutations 


(5-4) 12345, 3567, acfhm 
to be in their natural order. Similarly, each of the permutations 
(5-5) 21345, 3576, afchm 


is in an order different from its natural order. This difference, or 
the relation between two permutations such as 12345 and 21345 of 
a given set of elements, may be expressed in terms of inversions 
(Section 5-4), 
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EXERCISES 


1. Give a complete proof by mathematical induction (Section 1-4) that 
P,, = n! for any positive integer n. 

2. List all the permutations of the set of letters cat. 

3. List the 24 permutations of the set duck. 


5-4 Inversions. Any two elements, whether adjacent or not, 
standing in their natural order in a permutation constitute a perma- 
nence; any two elements standing in an order that is not their natural 
order constitute an inversion. For example, the permutation 1, 2 is 
called a permanence; 2,1 an inversion. Given a permutation daecb 
and assuming the alphabetical order to be the natural order, we have 
permanences de, ae, ac, ab, and inversions da, de, db, ec, eb, cb. Given 
any permutation, we may determine the permanences and inversions 
as above by considering the first element with each of the other ele- 
ments, the second element with each of the elements following it, 
the third element with each of the elements following it,.... In 
this way we may associate with each permutation a unique non- 
negative integer, the number of inversions in the permutation. Thus 


‘any given permutation may be classified as even or odd according as 


the number of inversions in the permutation is even or odd. Each 
of the permutations in (5~4) is in its natural order and is an even 
permutation, since it has no inversions (zero is an even number). 
Each of the permutations in (5-5) is an odd permutation, since each 
contains exactly one inversion. Since each permutation of any given 
set of elements is either even or odd, we shall refer to the class of 
even permutations and the class of odd permutations. 

Given the permutation 4132, we may consider the differences 1 — 4, 
38-—4,2—4,3—1,2-—1, 2-83 and find that four of the differences 
are negative. The permutation has four inversions and is even. In 
general, if we associate a positive number with each permanence and 
a negative number with each inversion, then the product of all such 
numbers arising from a given permutation is positive if the permuta- 
tion is even, negative if the permutation is odd. Since an integer k 
precedes an integer m in their natural order if and only if m— k is 
positive, a pair of numbers km is a permanence if m — & is positive, 
an inversion if m — k is negative. Thus given any permutation of 
numbers, we may consider the sign of the product # of the differences 
obtained by subtracting each element in the permutation in turn from 
each of the elements following it. For example, given the permuta- 
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tion 4132, we take the product of the differences considered above 
and find that 


R= (1-4)8-4(2-4(3 —- D2 —- 1)@ — 3) is positive 


and, as before, the permutation 4132 is even. 
Given the permutation 1432, we find that 


R= (4-1N(8-1)(2-DYE8B-42-4)(2 — 3) is negative 


and the permutation 1432 is odd. This odd permutation 1432 may 
be obtained from the even permutation 4132 by interchanging the 
elements 1 and 4. In general, we shall find (Theorem 5-4) that the 
interchange of any two elements of a permutation (i.e., a transposi- 
tion) changes the class of the permutation from even to odd or from 
odd to even. In the next section we shall prove the above result for 
transpositions of adjacent elements. We shall also prove that any 
permutation of a given set of elements may be obtained from the set 
of elements taken in their natural order by a sequence of transposi- 
tions of adjacent elements. 


EXERCISES 


1. List the inversions in each of the following permutations: 7132, 71452, 
635421, 192837465. 

2. Classify each of the permutations in Exercise 1 as even or odd (a) in 
terms of the number of inversions counted, (b) in terms of the sign of the 
product of the differences R. 

3. Indicate the transposition used on each of the three permutations in 
(5-4) to obtain the corresponding permutations in (5-5). 

4, Use the product symbol Il as in the special case 

(to — 21)(23 — 71)(43 — 22) = II (2; — x) 
1si<j<3 
and observe that for the permutation 27273 ...2n we have 
R= al (x; Xs). 
1Si<jsn 


This result may also be written in the form 


R= II (x; = Xi). 
i=1 j=2 
5-5 Transpositions. A transposition (ab) has been defined as the 
interchange of any two elements a and b in a permutation. In this 
section we shall be primarily concerned with transpositions of adja- 
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cent elements. Given the permutation 4132, we may use the se+ 
quence of transpositions of adjacent elements 


(5-6) (14), (23), (24), (84) 
to obtain the sequence of permutations 
(5-7) 4132, 1432, 1423, 1248, 1234, 


starting with the given permutation and terminating with the ele- 
ments in their natural order. Although this may be done in several 
ways, we have for convenience simply considered the numbers 
1, 2, 3, 4 in order and successively obtained each in its proper place 
in the permutation. In general, given any permutation of the ele- 
ments dj, Ge, @3,..., Gn, SAY 


(5-8) Gy,0j,0j, « - » jn, 

the element a, must be present as some a. If a: = ,, a single 
transposition (a;,a1) will place a, in its proper place (relative to the 
natural order of the elements). If a = a, two transpositions of 
adjacent elements (a;,a:) and (a;a1) may be used. In general, if 


‘a, = a;,, then k — 1 transpositions of adjacent elements may be used. 


Similarly, after obtaining a as the first element, we may consider the 
new permutation in the form 


O10y,Gr, . » . Ar, 


where a2 = a,, and s — 1 transpositions of adjacent elements may be 
used to obtain the permutation 


10201, At, ees at,» 


Since the permutation (5-8) contains only a finite number of elements, 
this process may be continued until all the elements are in their 
natural order. We shall be primarily concerned with permutations 
of a finite number of elements, i.e., jinite permutations, and have 
proved 


TuHEorEM 5-1. The elements of any finite permutation may be 
obtained in their natural order by a finite sequence of transpositions 
of adjacent elements. 


The sequence of permutations (5-7) arose when we used the se- 
quence of transpositions (5-6) to obtain the elements of the permu- 
tation 4132 in their natural order. Let us now consider the related 
problem of obtaining the permutation 4132 from the natural order 
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of its elements 1234. If we start with the permutation 1234, the 
interchange of 1 and 4 as indicated in (5-6) does not represent a 
transposition of adjacent elements in the permutation. However, if 
we take the sequence of transpositions 


(34), (24), (28), (14) 


obtained by considering the sequence of transpositions (5-6) in its 
reverse order, we have the permutations 


1234, 1243, 1423, 1482, 4132, 


ie., the sequence (5-7) in reverse order. In general, we have 


THEOREM 5-2. If an ordered sequence S of transpositions of adjacent 
elements may be used upon a gwen permutation to obtain the elements 
of that permutation in their natural order, then the sequence of trans- 
positions obtained by taking the transpositions of the sequence S in 
their reverse order may be used upon the permutation of the elements in 
their natural order to obtain the given permutation. 


The proof of this theorem is an immediate consequence (Exercise 3) 
of the assumed sequence S, the corresponding sequence of permuta- 
tions, and the fact that the transpositions (ab) and (ba) have the same 
effect upon the permutation. 

Given any permutation (5-8) let us now consider the effect of a 
transposition of adjacent elements (a;,a;,.) upon the class (even or 
odd) of the given permutation. For any r<k or r >k+1 the 
order of a;, and a;, as well as the order of a;, and a;,,, is not affected 
by the transposition. Thus the only effect upon the class of the 
permutation arises from the replacement of a;,a;,,, by a;,,,a;,. This 
replacement introduces a new inversion if a,,a;,, was a permanence, 
removes an inversion if aj,a;,,, was an inversion. Thus a single 
transposition of adjacent elements always changes the number of 
inversions by one and we have 


THEeorEM 5-3. The class of any permutation is changed by a single 
transposition of two of its adjacent elements. 


The above three theorems may be used in several of the following 
exercises to indicate relationships between the class of a permutation 
and certain sequences of transpositions of its elements. In the next 
section we shall find that very similar relationships hold when the 
elements interchanged are not necessarily adjacent in the permu- 
tation. 
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EXERCISES 


1. Give a sequence of transpositions of adjacent elements for each of the 
following permutations that may be used to place the elements of the permu- 
tation in their natural order: 3214, adcb, 152634, pigsr. 

2. Repeat Exercise 1 for the permutations 152634 and ptgsr in several 
ways. 

3. Prove Theorem 5-2. 

4. Give at least three different sequences of transpositions of adjacent 
elements that may be used to obtain the permutation 4132 from 1234. 

5. Give a sequence of transpositions of adjacent elements for each of the 
permutations in Exercise 1 that may be used to obtain the permutation from 
the natural order of its elements. 

6. Repeat Exercise 5 for the permutations 152634 and ptgsr in several 
ways. 

7. Prove that for any positive integer n we may obtain any given permu- 
tation of n elements from the permutation of its elements in their natural 
order by a sequence of at most n(n — 1)/2 transpositions of adjacent ele- 
ments. 

8. Verify that each of the odd permutations in Exercises 1, 2, 4, 5, 6 has 


been changed into or obtained from the natural order of its elements by an 


odd number of transpositions. Repeat this exercise for the even permuta- 
tions. 

9. Prove that all permutations of a1, a, ...,@n may be obtained using 
only transpositions of the form (aja.), where n is fixed and j may take dn 
the values 1, 2,...,”— 1. 

10. Is it ever possible to obtain an even permutation from the natural 
order of its elements by an odd number of transpositions of adjacent ele- 
ments? Explain. 

11. Prove that for n greater than 1 exactly half of the n! permutations of 
n elements are even. 

12. Use & as in Section 5-4, Exercise 4, to give a second proof of Theorem 
5-3. 


5-6 Even and odd permutations. We have seen (Section 5-4) 
how to count the number of inversions in any given permutation 
and classify the permutation as even or odd according as the number 
of inversions is even or odd. We have also seen (Section 5-5) that 
any given permutation may be obtained from or transformed into 
a permutation of the elements in natural order by a sequence of 
transpositions of adjacent elements. Since every such transposition 
has been associated (Theorem 5-3) with a single inversion in this 
process, every even permutation can be obtained from or transformed 
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into the natural order of its elements by an even number of transposi- 
tions of adjacent elements (Theorems 5-1 and 5-2). Similarly, 
every odd permutation can be obtained from or transformed into the 
natural order of its elements by an odd number of transpositions 
of adjacent elements. We now prove that any transposition, i.e., 
any interchange of two elements (adjacent or not) of a permutation, 
may be obtained by an odd number of transpositions of adjacent 
elements. Accordingly, we shall prove that any transposition of the 
elements of a permutation changes the class of the permutation. 

Given any permutation, we know (Theorem 5-3) that the inter- 
change of two adjacent elements changes the class of the permutation. 
The interchange of two elements having a single element between 
them may be accomplished by three transpositions of adjacent 
elements. For example, the transpositions 


(ab) (ac) (bc) 


may be used to interchange the elements a and c in the permutation 
abc. The corresponding sequence of permutations is 


abc, bac, bea, cba. 


The interchange of two elements having two elements between them 
in a permutation may be accomplished by five transpositions of 
adjacent elements. For example, a and d in abed may be inter- 
changed using the sequence of transpositions 


(ab) (ac) (ad) (cd) (bd), 
giving the sequence of permutations 
abed, bacd, bead, beda, bdea, dbea. 
In general, the interchange of two elements having k elements 
between them in a permutation may be accomplished using 2k + 1 
transpositions of adjacent elements (Exercise 1). Thus from 


Theorem 5-3 the class of any permutation is changed by a single 
interchange of any two of its elements. In other words, we have 


proved 
Turorem 5-4. The class of any permutation is changed by any 
transposition of tts elements. 
The product of the differences as in Exercise 4, Section 5-4, may 


be used (Exercise 2) to give a second proof of Theorem 5-4. This 
theorem will be needed in Section 5-8 in proving one of the basic 
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properties of determinants. We now turn from our discussion of 
properties of permutations to the use of permutations in the definition 
of the determinant of a square matrix. 


EXERCISES 


1. Prove that in a permutation the interchange of two elements having k 
elements between them may be accomplished using 2k + 1 transpositions of 
adjacent elements. 

2. Use the method of Exercise 12, Section 5-5, to give a second proof 
of Theorem 5-4, 

3. Prove that any given permutation of n elements may be obtained from 
the natural order of the elements by a sequence of at most n — 1 transposi- 
tions. 

4. Replace “transposition of adjacent elements” by “transposition” in 
Theorem 5-2 and prove the resulting theorem. 

5. Consider arbitrary transpositions of elements (not necessarily adjacent) 
of the permutation 123 and prove that the resulting permutation depends 
upon the order in which the transpositions are applied, i.e., that the applica- 
tion of a sequence of transpositions is not necessarily a commutative oper- 
ation. 

6. Use the sequences of transpositions (21), (24); (48), (42), (41), (23); 
(24), (14) and the natural order 1234 to show that the permutation 4132 may 
be obtained from the natural order using several different sequences of 
transpositions. 

7. Give at least four different sequences of transpositions that may be 
used to obtain the permutation 1234 from 4132. 

8. Give several examples of sequences of transpositions that are (a) com- 
mutative, (b) noncommutative. 


5-7 Determinants. In this section we shall consider one explicit 
procedure for writing down the determinant of any given square 
matrix. As mentioned in Section 5-2, the determinant of a square 
matrix is defined to be a polynomial in the elements of the matrix. 
This polynomial may be obtained in several ways. We shall be 
primarily interested in two of these methods: the row expansion of 
a determinant of a square matrix and the column expansion of a 
determinant of a square matrix. These expansions differ only in 
the method used to obtain the terms of the polynomial. They will 
be proved to be equivalent in Section 5-8. 

Formally, the row expansion of the determinant of a square matrix 
may be defined as the algebraic sum of all possible products obtainable 
by taking one and only one factor from each row and column of the 
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matrix, where each product is preceded by a plus sign or a minus 

sign according as the number of inversions of the column indices of 

the factors are even or odd when the row indices are in their natural 

order [16; 3]. Let us consider a few examples of this definition. 
Given any square matrix with two rows and two columns 


ay aig 

Sa & aI, 
we may designate the determinant of this matrix by 
ayn aie 
G21 Ane 
and seek the row expansion of the determinant. Thus (5-10) repre- 
sents the determinant of (5-9) and (5-9) is the matrix of (5-10). 
By definition, the determinant of (5-9) is the polynomial a;,¢22 — Giedn. 

According to the above formal definition of the row expansion 
of a determinant, we may select any element, say au, and take with 
it an element that is not on the same row or column as ay in the 
matrix of the determinant. In other words, if we select au, we delete 
the first row and the first column 


es 


and choose an element from those remaining. In the case of (5-10) 
there remains only one element, and we have the product aidz2. In 
general, we repeat the process by deleting the row and column of the 
newly chosen element until only a single element remains. Having 
selected the product dua from (5-9) or (5-10), there remains only 
one other product aid. Each of these products may be written 
in two WAYS: Gye OF Ary and ai2Qy OF Gndi2. According to the 
above definition, we shall take them in the forms aud and apQ.1 
in which the row indices (first subscripts) are in their natural order. 
Then we take each product with a plus sign if the column indices 
(second subscripts) form an even permutation, a minus sign if the 
column indices form an odd permutation. Thus the determinant of 
(5-9) may be expressed as 


(5-10) 


G1 Aye 
Qa Ane 
If we had started with a different element, say am instead of du, 
we would have obtained an equivalent expression, such as —d,.d21 
++ did, for the row expansion of the determinant. 


= A102. — Aiedar. 


(5-11) 
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Before considering other examples of the above definition, let us 
define the order of a square matrix. The number of rows (columns) 
in a square matrix is called its order. Thus (5-9) is a matrix of order 2 
and (5-2) is a matrix of order n. Similarly, (5-10) represents a 
determinant of order 2 and, in general, the order of the determinant 
of a square matrix is the same as the order of the matrix. 

We have applied the above definition of the row expansion of a 
determinant to determinants of order 2. A determinant of order 3 
may be similarly expanded (Exercise 1) in terms of 3! = 6 products 
of three factors each as follows: 


Qi Ain Aig 


Goi Ge2 Ay 
Q3, Gz. a3 


(5-12) = Gy1Aegdsg — AAealge + A120230g1 — A122 Ass 


+ Gi3Qe1d32 — G13Q22021. 


The polynomial in (5-11) may be expressed in the form 


> €1A iWin, 
where > is the summation symbol, the summation is taken over 
the 2! = 2 permutations of the second subscripts, and ¢;,;, is taken 
as +1 or —1 according as the permutation of the second subscripts 
is even or odd relative to the natural order of the positive integers. 
Similarly, the polynomial in (5-12) may be expressed in the form 


> Cj, ip417,22j,48j 5 
where the summation is taken over the 3! = 6 permutations of the 


second subscripts. In general, the row expansion of the determinant 
(5-2) of a matrix of order n may be expressed in the form 


(5-13) D> Cisir. Uday + Aning 


where the summation is taken over the n! permutations of the second 
subscripts and the e’s are, as before, +1 or —1 according as the 
permutations of the second subscripts are even or odd. Since this 
general expansion of a determinant of order n is a polynomial involv- 
ing only ring operations on the elements of the determinant, we may 
expect to find significance for determinants and matrices with ele- 
ments from any integral domain (see introductory paragraphs of 
Chapter 2). The most common matrices and determinants in 
elementary mathematics have arbitrary real numbers as elements. 
We shall assume that such is the case throughout most of this chapter, 
but we shall also consider some applications of matrices with poly- 
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nomials as elements. Matrices with complex numbers as elements 
play an important role in advanced mathematical theories. : 
In the next section we shall consider three properties of determi- 
nants that, especially in the case of n > 3, will often enable us to 
simplify the above formal method for expanding a given determinant. 
For n = 2 the polynomial (5-11) is easily obtained as the product 
of the elements on the principal diagonal (equal indices) diminished 
by the product of the elements on the minor diagonal. For n =3 
there also exists a similar method using diagonal lines. Since many 
readers have previously used the method in (5-14), we mention it in 
order to emphasize that there does not exist a similar method when 
nis greater than 3. For n = 3 one may recopy the first two columns 


as follows: 
Qu Gye 413/01 Ae 


(5-14) Go, ea eg) Go, a2? 
Asi sz «33 | Asi Age 

add the products of the elements on diagonals parallel to the principal 
diagonal 

G11 A22033 + A12023031 + Q3Q21A22, 
and from this subtract the sum of the products of elements on 
diagonals parallel to the minor diagonal, i.e., add the negatives 

— 12021033 — 11A23Q32 — Ais22Q31 
of these products. However, for determinants of order 4 this method 
would give only 2n = 8 terms of the polynomial, whereas n! = 24 
terms are needed. In general, the above method of diagonals (5-14) 
may be used only for determinants of order less than or equal to 3. 
Other convenient methods (Sections 5-9 and 5-10) may be used for 
determinants of all orders and are recommended in place of that in 
(5-14) for determinants of order 3. 


EXERCISES 


1. Use the formal definition of the row expansion of a determinant to 
obtain (5-12). 

2. Find the row expansion of 
1 2 
3 4 


3. Find the row expansion of 


2 3 


and F 6" 


12 3 
1 0 1); 
2 1 2 
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4, Find the row expansion of 


2 1 5 
3-2 2)- 
1 -1 0 


5. Use (5-2) with n = 4 and write down a general matrix of order 4. 
Find the row expansion of the determinant of this matrix. 
6. Find and simplify the row expansion of 


1231 
2111 
010i; 
1010 


7. Define the column expansion of the determinant of a square matrix 
by interchanging the words “row” and “column” in the definition of the 
row expansion of a determinant. 


8. Repeat Exercise 2, using the column expansion. 


9. Find the column expansion of the determinant of (5-9) and compare 
with the row expansion. 


10. Find the column expansion of (5-12) and compare with the row 
expansion. 


' 11, Repeat Exercises 3 and 4, using the column expansion. 

12. Find the column expansion of a general matrix of order 4 and compare 
with the row expansion obtained in Exercise 5. 

13. Repeat Exercise 6, using the column expansion. 

14. Use the summation notation as in (5-13) to express the column 
expansions of square matrices of order 2, 3, 4, and n. 


5-8 Properties of determinants. In this section we shall use 
the row expansions 


(5-15) @11d22 — Arete, 
(5-16) 11 AxeQg3 — B11A2gQ32 + G12A23031 — A12Ae10a3 + GigAe1s2 — 13Q22031 


for the determinants (5-11) and (5-12) of general second and third 
order matrices to illustrate three basic properties of determinants. 
We shall use the word line of a matrix to indicate a row or column of 
the matrix. This notation will be very useful when a statement 
applies equally to rows and columns. 

Each term of the polynomial (5-15) has exactly one factor with 
first subscript 1, that is, each term has exactly one factor from the 
first row of the matrix of the determinant. Similarly, each term has 
exactly one factor from the second row, first column, second column. 
Thus each term of the row expansion (5-15) has exactly one factor 
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from each line of the matrix of the determinant (5-11). In other 
words, the row expansion (5-15) is linear and homogeneous in the 
elements of each line of the matrix of the determinant. 

The above statements may also be made with reference to the row 
expansion (5-16) of the determinant (5-12). Each term of the row 
expansion contains exactly one factor from each line of the matrix 
of the determinant, i.e., the row expansion is linear and homogeneous 
in the elements of each line of the matrix of the determinant. When 
expressed for determinants of any order n, these statements illustrate 
our first basic property of determinants. 


Property A. The row expansion of a determinant is linear and 
homogeneous in the elements of each line of its matrix. 


We next use this property and consider a few particular methods 
of expanding the general third order determinant (5-12). If in 
(5-16) we collect the coefficients of the elements of the first row of 
the determinant, we have 


(5-17) di (@22@s3 — Q2ss2) — G12(21833 — Ae30s1) + Gia(Gerdse — e201), 


where the term containing a; has been added when 1 +7 is even and 
subtracted when 1+ 7 is odd. The significance of this convention 
will soon be appreciated when minors of elements are discussed. 

The expansion (5-17) is called an expansion in terms of the elements 
of the first row of the matrix of the determinant. Similarly, the 
general third order determinant may be expanded in terms of the 
elements of any line of the matrix of the determinant (Exercise 1). 

If the elements of the first row of the matrix of (5-12) are all zero, 
that is, a = di: = @i3 = 0, then the expansion (5-17) is zero. Since 
any determinant may be expressed in terms of the elements of any 
line of the matrix of the determinant using Property A, we have 


Turorem 5-5. If all the elements of a line of a square matrix are 
zero, its determinant ts zero. 


Returning to (5-17) we see that the coefficient of an is precisely 
the expansion of the determinant obtained by deleting from (5-12) 
the row and column of ay. The same is true for a:3 and, except for 
sign, for a. In general, we define the minor of an element of a 
square matrix of order n to be the determinant of order n — 1 obtained 
by deleting the row and column in which the element is situated. 
Then we define the cofactor A;; of an element a, to be the coefficient 


5-8] PROPERTIES OF DETERMINANTS 189 


of a;; in the determinant (5-13). We have observed that the co- 
factors of aj and a3 in (5-17) are equal to their minors, whereas the 
cofactor of ai: is the negative of the minor of that element. By 
Property C and (5-13) in Exercise 15 of this section and by another 
method in Exercise 4, Section 5-10, we may prove that the cofactor 
of any element a,; is (—1)**/ times the minor of a,j. 

Using the above definition of cofactor, the expansion of a determi- 
nant of order n may be expressed as 


QnA t+ aeAwt:+++ amnAtn 


in terms of the minors of the elements of the first row of the matrix 
of the determinant, or as 


(5-18) ajAat @nAi +--+ + GinAin 
in terms of the minors of the elements of the ith row, or as 
(5-19) 01jA1j + de;Aay ++ ++ + GnjAnj 


in terms of the minors of the elements of the jth column. It is 
customary to speak as above of an expansion of a determinant in 
terms of the minors of the elements instead of using the word cofactor 
for the minors taken with the proper sign. Theorem 5-5 could have 
been delayed and introduced at this time as an immediate conse- 
quence of these expansions. 

If each element of the first row of the matrix of (5-12) is multiplied 
by k, then au, ay, a;3 in (5-17) are replaced by kan, kaw, kay; and 
the determinant of the matrix has been multiplied by k. Similarly, 
from (5-18) and (5-19), we have 


THEOREM 5-6. If the elements of any line of a matrix are multiplied 
by k, then tts determinant is multiplied by k. 


This theorem gives us the right to remove a common factor from 
any line of the matrix of a determinant and multiply it by the 
determinant of the new matrix. For example, we have 


ie Bl Oe a 


=2 
1 1 


1 3 1 3|7 


las 


Theorem 5-6 may also be proved directly from the expansion (5-13) 
and Property A (Exercise 8). 


The two remaining basic properties of determinants may be 
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illustrated respectively by interchanging the rows and columns of 
the matrix of a determinant 

ai ie 
Qa An 


a1 dai 
Qy2 Are 


and by interchanging two rows of the matrix of a determinant and 
changing the sign of the determinant: 


Aoi Oa 
au a1 


a1 ay 
Qa. Ane 


These properties will be used as a basis for procedures for simplifying 
the expansion of a determinant (Section 5-9). The term identity 
as used in the following statement is defined in Section 3-4. 


Property B. The row expansion of the determinant of a square 
matrix and the column expansion of the determinant are identical. 


Property C. The interchange of any two parallel lines of a square 
matrix changes the sign of its determinant. 


Both of these properties may be proved from the expansion (5-13). 
The term “‘two parallel lines” is used to refer to two rows or two 
columns. Property B states that 

>, Chige e+ 74} UAM, - «+ Anz, = > Chyky +++ ky Oke - - » Ahan, 
where the summations are taken over the n! permutations of the 
column and row indices respectively. The two summations each 
contain all n! possible products of the elements a;; such that no two 
elements are from the same row and no two are from the same 
column. Thus it only remains to show that each product (term of 
the summation) has the same sign when its factors are arranged 
according to their row indices as when they are arranged according 
to their column indices. For example, when n = 3, we have a term 
12023031. When the row indices are taken in order, the permutation 
of the column indices is 231, which may be obtained from the natural 
order by the sequence of transpositions (12), (13) and is therefore 
even. When the column indices are taken in order, we have ds1412@2s 
and the permutation of the row indices is 312, which may be obtained 
from the natural order using (23), (18) and is therefore also even. 
Thus the term ajede3aa1 in the expansion of a third order determinant 
is taken positive whether the determinant is expanded by rows or by 
columns. Basically (see Theorem 5-2), this is true because the same 
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sequence (12), (13) of transpositions used to obtain the permutation 
231 of the column indices from their natural order may also be used in 
the reverse order (13), (12) on the permutation 231 to put the column 
indices in their natural order and thereby give as:di2d23. In general, 
the sequence of transpositions used to obtain the permutation of the 
column indices of a1;,42;,...@n;, from their natural order may be 
used in the reverse order to arrange the factors according to their 
column indices 4;,:4%,2 . . . dz,n. Since the same number of transposi- 
tions are involved in both sequences of transpositions, the two 
permutations are either both even or both odd, and each term of the 
expansion of the determinant has the same sign whether the deter- 
minant is expanded by rows or by columns. This completes the 
proof of Property B and gives a justification for considering the 
expansions (5-18) and (5-19) equivalent. 

Property C may be proved quickly from Theorem 5—4 as follows. 
If two columns of a matrix are interchanged, every permutation 
in (5-13) changes its class and every term in the expansion changes 
its sign. Property B and an expansion by columns may be used 
to obtain the same result when any two rows are interchanged. 

The following theorem is an immediate consequence (Exercise 12) 
of Property C and Theorem 5-6. 


THEOREM 5-7. A square matrix in which two parallel lines are 
proportional has determinant zero. 


In the next two sections we shall use the above properties and 
theorems to develop methods for simplifying the task of expanding 
the determinant of any given square matrix. 


EXERCISES 


1. Use (5-16) and give expansions similar to (5-17) of (5-12) in terms 
of the elements on its (a) second row, (b) third row, (c) first column, (d) third 
column. 

2. Give a square matrix of order 3 illustrating Theorem 5-5. 

3. Give a square matrix of order 2 with determinant zero and no zero 
elements. 

4. Give the minor of each element of (5-12). 

5. Give the cofactor of each element of (5-12). 

6. Repeat Exercise 1, using cofactors. 

7. Give the cofactors of each element of the determinant of a general 
matrix of order 4. 
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8. Prove Theorem 5-6 directly from (5-13) and Property A. 
9. Use Theorem 5-6 and write the following determinants as products 
of fractions and determinants with integral elements: 


i et 143 ¢ 
Pade Qe BS abe 
BE ae ae CPL 


10. Prove that the determinant of any square matrix having the elements 
of one line respectively proportional to the corresponding elements of a 
parallel line may be expressed as a constant multiple of the determinant of a 
matrix having two parallel lines identical. 

11. Prove that a matrix having two identical parallel lines has determinant 
zero. 

12. Prove Theorem 5~7. 

13. Prove that the cofactor of au is equal to its minor. 

14. Prove that the cofactor of ao; is (—1)**? times its minor. 

15. Prove that the cofactor of ai; is (—1)**? times its minor. 

16. Rewrite the determinant designated by 


3 12 5 
4 -1 3 1 
6 2 4 3 
-1 1 1 2 


as a determinant having integral elements and having each element in the 


first column +1. 
17. Prove that 


ye 1 2 1 « # 

az 1lyl=|l y ¥ 

ay 1 2 12 # 
18. Prove that a;Ai, + aA +--+ + GnjAn = 0 
and apAm + @pAnm +--+: + GjnAin = 0 


when j # k. 


5-9 Expansion of determinants. We have formally defined the 
row expansion of a determinant (Section 5-7) and considered its 
basic properties (Section 5-8). The column expansion of a determi- 
nant has been defined (Exercise 7, Section 5-7) and proved to be 
identical with the row expansion (Property C, Section 5-8). The 
expansions of a determinant of a square matrix in terms of minors 
of the elements of a given row (5-18) or a given column (5-19) are 
also identical with the row expansion of the determinant. Thus we 
may speak of the expansion of a determinant and seek ways of reduc- 
ing the labor of expanding a determinant, i.e., finding the polynomial 
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associated with any given square matrix. We shall frequently desig- 
nate determinants by arrays such as (5-20) in order to visualize the 
rows and columns of the matrix of the determinant. 

The row expansion of a determinant of order n has n! terms 
whereas the row expansion of a determinant of order n — 1 has only 
(n — 1)! terms. We shall therefore consider methods of replacing 
a determinant of order n by a determinant of order n — 1, changing 
only the form of the expansion and not its value, i.e., the expansion 
of the new (n — 1)st order determinant must be identically equal 
to that of the given nth order determinant. For example, if all 
but one of the elements on a line of the matrix of a determinant of 
order 7 are zero, this determinant may be replaced by a determinant 
of order n — 1 using one of the expansions (5-18), (5-19). When 
n = 3, we have the relations 


G1 G2 ais ay 0 0 
0 = Aen Ang 

Ago a3] = An = |e Gx eg 
0 32 33 

Q32 G33 Q3i Az. sg 


for arbitrary elements a;;. In this section we shall consider two 
theorems that will enable us to use the above procedures for the 
determinant of any square matrix. 

The determinant designated by 


Qit+ bu Aet+ di ais + dis 
(5-20) an Ang Aas 
31 A32 33 
may be expanded (5-17) in terms of the elements of the first row 
of its matrix as follows: 
(diy + 611) (e233 — e3Qz2) — (Ai + bie) (G21433 — G230s1) 
+ (ais + bis) (Geidse — Ge2Gs1). 
This expansion may be rewritten in the form 
Axi (An2dss — GoaCta2) = Ayo (Aaidss _ Gag(t31) + 13 (aide = (220131) 
+ bi (Goods = Go30a2) = by (G2idss = 23031) + bis (G21 = Gaeta), 
which, when compared with (5-17), is seen to represent the sum of 
two determinants. This sum may be designated by 


Qn G2 a3 bu bie big 
(5-21) Qo, G22 Ge3| + |Ae1 Gee Aral 
431 32 33 Q31 G32 33 


In general, we may use the above procedure and prove (Exercise 1) 
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TuroreM 5-8. If the jth row (or column) of a matrix M consists 
of elements of the form aj; + bji, then the determinant D of M satisfies 
D = D, + De, where D, and Dz are determinants of matrices whose 
elements are the same as those of M except that the jth rows (columns) 
are respectively the a;; and the by:. 
When bj; = kasi, t ~ j, Theorem 5-8 has a very useful application. 
For example, if bi; = kag; in (5-20), then (5-21) becomes 
kde, Kaen Kass 


+) da Az. nz 
31 Q32 33 


Qy Ae aig 
Qo, Aq Og 
dz, 32 O33 


? 


where the second determinant is zero, by Theorem 5-7. Similarly 
any third order determinant is unchanged if a fixed constant multiple 
(positive or negative) of the corresponding element on the third row 
of its matrix is added to each element of the first row. We may also 
prove that a fixed constant multiple of the elements of any row of 
the matrix of a third order determinant may be added to the cor- 
responding elements of any other row without changing the determi- 
nant. A similar statement may be made for the columns of the 
matrix of a third order determinant (Exercise 4) and, in general, 
(Exercise 5) for rows and columns of the matrix of any determinant 
using (5-18) and (5-19). Thus we have 


Turorem 5-9. The determinant of any square matriz is unchanged 
by adding to the elements of any line of the matrix a fixed constant 
multiple of the corresponding elements of any distinct parallel line. 


There are two precautions to be observed in the application of 
Theorem 5-9. First, one cannot add k times the elements of a line 
to the elements of the same line, since this would multiply the 
determinant by k+ 1 (Theorem 5-6). Second, the new elements, 
say a;;-+ ka,j;, must replace the elements ai; If they were used to 
replace the elements a,;, the determinant would be, in effect, multi- 
plied by k. With these precautions, Theorem 5-9 is extremely useful 
in rewriting a determinant so that at most one of the elements on 
some line of its matrix is different from zero. Then (5-18) or (5-19) 
may be used to express the given determinant as a constant times a 
determinant of lower order. If an = 1, then am times each element 
of the first row of the matrix of the determinant may be subtracted 
from the corresponding element of the second row, and thus az, may 
be replaced by zero. Similarly, except for au, each element of the 
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first row and each element of the first column may be replaced by 
zero (Exercise 7). If some aj; satisfies |a;;| = 1 in any determinant, 
then every other element of the ith row and every other element of 
the jth column may be replaced by zero. In general, the determinant 
of any square matrix with arbitrary real numbers as elements may 
be expressed as the determinant of a matrix such that at most one 
element on each row and column is different from zero (Exercise 16). 
The determinant designated by 


2 5 7 
(5-22) 4 3 2 
2 4 5 


may be expanded, using the above principles, as follows: the common 
factor 2 may be removed from the first column of the matrix of the 
determinant and the determinant of the new matrix multiplied by 
2 (Theorem 5-6), the second row may be decreased by twice the 
third row (Theorem 5-9), and the first row may be decreased by the 
third. Taking these steps in the order stated, we have the following: 


15 7 1 5 67 0 1 2 
2)2 3 2;=2)0 —-5 —-8)/=2/0 —5 —8)- 
1 4 5 1 4 #5 1 4 #5 


We next expand the determinant designated last in terms of the 
minors of the elements of the first column of its matrix, as in (5-19), 


and obtain 
2 


—8 

We have employed the usual terminology “expansion of a determi- 
nant”’ to designate the process of obtaining the polynomial or number 
(i.e., the determinant) associated with any given square matrix. 
When the elements of the matrix are numbers, the expansion of the 
determinant is often referred to as an evaluation of the determinant. 
In this sense we have evaluated the determinant designated by (5-22) 
and found it to have value 4, that is, the determinant is the poly- 
nomial 4. 

Given any set of elements bi, be, ..., bs, we may define 


Ciby + Cobo ++ +++ cxds, 
where the c’s are constants and at least one c;~0 to be a linear 


combination of the b’s. Then Theorem 5-9 may be extended (Exer- 
cise 20) to read: The determinant of any square matrix is unchanged 


2-1) 5 = 2(-8 + 10) = 4, 


196 DETERMINANTS AND MATRICES [cuap. 5 


by adding to the elements of any line of the matrix any fixed linear 
combination of the corresponding elements of the remaining parallel 
lines. An example and further development of this concept will be 
given in connection with linear dependence (Section 5-13). 

We may now expand determinants of square matrices of order n 
for any positive integer n using minors of the elements of any line. 
Theorem 5-9 may be used to reduce the number of terms in the 
expansion. It is thus frequently advantageous to expand a determi- 
nant of order n in terms of determinants of order k <n having 
elements from the given determinant. For k =n -— 1, such expan- 
sions are given by (5-18) and (5-19). For k < » — 1, we shall con- 
sider new methods in Section 5-10. 


EXERCISES 


1. Prove Theorem 5-8. 

2. Give and check an example of Theorem 5-8, using determinants of 
order 2 with numerical elements. 

3. Repeat Exercise 2 for determinants of order 3. 

4. Prove that the elements of any column of a third order matrix may 
be increased or decreased by a fixed constant multiple of the corresponding 
elements of any other column without changing the determinant of the 
matrix. 

5. Prove Theorem 5-9. 

6. Give an example of Theorem 5-9, using a determinant of order 3. 

7. Write down a third order determinant having a2: = —1 and |a:,| > 1 
when ai; “am. Use Theorem 5-9 to rewrite this determinant so that 
Gn, Qe3, G2, and de are replaced by zero. 

8. Repeat Exercise 7 for a determinant of order 4 in which an, azs, au, 
42, Aso, and dy are to be replaced by zero. 

9. Evaluate the determinants 


12 8 2 4 6 25 7 
1 4 8) j11 4 5) |38 5 6)- 
15 4 1 2 8 7 6 5 
[Answers +2, 0, —6.] 
10. Expand 
100 0 
alo oO) 
bc 1 0 
def 1 
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11. State and prove a general theorem for the expansion of determinants 
of triangular matrices such as that in Exercise 10 in which all elements 
above the principal diagonal are zero. 

12. Evaluate 


275 6 
16 4 5) 
23 4 2 
3214 
13. Expand the determinants 
zyezeti xyzi 
10041 111i 
010 1) 2341! 
0011 -1 251 


14. Use the Euclidean Algorithm (Section 2-5) and prove that any second 
order determinant (5-10) having integral elements may be rewritten such 
that ai: and a2 are replaced by zero, i.e., any second order determinant with 
integral elements may be rewritten so that at most the elements on the 
principal diagonal are different from zero. (It is sufficient to use integers or, 
in general, elements of an integral domain). 

15. Prove that the third order determinant (5-12) with real numbers as 
elements may be rewritten so that at most the elements on the principal 
diagonal are different from zero. 

16. Outline a procedure by means of which the determinant of any square 
matrix with arbitrary real numbers as elements may be expressed as the 
determinant of a matrix such that at most the elements on the principal 
diagonal of the new matrix are different from zero. Will the given procedure 
apply when the elements of the determinant are arbitrary elements of any 
given integral domain in the complex number system? 

17. Evaluate 


1213 1 

213 2 2 

114 2 i}- 

341 2 2 

242 4 2 [Answer +-16.] 


18. Express the following determinant as the sum of two third order 
determinants: 


ztta ytb zt+e 
1 2 3 
4 1 2 


19. Express the following sum of two determinants as a single third order 
determinant: 
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5 -6 7 10 7 -5 
1 2 38] + 12 38]. 
1 11 11 1 


20. Prove that to the elements of any line of a square matrix may be 
added any fixed linear combination of the corresponding elements of the 
remaining parallel lines without changing the determinant of the matrix. 

21. Prove that 


= (x3 — 21) (t2 — 21) (a3 — 22). 


22. Extend Exercise 21 to show that for any integer & Vandermonde’s 
determinant 


1am at... a 
1 x. 2} ... oft 
lu 2% att 
= (ty — 21)(te — 22) eee (te — Lr) 


(Gea — 21) (Wea — 22)... (Cea — Tez) 
(vs — 21) (v3 — 22) 
(zz — 2%). 
5-10 Minors. We have defined a square array such as (5-2) 
to be a square matrix, associated a determinant with each square 
matrix, and (Section 5-8) defined the minor of an element of a matrix 
of order n to be the determinant of order n — 1 obtained by deleting 
the row and column on which the element is situated. This definition 
will now be extended as follows: Given any matrix of order n, the 
matrix obtained by deleting any r (r < 7) rows and any r columns 
of the given matrix has a determinant of order n — r that is called 
an rth minor of the given matrix. Thus the minor of any element aj; 
of a matrix is a first minor of the matrix. The determinant obtained 
in (5-23) by deleting the first and second columns, the second and 
fourth rows is 


Qi3 Aya 


(5-23) 


and is called a second minor of the given fourth order matrix. 
Given a matrix of order n, we may obtain an rth minor either by 
deleting r rows and r columns or by choosing in their natural order 
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nm —r rows and n—r columns from which the elements are to be 
taken. For example, the minor of a, in a third order matrix may be 
obtained by deleting the first row and first column or by selecting 
the elements that are on the second or third rows and second or third 
columns. ‘Thus in counting the first minors of a third order matrix, 
we may say that there is a minor associated with each of the 3? 
elements of the matrix, or we may calculate C2 = (3 -2)/2 = 3 the 
number of ways of choosing two rows out of three and also the 
number of ways of choosing two columns out of three whence, as 
before, there are (C3)? = 9 first minors of a third order matrix. In 
general, (Exercise 1) there are (C%_,)? rth minors of an nth order 
matrix, where Cz_, = n!/[m—r)!r!]andn!=1-2°3-...-n. 

When the rows and columns used in forming a minor Mz are 

precisely those left unused in forming a minor M,, the two minors 
M, and M; are called complementary minors. For example, 
Qa, Ane Qg a4 
Gs Age G33 34 
are complementary minors of the matrix of (5-23). The algebraic 
complement of a minor of a matrix is equal to its complementary minor 
multiplied by (—1)?, where p is the sum of the indices of the rows 
and columns used in the formation of the minor (Exercises 3-6 and 
[9; 23~24]). Since the sum of all row and column indices of any 
square matrix of order n is an even number n(n — 1), we could 
instead take p as the sum of the indices of the rows and columns 
deleted. Thus the algebraic complement of a minor corresponds to 
the cofactor of an element. In particular, since an (n — 1)st minor 
is a single element, the algebraic complement of any element of a 
matrix is its cofactor. 

The determinant of any matrix may be obtained by selecting any 
row of the matrix, multiplying each element on that row by its 
algebraic complement, and taking the sum of these products, as in 
(5-18). This procedure may also be used for any column of the 
matrix, as in (5-19). These expansions in terms of (n — 1)st minors 
of all elements on a line of the matrix are special cases of the following 
theorem. 


and 


TuHeEoreM 5-10. Lapiacn’s Expansion. Select any r parallel 
lines from a matrix M and form all the r-rowed minors from this 
array. The determinant of M is equal to the sum of the products of 
each of these minors by tts algebraic complement. 
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We shall outline the proof of Theorem 5-10, leaving most of the 
details for the reader to fill in either as an exercise (Exercise 20) or 
using a more detailed text on matrices and determinants, such as 
[16; 20-22]. Briefly, one must prove that every term of the determi- 
nant occurs exactly once with the proper sign in the Laplace expansion 
and that no other terms occur. The terms of the row expansion of a 
determinant (Section 5-7) are defined to be the products obtained by 
taking one and only one factor from each row and column of the 
matrix of the determinant. Thus every term of the determinant 
of a matrix of order n has n factors. We assume that the elements 
of the matrix are from a ring in which multiplication is commutative. 
Then the n! terms of the determinant are independent of the permu- 
tations of the rows and columns, i.e., it can be shown that each term 
occurs once and only once whether the expansion is in terms of 
(n — 1)st minors or rth minors, where 0<r<n. Finally, the 
method used in Exercise 6 may be extended to prove that the sign 
of the term is independent of the method of expansion. The details 
of the proof may be supplied by the reader or found in other texts, 
such as [16; 20-22]. 

As mentioned above, the expansions (5-18) and (5-19) are special 
cases of this theorem in which r= 1. The following example illus- 
trates the theorem when 7 = 2,n = 4, and the first two rows are 
selected. 


Qy Ge Ais au 


Go, Gen Gog Ora} [Qi Gi} | Gap za) 1 ag | | Asn ae 
G3, G32 G33 Aaa Aoi Ane ag Oa zi az Asn Ons 
Q4, G4. Gaz aa 
+ Qi G4} | Ase 3s Giz Ais} | 431 Asa 
Qo, Oa Qsg Bag Ag, = Ae3 G4, Aaa 
_ | G2 Gia} | a1 33} | as 4) | 1 ae 
Ay. Ana 4, 43 Gog ea Qa Cag 


This procedure is most useful when several of the r-rowed minors 
of the corresponding matrix are zero, as in (5-24), when the first 
and second rows are selected and r = 2 (Exercise 9). 


200 
(5-24) 


Nw oO 
em wm © 


I 

2 1 
1 2 
4 3 
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Theorem 5-10 is also important in that it may be used to prove 
Theorem 5-11 regarding products of square matrices. The same 
procedure may be used for any two matrices such that the number 
of columns in the first matrix is equal to the number of rows in the 
second matrix. The multiplication of matrices is highly important 
in mathematical theories. We shall consider several applications 
of this procedure in Section 5-15. 

We first define the inner product of two ordered n-tuples such as 


V = dy, G2, 3, ..., Any 

W=h, be, bs... , On 
to be the sum of the products of corresponding elements, 

Qyb; + debe + asb3 +--+ + Andn. 
Then we define the product of the square matrices M = [a;;] and N 
z= [b.;] of order n to be a square matrix [c;,;] of order n, where c;; is the 
inner product of the set of elements on the 7th row of M and the set 
of elements on the jth column of N, that is, 
Cig = Aidiy + Aizde; + Gisdsy +> + - + Ginny. 


The significance of this definition will be evident when geometric 
transformations are considered in Section 5-15. It is in part due to 
the property stated in the following theorem. 


THEOREM 5-11. The determinant of the product of two matrices 
ts equal to the product of their determinants. 


For example, the following equality may be obtained from the 
above definition and Theorem 5-11: 


bu bie Qyby + Gybe Gude + diodes : 
ber dee Anbu + Graber Aaidie + Gaede» 
This equality may be easily verified by using the polynomials (deter- 


minants) designated by the arrays. Also, by Theorem 5~10, the 
above product is equal to the determinant 


Qn Qe 
Qa =A 


a adm OO O 
D= Qa1 ae, 0 0 : 
-1 0 bu de 
O -1 by dee 


By Theorem 5-9, each element on the third column of the matrix 
of D may be replaced by itself plus by, times the corresponding 
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element on the first column plus 62: times the corresponding element 
on the second column. Similarly, the fourth column may be replaced 
by itself plus bi. times the first column plus bz times the second 
column. Then we have a new matrix with the same determinant D: 


au O12 Aub + died adie + Aiedee 


any Gog Oard1, + Aeadar Aardie + Aeedee 
-1 oO 0 0 ; 
0 -1l 0 0 


and by Theorem 5~10 this determinant is equal to 


Qybir + Aiebe,  AiDiz + Aides 
Gobir + Goober Garde + deabas 


We have used Theorems 5-9 and 5-10 to prove Theorem 5-11 in 
the special case of two matrices of order two. 

In general, given any two square matrices of order n, say [a,j] 
and [b.,], we may use Theorem 5-10 to write 

= las,| 0 

lass] . [bss =a | F Ibis| 
where 0 is the determinant of a square matrix of order 7 with all its 
elements zeros and F is the determinant of a square matrix of order n 
with each element on its principal diagonal —1 and all other elements 
zeros. Then by Theorem 5-9 the (n+ 1)st column of the matrix of 
this determinant may be replaced by itself plus bu times the first 
column plus 6: times the second column plus... plus bn times the 
nth column. Similarly, the (n+ 1st, (n+ 2)nd,...and (2n)th 
columns are each replaced by themselves plus multiples of the first 
n columns. The new matrix has the same determinant as before, by 
Theorem 5-9, and, as in the above special case, that determinant has 
the desired form by Theorem 5-10 (Exercise 21). 

The importance of Theorems 5~9, 5~10, and 5-11 will be evident 
in the following exercises and in the remaining sections of this 
chapter. We have indicated the procedures used in the proofs of 
these theorems. The detailed proofs have been given as exercises. 
They may be found in most texts on matrices and determinants. 

The concept of a minor of a matrix is used as follows: Given any 
matrix A of m rows and n columns (5-1), square matrices of order 
r (r S&S m,n) may be obtained by selecting the elements on any r rows 
and r columns of the matrix A. Such matrices are called r-rowed 
minors of the matrix A. The rank of the matrix A is the largest 


, 


5-10] MINORS 203 


integer r such that A has an r-rowed minor with a determinant 
different from zero, i.e., there is an r-rowed minor of A with determi- 
nant different from zero and every (r+ 1)-rowed minor of A has 
determinant zero. For example, each of the following matrices 
has rank two: 


A formal procedure for determining the rank of any matrix is dis- 
cussed in Exercise 17. 

We shall find the concept of the rank of a matrix very useful as 
we now leave the study of the theory of determinants and matrices 
and consider some of their applications. Most of the applications 
will be taken without further introduction from topics usually studied 
in college algebra and analytic geometry. Rectangular Cartesian 
coordinate systems will be used throughout the remainder of this 
text unless otherwise specified. 


EXERCISES 


1. Prove that there are (C2_,)? rth minors of an mth order matrix. 

2. List the second minors of a third order matrix. 

3. Use (5-18) and the fact that by Theorem 5-8 the determinant of 
(5-2) may be designated by 


ay 0 0 eee 0 0 Qin Gig fee) in 

Qo, Qo2 og es+ Gon Qy Qe2 Gog «+s Gon 
+ 

GQn1 On2 Ong «++ Onn Qni Gn2 Gn3 .«.+ Onn 


to prove that the algebraic complement (cofactor) of au is equal to its minor. 
4. Use Property C and Exercise 3 to show that the algebraic complement 
of any element ai; is (—1)**? times its minor. 
5. Extend the results of Exercises 3 and 4 to prove that the algebraic 
complement of 
ay die 
Qu = a22 


is equal to its minor. 
6. Prove that the algebraic complement of any second order minor 


Are Oru 
Qi Aw 


is (—1)r**+*+» times its minor. 
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7. Repeat Exercise 10, Section 5-9, using the second order minors on 
the third and fourth rows of the corresponding matrix. 

8. Repeat Exercise 10, Section 5-9, using the second order minors on 
the third and fourth columns. 

9. Expand (5-24) in terms of the second minors on the first two rows of 
its matrix. 

10. A minor obtained by deleting rows and columns of the same indices 
(for example, first and third rows, first and third columns) is called a principal 
minor. How many second order principal minors are there in a matrix of 
order n? 

11. List the second order principal minors of the matrix of the determinant 
in Exercise 17, Section 5-9. 

12. Repeat Exercise 17, Section 5-9, using the third order minors on the 
first, second, and third rows of the corresponding matrix. 

18. List the 18 pairs of second order minors of the matrix of a general 
fourth order determinant (5-23). 

14. Write down five square matrices of three rows and three columns 
with numerical elements. Determine the rank of each matrix. 

15. Write down a matrix of four rows and five columns and determine 
its rank. 

16. Prove that the rank of a matrix is not affected by any of the following 
elementary transformations: interchange of two parallel lines, multiplication 
of all elements of a line by a constant different from zero, addition to the 
elements of one line of multiples of the corresponding elements of another 
parallel line. 

17. A matrix [aj] is said to be in normal form when ay, = 0 for 7 #k 
and, for some integer s, a;; ¥ Oforj S s, a;; = Oforj > s. Use the following 
matrices to illustrate how any matrix may be replaced by a matrix in the 
normal form using the elementary transformations: 


12 4 6 2 365 7 
2 3 5 7 4 21 8 
11 12 14 16] [3 65 47 
5 6 8 10 2-27 5 


18. Repeat Exercises 14 and 15, using the method of Exercise 17. 
19. Express the following products as single matrices: 


(a) abe 1 0 0 
f e i . | 0 1 o| 
1 iil -1 -1i tl 
(b) xz 00 z 00 
Pel 
001 c de 
20. Give a complete proof of Theorem 5-10. 
21. Give a complete proof of Theorem 5-11. 
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5-11 Cramer’s Rule. We found in Section 5~1 that the system 
of equations 


(5-25) ar + by = C1, 
aot + bey = Ce 
has a unique solution if and only if the determinant 
ay bi 
D = 
a be 


of the coefficients is different from zero. Furthermore, when D + 0, 
the solution is + = D,/D, y = D2/D, where D, is obtained by replacing 
the coefficients of x in D by the constant terms and D, is similarly 
obtained by replacing the coefficients of y by the constant terms, i.e., 
D=1% >) and Di= |S % 
be a t 
A linear equation such as x + 3y — 5z = 0, in which the constant 
term is zero and each term on the left is of the first degree, is called a 
linear homogeneous equation. A linear equation having a constant 
term different from zero is called a linear nonhomogeneous equation. 
The above method of solving two linear equations in two variables 
may be extended (Theorem 5-12) to include systems of n linear 
equations in n variables. It may be stated for arbitrary systems of 
linear homogeneous equations and for systems of linear nonhomo- 
geneous equations (Section 5-12). 
For n = 3 we shall show that the system 
az + by + 2 = di, 
(5-26) ox + bey + coz = de, 
age + bsy + e32 = ds 
has a unique solution xz = D,/D, y = D2/D,z= D;/D if and only 
if the determinant of the coefficients 


a by Cy 
D=\a2, be 6,| 40, 
ds b3 Cg 


where D, is obtained from D by replacing the a,’s respectively by the 
constant terms d;’s, D: and D3 are similarly obtained by replacing 
the 6;’s and c,;’s by the d,s. For example, given the system of 
equations 
r+ yt22=5, 
x- yt z=2, 
3x2 + 2y — 52 = 7, 
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we may evaluate the determinant of the coefficients 


1 1 2 
D=|1 -1 1/=21 
3 2 -5 
and, since D = 0, express the unique solution of the system as 
5 1 2 
oak[2 -1 1)=4t= 48, 
7 2 -5 
1 5 2 
y= 27 1 2 = 33, 
38 7 -5 
1 1 6 
Z.= or 1 -l 2|= $3. 
38 2 7 


In general, for any system (5-26), we may let A; be the cofactor 
(Section 5-8) of a; in the determinant of the coefficients, multiply 
both sides of the first equation by A1, multiply both sides of the second 
equation by Az, multiply both sides of the third equation by As, 
and add the resulting equations to obtain Dz = D,, since from 
(5-19) and Exercise 18, Section 5-8, we have 

aA;+ mA, + a3A3 = D, 

bA1 + boAs + 3A = v, 

Ay + @A2+ cA; = 0, 
and by definition d,Ai+ d,42+4;4; = D,. Similarly, we may solve 
(5-26) for y and z, using cofactors of their coefficients. Finally, 
for any system of n linear equations in 7 variables, 


QZ, + yt, +++ ++ Oink’n = bi, 
ait, + Ane, +++ + + Aentn = ba, 


Gnil1 + Anat, + +++ + Gant = On, 
we may multiply both sides of the jth equation by the cofactor Aj; 
of a; for 7 =1,2,...,n, add the resulting equations, and obtain 
Dz, = D,. Similarly (Exercise 7), we may use the cofactors As; to 
obtain Dx, = De, and, in general, Ax; to obtain Dx, = D,. Thus 
we have 


5-11] CRAMER’S RULE 207 


THEOREM 5-12. Cramur’s Rute. A system of n linear equations 
in n variables 


jk, + Opte+- +++ Ajntn = b;, (F=1,2,...,0) 
has a unique solution x, = D,/D when D#0 is the determinant 


of the coefficients and D;, (k = 1, 2,...,n) 7s obtained from D upon 
replacing the coefficients of x, by the constant terms, 


This theorem may also be considered as giving a sufficient condition 
that n linear equations in n variables be consistent, i.e., have at least 
one common solution. Using the concept of the rank of a matrix 
(Section 5-10), we may say that two linear equations in two variables 
(5-25) are consistent and have a unique common solution if the 
matrix of the coefficients is of rank two. Similarly, three linear 
equations in three variables (5-26) are consistent and have a unique 
common solution if the matrix of the coefficients is of rank three. In 
general, n linear equations in n variables are consistent and have a 
unique common solution if the matrix of the coefficients is of rank n. 
If the rank of the matrix of the coefficients is not equal to n, the 
system may be inconsistent, as for example, 

zt+y=1, 

Zty= 2, 
or the system may be consistent but not have a unique solution. 
Considered graphically, the two lines 

z+ y=1, 

2x + 2y = 2 

coincide, the three planes (5-26) might have a line in common or 
might coincide. Thus the above condition for consistency is suffi- 
cient but not necessary. In Section 5-12, an exact criterion (The- 
orem 5-18) will be given for the consistency of any finite system of m 
linear equations in n variables. 


EXERCISES 


Solve the following systems of equations, using Cramer’s Rule. 


l. 2 -~ Qy = 3, 3. 382 — 4y + 22 = 11, 
2a —- y= 5. a+4y — 52 = 12, 

2. c+2y—-— 2=1, 5a + 2y + 382 = 10. 
t+ y = 5, 


38n — yt+22=7. 
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4.2¢+yt+ 2+ w=5, 
z-y + 3w = 2, 
y—2z2- w=4, 
z-—yt 2- w=7. 

5. Prove Cramer’s Rule for the system (5-25) as in Section 5-1 by mul- 
tiplying each equation by the algebraic complement (in the matrix of the 
coefficients) of the coefficient of 7, = xz, adding the equations and solving 
for x; Repeat this process for the other variables. 

6. Repeat Exercise 5 for (5-26). 

7. Use the method of Exercise 5 to give a general proof of Theorem 5-12. 


5-12 Systems of linear equations. In Section 5-11 we considered 
systems of n linear equations in n variables in which the determinant 
of the coefficients was different from zero. We now consider arbi- 
trary finite systems of linear equations. Given a system of m linear 
equations in n variables 


Qyt, + Aye +++ + Anta = bi, 
Oat, + Ante +++ + Aentn = be, 
(5-27) QgiX, + Agete +--+ + Asntn = bs, 


Ami + Amo sees + amntn = Dm, 
we define the matrix of the coefficients of the system to be 


ai ay Qin 
Qo ae dan 
a31 aa Qn 
Omi Oma «2. Omn 


and the augmented matrix of the system to be 


an Qe... Ain ty 
Qa Ane Qon by 
a1 32 ds, 3 
Omit Gm, ...» Amn Om 


The system (5-25) has matrix and augmented matrix 


Ee ‘al ane ie b; a 
ay bs a2 be C2 


respectively. 


5-12} SYSTEMS OF LINEAR EQUATIONS 209 


The rank of the augmented matrix of a system is always at least 
equal to the rank of the matrix of the coefficients, since every minor 
of the matrix of the coefficients is also a minor of the augmented 
matrix. For systems of n equations in n variables (Section 5-11), 
if the rank of the matrix of the coefficients is n, then the rank of the 
augmented matrix must also be 1 (since the augmented matrix has 
only 7 rows), and thus under the conditions stated in Theorem 5-12 
the two matrices must be of the same rank. In general, we have 


THEOREM 5-13. THE FUNDAMENTAL THEOREM FoR SYSTEMS OF 
Linear Equations. A necessary and sufficient condition for a 
system of linear equations to be consistent is that the matrix of the 
coefficients be of the same rank as the augmented matrix. 


Theorem 5-13 and our next theorem, Theorem 5-14, are proved 
in [9] and other texts on determinants and matrices. We shall adopt 
them without proof and concern ourselves primarily with their 
applications. Since a set of linear equations in n variables is con- 
sistent if and only if the corresponding hyperplanes (n > 3), planes 
(n = 3), or lines (n = 2) represented by it have at least one point 
in common, we shall frequently make use of the geometric applica- 
tions of these theorems (Exercises 6, 7, and 8). 

TueroreM 5-14. If in a system of linear equations in n variables 

the matrix of the coefficients and the augmented matrix are of the same 

rank r, then n — r of the variables may be given arbitrary values and 
the remaining variables will then be uniquely determined. 


This theorem essentially states that the general solution of a 
system of linear equations in which both matrices have rank r con- 
tains n—r parameters. It can also be shown (Exercise 12) that 
the general solution is linear in these parameters. The n—r vari- 
ables selected as parameters may be chosen in any manner such that 
the matrix of the coefficients of the remaining variables is of rank r. 

Given the system of equations 


z+ y = 2, 
i y=4, 
2a + 2y = 4, 


both the matrix of the coefficients and the augmented matrix are of 
rank two. Thus the system has a unique (since also n = 2) solution 
t=3andy=1. The system 

a+y=5, 

a+ty=2 
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has augmented matrix of rank two, whereas the matrix of the coeffi- 
cients is of rank one. Thus this system is inconsistent, i.e., there 
does not exist a pair of numbers satisfying both equations. The 
lines represented by this system of equations are parallel and distinct. 
Finally, both the matrices of the system 


zt y=l, 
22 -+ 2y = 2 


are of rank one, the system is consistent, the two lines represented 
coincide, the value of one of the variables may be arbitrarily assigned 
(Theorem 5-14), and the general solution may be represented as 
x =cand y = 1—c in terms of the parameter c. 

Let us now consider the following example, in which n = 3. The 
system of equations 


has coefficient matrix of rank two and augmented matrix of rank two. 
Since n = 3 and r = 2, one of the variables (in this case any one) may 
be used as a parameter. If z is taken as the parameter, the system 
becomes 


z=1+42, 
zt+y=2, 
y=1l—az. 


Since the second equation is the sum of the other two, it may be 
discarded. The remaining two equations together with z = z express 
the three variables of the given system in terms of the parameter z. 
There are unique values of the variables x and y corresponding to 
each value of z. The given system is satisfied by all points of the line 
a-l=1—-y=z. 

The above examples illustrate some of the applications of Theorems 
5-13 and 5-14. Further applications will be considered in the 
following exercises and in the remaining three sections of this chapter. 


EXERCISES 


1. Prove that every system of linear homogeneous equations is consistent. 
2. Prove that if a system of linear homogeneous equations has a unique 
solution, then that solution is 71 = 42 = %3 =--- =a, = 0. 
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3. Prove that any finite system of linear equations in n variables has a 
unique solution if and only if the ranks of the augmented matrix and the 
matrix of the coefficients are both equal to n. 

4, Assume at least one 6; + 0 in (5-27) and prove that (a) if m = n, the 
nonvanishing of the determinant of the matrix of the coefficients is sufficient 
for a solution, (b) if m = n+ 1, the vanishing of the determinant of the 
augmented matrix is a necessary condition for a solution. 

5. Find the rank of the matrix of the coefficients, the rank of the aug- 
mented matrix, and all solutions (using parameters if necessary) of each of 
the following systems of equations: 


(a) 2x + 3y = 6, (f) e+-y+2=2, 
z—- y=5. z—-yt+z=1, 
(b) 2+ 3y = 83, y =1. 
2x + by = 1. (gf) e+ y +2 = 3, 
(c) 8a+ d5y = 2, e-y+z2=1, 
6a + 10y = 4. x +224, 
(dq) e+y=3, (h) rt+yt+z2=2, 
ze-y=1, z-y+tz=1, 
2e+y =5, y = 5. 
2x —y = 3. (i) x 1, 
(e) x —z=1, z+ty = 2, 
at+y = 2, yt2=2. 
yte2=tl. 


6. Consider the systems of lines represented by the systems of equations 
in Exercise 5(a)—(d) and indicate which systems (a) intersect in a unique 
point, (b) represent coincident lines, (c) have no point in common. 

7. Consider the systems of planes represented by the systems of equations 
in Exercise 5(e)-(i) and indicate which systems (a) intersect in a unique 
point, (b) intersect in a unique line, (c) coincide, (d) have no point in common. 

8. Compare the results of Exercises 6 and 7 with those of Exercise 5 and 
discuss the geometric significance of Theorem 5-14. 

9. Prove that if m=n—-—1,b, =} =---= Dn = 0, and the matrix 
of the coefficients in (5-27) is of rank n — 1, then the ratios of the variables 
are 


Mi hegre ++i dy = Ay: ~Ag: Agi +++: (—1)* A, 
where A; is the determinant obtained by deleting the jth column from the 


matrix of the coefficients [16; 41-42]. 
10. Apply the results of Exercise 9 to the following systems of equations: 


(a) c+ty—z=0, (b) 2x — 8y +2 =0, 
zx—-—yt2z2=0. zr—dsyt2=0. 
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11. Compare the results obtained in Exercise 10 with Theorem 5-14. 
Give a complete solution of each system in Exercise 10. 

12. Prove that the general solution in Theorem 5-14 is linear in the n — r 
parameters. 


5-13 Linear dependence. In Section 5-9 we defined c:b, + cob. 
+-++-+ ¢,b,, where the c’s are constants not all zero and the b’s are 
any elements to be a linear combination of the b’s. This concept 
was used (Exercise 20, Section 5-9) in replacing each element, say 
a@,;, of one line of the matrix of a determinant by itself plus a linear 
combination of the corresponding elements on the remaining parallel 
lines, say, 


(5-28) Oyj “1 C2023 + C30aj + + + + + Cn Ong, Gj a 1, 2p ae ’ n), 


ie., for all elements a; of the first row. For example, given the 
determinant 


I 2 8 
38 2 -2) 
-1 -6 1 


we may replace the elements a, of the first row of its matrix by 
a; + 20; + As; Gj — 1, 2, 3) and obtain 


a“ 


6 0 0 
3. 2 -2 
-1 -6 1 


without changing the determinant (Theorem 5-9). Similarly, if we 
replace the elements a; of the first column of the matrix of 


1 ll 6 9 
4-3 0-1 
-2 7 #3 #5 
3 6 -3 38 


by ai + 3ai2+ 2a: — 5a4, we obtain 


1 u 6 9g 
0-3 0 -1]. 
0 7 8 8 
0 6 -3 8 


In each of these examples we have used relations similar to (5-28) 
not only for a single set of numbers but for several sets of corre- 
sponding numbers. In the second example we used such a relation for 
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the four sets of corresponding numbers aj;, @2;, @3;, a4;, (j = 1, 2, 3, 4), 


that is, 
Au + 3a12 + 2a13 — 5a, 


On + 3d22 + 2ae3 — Sao, 
Asi + 3dg2 + 2d33 — 5as, 
Gy, + 842 + 2au3 — Saas. 


Thus we considered the same linear combination for each of four sets 
of corresponding elements. 

We now extend the concept of linear combination to that of linear 
dependence. The three sets of four numbers each: 


V1, Le, %3, La, 
(5-29) Yi, Yr, Ys, Yay 

21, 22, &3, &a, 
are said to be linearly dependent if there exist constants a, b, ¢ not 
all zero such that 

ax; + by; + cz; = 0, (j = 1, 2, 3, 4). 

Thus the three sets of numbers (5-29) are linearly dependent if and 
only if the system of linear homogeneous equations 


ax, + byr + cz, = 0, 
AX, + by2 + CZe = 0, 
ax; + bys + cz; = 0, 
ax, + by, + ce, = 0, 


in which the 2; y;, 2 are given.and the constants a, b,c are to be 
determined, has a solution with at least one of the constants different 
from zero. Accordingly, from Theorem 5-14 and Exercise 2, Sec- 
tion 5-12, the three sets of numbers (5-29) are linearly dependent 
if and only if the matrix of the coefficients 


1 1 21 
Z Uy Xo Xe X4 

T2 Yo 22 
or | Yr. Ye Ys Ys 

w Ys 3 
21 @2 23 2&4 

Yq Ya ha 


is of rank less than three, i.e., every third order determinant of the 
matrix is zero. 

In general, m sets 
(5-30) Qyj, Aaj, -.- , Any GQ = 1, 2, cy m) 
of n elements each are said to be linearly dependent if and only if there 
exist constants ¢1, C2, C3, ..., Cm not all zero such that 
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C1011 + C2Qig +++ + + CnQim = 0, 
C1le1 + C2022 +--+ + CmQam = 0, 


(5-31) 

C1An1 + C2Ong Ss i CmOnm = 0, 
that is, Cid + Codie +++ ++ CnQim = 0 (t = 1, 2, eee, n). 
The sets of elements (5-30) are linearly independent if the relations 
(5-31) imply « =e =---=¢n=0. The system of linear homo- 


geneous equations (5-31) will be used in Theorem 5-15 to express 
necessary and sufficient conditions for the linear dependency of any 
m sets of elements (5-30) in terms of the matrix 


Qn G2 ... im 

Qo, ee oes om 
(5-32) 

Qnt Qno «2. Onn 


of the coefficients of the c’s. However, before considering this gen- 
eral case further, let us consider the special case (5-29) geometrically, 
assuming that the elements are real numbers. 

Any three real numbers may be considered as coordinates of a 
point in Euclidean three-dimensional space. By definition, the 
three sets (5-29) are linearly dependent if and only if the four triples 
of corresponding numbers satisfy a relationship of the form 

ax + by + cz = 0, 

where a, b, c are constants not all zero, i.e. (under the assumption 
that the numbers are real), the triples of corresponding numbers are 
coplanar with the origin. There exist analogous and in a sense more 
elegant geometric interpretations of linear dependence in terms of 
homogeneous coordinates and in terms of vector spaces. We shall 
consider only the above more elementary interpretation in terms of 
nonhomogeneous coordinates in order to avoid the task of introducing 
other concepts. 

Three sets of n real numbers each, 


M1, Fa, «1+, Xn, 
Yi, Yo, «++ 5 Yn, 
an 22, ee 
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are linearly dependent if and only if the n triples of corresponding 
numbers represent points coplanar with the origin. By Theorem 
5-14, the system of equations 


ax, + by, + cz: = 0, 
ax, + bys + cz, = 0, 


On + bya + Cen = 0 


has a unique solution a = b = c = 0 if the matrix 


M1 YY A 

wae Ua ee 1 Us 1... Ln 
(5-33) ° or [Yr Yeo «ee Yn 

; 2 22 25 

Tn Yn en 


is of rank three. The above system of equations has a solution in 
which at least one of the required constants a, b, ¢ is different from 
zero if the matrix (5-33) is of rank less than three. Thus the above 
three sets of n numbers each are linearly dependent if and only if 
every third order determinant of the matrix (5-33) is zero. If the 
matrix is of rank two, the triples of corresponding numbers represent 
points coplanar with the origin; if the matrix is of rank one, they are 
collinear with the origin. The same conditions for linear dependence 
hold even though the geometric interpretation may not when the 
elements are from any ring. 

The above discussion for three sets of n elements each may now 
be extended to any m sets of n elements each (5-30). When the 
elements are real numbers, each of the n sets of m corresponding real 
numbers may be taken as a point in Euclidean m-space. These n 
points are on a hyperplane 


C101 + C292 + +> +++ mom = 0 


through the origin if and only if the sets of elements (5-30) are linearly 
dependent. These conditions may be expressed as a system of equa- 
tions (5-31) that apply whether the elements are real numbers or 
not. Ifm =n, the m sets of n elements each (5-30) are linearly de- 
pendent if and only if the matrix (5-32) is of rank less than m, that is, 
if and only if the m-rowed determinant of (5-32) is zero. If m <n, 
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then since the system (5-31) consists of n equations in m unknowns, 
the m sets of elements (5-30) are linearly dependent if and only if 
every m-rowed determinant of (5-32) is zero (Theorem 5-14). If 
m > n, there are not as many equations as there are constants to be 
determined and the sets are always dependent (Exercise 5). This 
situation is analogous to finding a plane az + by + cz = 0 on one or 
two given points, as, for example, when the given sets are 


41, Ha, 
41, Ys, 
21, 29. 


These results may be summarized as follows. 


TuroreM 5-15. If m > n, then any m sets of n elements each are 
linearly dependent. If m <n, then m sets (5-30) of n elements each 
are linearly dependent if and only if every m-rowed determinant 
of the matrix (5-32) is zero. 


The definition that the elements of a set of constants bi, be,..., bn 
are linearly dependent if there exists a linear combination 
1b) + Cobo + +++ + Orb, = 0 
where not all the c’s are zero may be extended to include arbitrary 
sets of elements. For example, whenever the variables take on 
values from an infinite set of numbers (Sections 3-1 and 3-4), m 
polynomials fi, fo,..., fn in any number of variables are linearly 
dependent if and only if there exist m constants ¢; not all zero such 
that 
cif + Cafe t+ +++ + Cmfm = 0 
for all values of the variables. This definition is equivalent (Exer- 
‘cise 10) to defining the polynomials of the set to be linearly de- 
pendent if and only if the sets of corresponding coefficients are linearly 
dependent. This alternate form of the definition may be used in 
Theorem 5-15. We shall consider several theorems based upon the 
definition of linear dependence and some of the many applications 
of this concept in the following set of exercises. 


EXERCISES 


1. Prove that if a set of elements is a linear combination of m — 1 other 
sets of elements, then the m sets of elements are linearly dependent. 
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2. Prove that if m sets of elements are linearly dependent, then at least 
one set is a linear combination. of the others. 

3. Prove that if there exist among m sets of elements k sets that are 
linearly dependent, where k < m, then the m sets are linearly dependent. 

4. Prove that if any one of m sets of elements consists exclusively of 
zeros, then the m sets are linearly dependent. 

5. Prove that for m > n any m sets of n elements each are linearly 
dependent. (Hint: Extend the system to m sets of m elements each by 
adding zeros.) 

6. Indicate which of the following sets, of four numbers each, are linearly 
dependent: 


(a) 3, 0, 1, 5, (c) 1,0, 1, 1, 

1, -2, -1, 2, 0, 1, 1, 0, 

DB 6B 8. 1, 1, 0, 0. 

(b) 2, 2, 1, 8, (d) 1, 2, 3, 4, 

3, 5, 2, 4, 2, 4, 6, 8, 

1, —1, 0, 2. a, b, oc, d. 

7. Prove that the three polynomials 

aye + by + c2 + d; (j = 1, 2,3) 

are linearly dependent if and only if the three sets of numbers 
aj, b;, Cj, d; G = 1, 2, 3) 


are linearly dependent. 
8. Indicate which of the following sets of polynomials are linearly depend- 
ent: 
(a) Be +y+2, y-1, t+y42. 
(b)z+1, yt+1, tty. - 
(c) a+ 2y+382+4, 2e+4y+624+8, axtbytet+d. 
(d) + 2y—2+5, 82—12y—10, 32+2+4+10. 


9. Prove that for any finite set of linearly dependent polynomials of the 
form a;z + byy + cz the graphs of the corresponding equations all intersect 
in at least one common point. , 

10. Prove that the linear dependence of any finite set of polynomials 
in any finite number of variables that take on values from an infinite set of 
numbers implies the linear dependence of the sets of constants comprising 
their sets of coefficients, and conversely. 


5-14 Applications in analytic geometry. The use of determinants 
and matrices in geometry is recognized in a few elementary texts in 
analytic geometry and is a very important part (Section 5-15) of all 
advanced texts in geometry that use analytic methods. In this sec- 
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tion we shall extend the geometric concepts used in the study of linear 
dependence (Section 5-13) by simply enumerating some of the com- 
mon applications of determinants and matrices in elementary analytic 
geometry. Then in the next section we shall conclude our study of 
determinants and matrices with a brief discussion of their applica- 
tions to geometric transformations. 

The area of a triangle with vertices at (x1, yi), (2, 2), (Zs, Ys} is 
given by 


MH Yi 1 
+ (3)|22 ye ’ 
XT Ys 1 


where the sign is to be chosen so that the area is non-negative. This 
result may be extended to give 


UM Yi 1 
2 Ye l| = 0 
ts ys 1t 


as a necessary and sufficient condition that the three points be 
collinear. It may also be used in the form 


wm yw il 
tz «Ye =0 
wy dil 


to find the equation of the line determined by two given distinct 
points (x1, y1) and (a2, ye). 
In a plane two lines 
ax + by = G, 
at + bey = Ce 


have a unique point in common if the matrices 


ay bi ay bi a 
be | ane Bs be Ce 

are both of rank two, coincide if the matrices are both of rank one, 
and are parallel if the matrices are of different ranks (Theorems 5-13 
and 5-14). Similarly, in three-dimensional space two planes 

Ayr + buy + Cy = di, 

det + bey + ez = de 
have a unique line in common if in this system of equations the matrix 
of the coefficients and the augmented matrix are both of rank two, 
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coincide if the matrices are both of rank one, and are parallel if the 
matrices are of different ranks. The concepts in Section 5-12 may 
also be used to prove that three planes 


aj + by + cz = d; (j = 1, 2, 3) 


have a unique point in common if the corresponding matrices are 
both of rank three, have a unique line in common if the matrices 
are both of rank two, coincide if the matrices are both of rank one, 
and have no point in common if the matrices are of different ranks. 
Further correspondences between the planes and the ranks of the 
matrices are considered in Exercise 7. 

The volume of a tetrahedron with vertices (21, y1, 21), (X2, Ye, 22), 
(x2, Ya, 23), (4, Ys, 24) is given by 


my a4 i 

1,|%2 Yo 2 1 
ct (&) Ts Ys 2s 1 ’ 
Xe Ys 2 1 


where, as before, the sign is to be chosen so that the volume is non- 
negative. Also as before, this result may be extended to give 


m1 If 4 1 

2 yo Z I 

Xs Ys 23 1 

te Ys & 1 
as a necessary and sufficient condition that the four given points be 
coplanar. Three points in space (2;, y;, 2;), j = 1, 2,3, are noncol- 
linear if and only if 


MW Yt By 
t Yo 2) 0, 
%3 Ys 3 


and the equation of the plane determined by three given noncollinear 
points is given by 
m1 yy a I 
Tt. Yo Zo 1 
x3 Ys 2 1 
zx ye ii 


= 0. 


We have now seen that the equation of the line determined by any 
two distinct points and the equation of the plane determined by three 
noncollinear points may be expressed in terms of determinants. Also 
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the area of a triangle and the volume of a tetrahedron may be ex- 
pressed in terms of the coordinates of their vertices and determinants. 
Such examples illustrate the application of determinants and matrices 
insanalytic geometry. A few other examples will be considered in 
the following exercises; many examples may be found in [16]. 


EXERCISES 


1. Indicate which of the following triples of points in a plane are collinear. 

If they are not collinear, find the area of the triangle determined by them: 
(a) (1, 2), (5, 6), (17, 18). 
(b) (-1, 5), (1, 4), (3, 0). 
(ec) (11, 7), (6, 2), (-1, 3). 

2. Use determinants to indicate the equations of the lines determined by 

the following pairs of points: 
(a) (1, 2), (5, 6). 
(b) (-1, 5), (1, 4). 
(c) (11,7), (6, 2). 
(d) (912, —13), (—115, 76). 

3. Indicate which of the following sets of points in space are coplanar. 
If they are not coplanar, find the volume of the tetrahedron determined by 
them: 

(a) (1, 2,3), (4, 5, 6), (7, 8,9), (10, 11, 12). 
(b) (2, —2, 0), 65, 7, 11), (-7, 3, 12), qd, 1, 1). 
(c) ql, ~l, 1), (7, 18, 27), (5, 2, 1), (6, 3, 4). 

4. Use determinants to indicate the equation of the plane on the four 
points or the equations of the faces (planes) of the tetrahedron in (a) Exercise 
3(a), (b) Exercise 3(b), (c) Exercise 3(c). ; 

5. Describe the graphs in the plane of the sets of equations in Exercise 
5(a)-(d), Section 5-12. 

6. Describe the graphs in space of the sets of equations in Exercise 5(e)—(i), 
Section 5-12. 

7. Give the ranks of the matrix of the coefficients and the augmented 
matrix of a system of equations representing 

(a) three planes having a unique point in common, 

(b) three distinct planes having a line in common, 

(c) three planes having a plane in common, 

(d) three parallel planes, 

(e) two parallel planes and a third plane intersecting them, 

(f) two coincident planes and a third plane intersecting them, 

(g) two coincident planes and a third plane parallel to them, 

(h) three distinct planes such that the pairs of planes intersect in three 
parallel lines. 
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8. Prove [16; 87] that the line determined by the intersecting planes 


Ane + by + Cz + dy = 0, 
aye + boy + co + de = 0 
has direction numbers 
by Cy 
be Co 


ay bt, 
a2 be 


a 
’ 
C2 ag 


? 


(Hint: Use Exercise 9, Section 5-12. Direction numbers are defined in 
analytic geometry texts that include solid geometry.) 
9. Apply the result of Exercise 8 to the lines determined by 
(a) e+y~2+2=0,2-y+22—5=0, 
(b) 22 + 38y —2-3=0,2 —5y+24+2=0. 


5-15 Geometric transformations. The importance of transforma- 
tions in geometry is indicated by Felix Klein’s definition: Any ge- 
ometry is a study of properties (expressed by definitions and theorems) 
left invariant under a group of transformations. For example, in 
Euclidean geometry we study properties such as length, area, magni- 
tude of angles, parallel lines, similar and congruent triangles that 
remain invariant under rigid motions, i.e., translations and rotations. 
Each of these transformations may be expressed as a matrix with 
reference to a coordinate system. 

Given the ordinary zy-plane used in analytic geometry, we may 
represent any translation in the plane by the system of equations 


(5-34) v=zet+a y=yt+bd. 
For example, using the axes in the conventional positions, if every 
point is moved two units to the right, we have 

v=2t+2, y=y; 
if every point is moved three units down, we have 

v=a, y’=y—3; 
if every point is moved two units to the right and three units down, 
we have 

gee=2x+2, y=y-3. 

In general, since any translation in the plane may be considered 
as the result of a motion along the z-axis and a motion along the 
y-axis, we have (5-34) for any translation in the plane. Similarly, 
one proves in analytic geometry that any rotation about the origin in 
the plane may be expressed in the form 


(5-35) z=xcos@—ysind, y’=xsin6+y cosd. 
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Also one may prove that if the rotation (5-35) is followed by the 
translation (5-34), we have a transformation of the form 


x =xecosd—ysnédta, y’=xsn6+ycosé+b. 


We now consider methods of indicating these transformations by 
means of matrices. 
Each of the above transformations is represented by equations of 


the form 

v’ = Aye + ayy + dis, y! = At + dey + are. 
Furthermore, each transformation is completely determined by the 
a;’8, that is, by a matrix of the form 


ae mak 
Qo1 Ago Ae3 
We extend this matrix and use a third order matrix of the form 


Qi Qin ais 
Qgr Aeq A93 |p 
0 oO 1 


obtained by adding the third row of the identity matrix (Exercise 6) 
so that the matrices of two transformations may be multiplied (Sec- 
tion 5-10) and the matrix of the product will have the same form 
as the given matrices. We shall find that an ordered product of the 
matrices of two transformations is the matrix of a transformation ob- 
tained by applying the two given transformations one after the other 
in a certain order. This property underlies many of the exercises 
at the end of this section. 

We have now seen that any translation (5-34) and any rotation 
about the origin (5-35) may be respectively represented by the 
matrices 


10a cos@ —siné@ 0 
O 1 bf and |sin@ cosé Q]- 
001 0 0 1 


Similarly, any point (z, y) in the plane may be represented by a 
matrix. Also as before, the form of the matrix is chosen to allow 
multiplication of certain matrices. We shall use a matrix with one 
column and three rows 

x 


y . 
1 
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This convention will enable us to express the equations of a trans- 
formation as a single equality in terms of matrices. 

Two matrices are said to be equal if and only if they have the same 
number of rows, the same number of columns, and corresponding 
elements are identical. Two matrices related by elementary trans- 
formations (Exercise 16, Section 5-10) are of the same rank but are 
not necessarily equal in the sense considered here. The equality of 
two matrices of mn’elements is equivalent under the above definition 
to a system of mn equations. Thus by multiplying matrices, we 
may express the translation (5-34) by the equation 


zg’ 104 x zt+a 
y j=10 1 bf-}yl=fyt+od]- 
1 001 1 1 


Since the first and last matrices are equal if and only if corresponding 
elements are equal, the above equality of matrices is precisely equiva- 
lent to (5-34). Similarly, (5-35) is equivalent to 


x! cos@é —siné@ 0 x 
y |=|sin@ cos@ O|-]y}- 
1 0 0 1 1 


The relationship between the expression of a translation or rota- 
tion in terms of a system of linear equations in the coordinates and 
in terms of a matrix (in one sense the coefficient matrix of the system 
of equations) may be quickly grasped (Exercises 1 and 2), so that one 
representation is as easy to obtain as the other. One advantage of 
the matrix representation arises from the ease with which the result 
of a sequence of transformations may be obtained as the product 
(taken in reverse order) of the corresponding matrices. The trans- 
lation obtained as a sequence of two translations considered above in 
the explanation of a translation may be expressed as 


10 0 1 0 2 10 2 
0 1 -3]-/O0 1 OJ=;0 1 —-8]- 
0 0 1 00 1 0 0 1 


In the special case of two translations, the order of multiplying the 
matrices is unimportant (Exercise 5), but in general we shall find 
that order must be considered. 

The transformation obtained as the result of considering two trans- 
formations in order is called the ordered product of those two trans- 
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formations. Similarly, we may consider the ordered product of any 
finite number of transformations. The importance of order is indi- 
cated by the fact that if the translation (5-34) is followed by the 
rotation (5-35), one obtains 


cos@ —sin@ acosé6—bdsin 6 
(5-36) sin @ cos@ asin 6+ )cosé@ ], 
0 0 1 


whereas if the rotation is taken first and followed by the translation, 
we have 
cos@ —sin@ a 
(5-37) sin@ cosé b|- 
0 0 1 


These results may be readily verified by multiplying the matrices of 
the transformations in the opposite order from that in which the 
transformations are used (Exercise 3). 

The fact that (5-36) and (5-37) are in general different indicates 
that the effect of a translation followed by a rotation is different from 
that of the rotation followed by the translation. For example, con- 
sider the translation x’ = x + 2, y’ = y, and the rotation x’ = —z, y’ 
=~y. The point (8, 6) is taken to the point (5, 6) under the trans- 
lation (assuming that the coordinate system remains fixed) and the 
point (5, 6) is taken to (—5, —6) under the rotation, i.e., the trans- 
lation followed by the rotation takes (3, 6) to (—5, —6). Similarly 
the point (3, 6) is taken to the point (—3, —6) by the rotation and the 
point (—3, —6) is taken to (—1, —6) by the translation, i.e., the rota- 
tion followed by the translation takes (3, 6) to (—1, —6). Thus we 
find that the application of transformations and the multiplication of 
matrices are noncommutative operations (Exercise 4). 

The transformations (3-34) to (8-37) of Euclidean geometry may 
be considered as special cases of the transformations of more general 
geometries. Any transformation (affine transformation) of the Eu- 
clidean plane into itself [52; 117-118] may be represented by a matrix 
of the form 


aq by Cy 
(5-38) ag bs Co 

0 6G 1 
where aib; — ab, ¥ 0. If by = a2 = Oand a, = & = 1, then es) rep- 
resents a translation; if ¢; = co = 0, a1 = be, a2 = —b and aj + aj = 1, 
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then (5-38) represents a rotation. Any rigid motion in the plane 
(Euclidean transformation) may be expressed as the product of a 
translation and a rotation (possibly in space) and may be represented 
by a matrix of the form 


ab «eg 
(5-39) —be ae ce, |> 

0 0 1 
where a? + b? = 1 and e? = 1 (Exercises 13, 14). When e = 1, (5-39) 
is equivalent to (5-37) (Exercise 15); when e = —1, a rotation in space 


or a line reflection in the plane must be included. 

Since any geometry may be considered as a study of properties 
invariant under groups (Exercise 9) of transformations and these 
transformations may be represented by matrices, this section could 
be expanded into a whole book. We have simply indicated how two 
common transformations could be expressed in terms of matrices 
(5-34) and (5-35) and indicated that these transformations are 
merely special cases of more general transformations such as (5-38) 
in geometries that include the Euclidean geometry as a special case. 
A thorough study of the manner in which Euclidean geometry is a 
special case of several other geometries may be found in [35]. 

In this chapter we have defined determinants of square matrices 
of any order n in terms of permutations and have discussed the use of 
determinants and matrices in the study of systems of linear equations, 
linear dependence, analytic geometry, and geometric transformations. 
Our discussion has, of necessity, been restricted to a small number of 
typical applications. More complete discussions of the theory and 
applications may be found in texts such as [9], [16], [39], [44], and [49]. 


EXERCISES 

1, Use matrices to represent the following translations: 

(a) w=2-ly=y+2, 

(b) e =2+2,y' =y+t+5, 

(c) # =2-3,y =y—4. 
2. Use matrices to represent rotations about the origin of (a) 30°, (b) 45°, 

(¢) 120°, (d) 180°, (e) 270°. 

3. Derive the matrices (5-36) and (5-87) from (5-34) and (5-35). 
4. Use the matrices 


abe de 
010; (0 01 
001 01 £0 


to illustrate the fact that multiplication of matrices is noncommutative. 
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5. Prove that the product of any two translations is (a) a translation, 


(b) commutative. 
100 
01 0 
001 


6. Prove that 
represents the identity transformation on the plane, i.e., when it multiplies 
or is multiplied by any other matrix of three rows and three columns, the 
product is the same as the other matrix. 

7. Write the products of the transformations found in the following 
exercises as single transformations, using matrices: (a) Exercises 1(a) and 
2(a); (b) Exercises 1(a) and 1(b); (c) Exercises 1(b) and 2(c); (d) Exercises 
1(c) and 2(d); (e) Exercises 1(c) and 2(e); (f) Exercises 2(a) and 2(d). 

8. Use the result of Exercise 6 and show that the translation 7’ = x — a, 
y’ = y — b is the inverse of (5-34). 

9. A set of affine transformations (5-38) forms a group if the set contains 
the inverse of every transformation of the set and the product of every pair 
of transformations of the set. Prove that this definition is in accord with 
the general definition of a group given in Section 1-14. 

10. Prove that the set of all translations (5-34) forms a group. 

11. Prove that the set of all rotations about the origin forms a group. 

12. Prove that the set of all affine transformations (5-38) forms a group. 

13. Prove that (5-34) and (5-35) each have the form (5-39), where 
+P e=1, 

14. Prove that (5-36) and (5-37) each have the form (5-39), where 
e+ =e = 1. 

15. Prove that (5-39) may be put in the form (5-37) when a? + b? = e = 1. 
16. Prove that a translation is determined by one pair of corresponding 
points. 

17. Any point reflection may be expressed in the form 


v=-rt+a, y=—-ytb. 
Give the corresponding representation of a point reflection by a matrix. 
Does the set of all point reflections form a group? Explain. 

18. Prove that the product of an even number of point reflections is a 
translation. 

19. Prove that the product of an odd number of point reflections is a point 
reflection. 

20. Prove that the set of all point reflections and translations forms a 
group. 

21. Any dilation may be expressed in the form 


vz =axzrt+b, y’ =ayt+e, where a =~ 0, 1. 
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Give the corresponding representation of a dilation by a matrix. Does 
the set of ail dilations form a group? Explain. 

22. The set of ali dilations and translations constitutes the set of homo- 
thetic transformations. Prove that the set of all homothetic transformations 
forms a group. 

23. Prove that the set of all matrices of the form 


Qu Giz a3 
Qn Ax day 
231 G32 3g 


with nonvanishing determinants forms a group. 
24. Prove that the set of all matrices of the form 
Qu Gia 13 aia 
Qa Geo Ge3 Oey 
G31 32 33 3g 
41 Gan G43 Ca 


with nonvanishing determinants forms a group. 


CHAPTER 6 
CONSTRUCTIONS 


Geometric constructions have an appeal to young and old. Chil- 
dren enjoy making table decorations for their birthday parties, Christ- 
mas, or other special events. Probably the pleasure of making paper 
baskets, pasting on the handles, and coloring the sides is enhanced 
by dreams of having the basket full of candy at the party. As the 
child grows older the appeal of geometric constructons may include 
playing with rulers, compasses, and protractors; making stars, mak- 
ing valentines, and later making geometric solids. Some adults turn 
from paper and paste to wood carving or metal work. Others make 
model trains, boats, and even complete model towns. A few decide 
to challenge mathematical authorities and try to solve the classical 
problem of trisecting an angle (Sections 6-6 to 6-8). To young and 
old the fascination of geometric constructions may bring many happy 
hours. : 

Throughout this chapter we shall be concerned with constructions 
in Euclidean plane geometry. We shall find (Section 6-4) that 
classical constructions using only straightedge and compasses may 
be used to perform the four rational operations and the extraction of 
square roots. Thus, given any line with an origin and a unit point to 
designate the unit of distance and positive sense or direction along 
the line, we may associate positive integers with points obtained by 
adding units along the line, negative integers with points obtained 
by subtracting units, rational numbers with points obtained by mul- 
tiplication and division. In other words, we may construct the set 
of rational points with respect to the given origin and unit point on 
the line. In general, we may construct with respect to the given 
points all points on the line with coordinates expressible in terms of a 
finite number of rational numbers, rational operations, and extraction 
of square roots. Furthermore, these are the only points on the line 
that may be constructed from the given points using only straightedge 
and compasses (Section 6-3). Thus there exist precise algebraic 
criteria for determining whether or not a given point on a line may 
be constructed from the given origin and unit of distance, using 
classical methods. Similarly, there exist algebraic criteria for de- 
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termining the constructibility of plane figures. These algebraic eri- 
teria provide the basis for our present consideration of geometric 
constructions in this study of fundamental concepts of algebra. We 
shall analyze classical constructions in the plane from an algebraic 
viewpoint (Sections 6-3 and 6-4), use our algebraic concepts to prove 
the impossibility of three famous classical construction problems 
(Section 6-6), and consider several nonclassical constructions (Sec- 
tions 6-7 and 6-8) of one of these problems, the trisection of arbitrary 
angles. 

This study of geometric constructions from an algebraic viewpoint 
provides a slight insight into the underlying relations between algebra 
(considered as a study of sets of numbers and variables and relations 
among them) and geometry (considered as a study of sets of points, 
lines, planes, etc. and relations among them). At the foundations of 
mathematics there are basic theories and concepts that apply equally 
well to algebra and to geometry. We have not endeavored to reach 
this common core of all mathematics. However, it is hoped that the 
consideration of the rational operations both algebraically and geo- 
metrically in this chapter and the geometric representation of certain 
common algebraic functions in the next chapter will give the reader 
some appreciation of the interdependence of algebra and geometry. 


6-1 Classical constructions. Geometric constructions may be 
classified in two sets, according to the methods and apparatus used. 
The early Greeks endeavored to make all elementary geometric con- 
structions using only compasses and a straightedge. The straight- 
edge may be used only to draw straight lines. One is not allowed to 
use the length of the straightedge, the width of the straightedge, or 
marks upon the straightedge. We shall refer to constructions made 
under these restrictions as classical constructions. Constructions made 
using marked rulers, protractors, linkages, etc. (Section 6-9) will be 
called nonclassical constructions. , 

Theoretically, constructions by straightedge and compasses are 
absolutely accurate. However, for all practical purposes they are 
neither more nor less accurate than constructions with protractor and 
marked ruler. Many of the problems considered difficult or impos- 
sible under the classical restrictions are simple when we use marks on 
the straightedge, protractor, parallel rulers, pantograph, angle tri- 
sector, linkages, and similar devices. Birkhoff and Beatley consider 
constructions with ruler and protractor [6; 165-171] as well as con- 
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structions with straightedge and compasses [6; 172-196]. Fourrey [20] 
considers several types of constructions, including constructions with 
straightedge only, constructions with compasses only, and construc- 
tions with straightedge and compasses. 

For both the classical and the nonclassical constructions we assume 
that all points, lines, etc. are in the same Euclidean plane. For the 
classical constructions we make the following five fundamental as- 
sumptions: 

G) Astraight line may be drawn through any two given points. 

(ii) A circle may be drawn with any given point as center and 
any given line segment as radius. 

Gii) The intersection of any two given nonparallel lines may be 
determined. 

(iv) The intersections of any given line and any given circle 
may be determined if such exist. 

(v) The intersections of any two given circles may be deter- 
mined if such exist. 

Every classical constsuction must consist of a finite number of 
steps with straightedge and compasses. Since the above five assump- 
tions include all possible steps with straightedge and compasses, 
every classical construction must consist of a finite number of steps, 
where each step depends upon one of the above assumptions. 


EXERCISES 


1. State algebraic assumptions equivalent to each of the above five 
fundamental assumptions for classical constructions. 
2. Make the following constructions, using only a straightedge [20; 3-24]: 
(a) Given a line segment AB and a line m parallel to AB, find the 
mid-point of the segment AB. 
(b) Given two parallel lines and a point P, construct a line throughs P 
parallel to the given lines. 
(c) Given the lines z = 0,2 = 1, y = 0, y = 1 of a coordinate system 
on a plane, make or describe constructions for the points (2, 0), (3, 0), (k, 0), 
(0, 2), (0, 3), (0, 2), (&, n), where & and n are any integers. 
3. Make the following constructions, using only compasses [20; 95-114]: 
{a) Given three points in a plane, determine whether or not they are 
collinear. 
(b) Given a line m with a segment AB marked upon it, construct a 
segment AF on m of length five times that of AB. 
(c) Given any two points A and B, construct, without considering the 
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line AB, a point C collinear with AB and such that the length of AC is twice 
that of AB. 

(d) Given the points (0,0), (0,1), (1,0), illustrate and describe a 
construction for any integral point (k, n) as in Exercise 2(c). 

4. Mascheroni discovered in the eighteenth century that any point that 
could be constructed using straightedge and compasses could also be con- 
structed using only compasses. Prove that all but the first of the above five 
fundamental constructions assumed for classical constructions may be 
performed using only compasses [13; 140-152]. 


6-2 Elementary classical constructions. Ever since the time of 
the early Greeks, geometers have been fascinated by the large num- 
ber of constructions that may be made using only straightedge and 
compasses, i.e., classical constructions. At present most high school 
geometry texts include some elementary classical constructions. In 
particular, [6; 172-196] contains an excellent presentation of classical 
constructions, including those listed as exercises at the end of this 
section. These exercises will serve primarily as a review of the com- 
mon constructions considered in secondary school. Hints are given 
in a few cases. Some of these constructions may be greatly simpli- 
fied by using advanced theorems of Euclidean geometry. It is also 
a good supplementary exercise to give geometric or algebraic proofs 
of each construction. Although the list of exercises is long and could 
have been much longer, there are also many constructions that are 
not possible using only straightedge and compasses. In the next 
three sections we shall consider an algebraic basis for stating whether 
or not a specified construction is possible using only straightedge and 
compasses. 


EXERCISES 


Construct the following, using only straightedge and compasses: 
1. The perpendicular bisector of a given line segment. 
. An angle equal to a given angle. 
. The bisector of a given angle. 
. A line through a given point and parallel to a given line. 
. The division of a given line segment into n equal parts. 
. The division of a given line segment into parts proportional to & 
given line segments. 
7. The fourth proportional to three given line segments, that is, » for 
r/s = m/n. 
8. The perpendicular to a given line at a given point (a) on the line, 
(b) not on the line. 


Da ohm & ND 


232 CONSTRUCTIONS [cHap. 6 


9. The mean proportional (geometric mean) between two given line 
segments, that is, s for m/s = s/n. 

10. The circle through three given noncollinear points. 

11. The circle cireumscribed about a given triangle. 

12. The circle inscribed in a given triangle. 

13. The center of a circle given an are. 

14. The tangent at a given point on a given circle. 

15. The tangents to a given circle from a given external point. 

16. The common external tangents of two given circles when such exist. 
(Hint: Given circles with centers O, O’ of radii r,r’ respectively, where 
r = r’, construct a circle about O of radius r — r’ and use Exercise 15, where 
the external point is taken as O’.) | 

17. The common internal tangents of two given circles when such exist. 
(Hint: This construction may be done in a manner similar to that used in 
Exercise 16 by first constructing a circle of radius r + r’ about 0.) 

18. A triangle having three sides given. 

19. A triangle having two sides and the included angle given. 

20. A triangle having two angles and aside given. (Hint: Given any two 
angles of a triangle, the third angle may be found using the fact that in 
Euclidean geometry the sum of the three angles of a triangle is a straight 
angle.) 

21. A triangle (not always unique) having two sides and an angle opposite 
one of them given. 

22. The trisection of a right angle. 

23. Regular polygons of three, six, and twelve sides inscribed in a given 
circle. 

24. Regular polygons of four, eight, and sixteen sides inscribed in a 
given circle. 

25. Regular polygons of five and ten sides inscribed in a given circle. 

26. A regular polygon of fifteen sides inscribed in a given circle. [Hint: 
Use a side or its central angle from a regular inscribed hexagon (six sides) 
and the same from a regular inscribed decagon (ten sides).] 

27. Regular polygons of three, four, five, six, eight, ten, and twelve sides 
circumscribed about a given circle. 


6-3 The algebraic viewpoint. The Greek geometers devised many 
constructions using straightedge and compasses. However, they 
tried in vain to solve by classical constructions such problems as the 
duplication of a cube, the quadrature of a circle, and the trisection 
of an angle (Section 6-6). During the nineteenth century, algebraic 
proofs were given to show that these three problems cannot be solved 
using only straightedge and compasses (Section 6-6). They can be 
solved, however, by using nonclassical constructions. In general, 
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the algebraic or analytic criterion for constructibility (Sections 6-4 
and 6-5) enables one to determine exactly which classical construction 
problems are solvable, i.e., which construction problems are solvable 
using only straightedge and compasses. For example, algebraic con- 
siderations led to the classical construction of a regular polygon of 
seventeen sides whose constructibility under the classical restrictions 
was not even suspected during the twenty centuries from the time 
of Euclid to that of Gauss [15; 353]. 

The algebraic statements of the five assumptions stated in Sec- 
tion 6-1 are: 


(i’) The equation of a straight line through any two given 

points may be determined. 

(ii’) The equation of a circle with given cénter and radius may 
be determined. 

(iii) The coordinates of the point of intersection of any two 
given nonparallel lines may be determined. 

(iv’) The coordinates of the points of intersection of a given line 
and a given circle may be determined if such exist. 

(v’) The coordinates of the points of intersection of two given 
circles may be determined if such exist. 


Each of the above results may be found algebraically using rec- 
tangular Cartesian coordinates, the four rational operations, and 
the extraction of real square roots. Conversely, using straightedge 
and compasses, only problems that are algebraically equivalent to 
the above can be solved. Therefore algebraic criteria exist for de- 
termining whether or not any specified construction may be accom- 
plished using only straightedge and compasses. These criteria are 
most easily stated in terms of the four rational operations and the 
extraction of square roots. In the following section we shall consider 
specific classical constructions, the basic classical constructions, that 
may be used to perform these five operations. 


6-4 Basic classical constructions. We have just pointed out that 
every possible classical construction must be algebraically equivalent 
to a finite number of steps involving only the four rational operations 
and the extraction of square roots. We now verify that these five 
operations may be accomplished using only straightedge and com- 
passes. 

Given line segments of length m and n respectively, we may easily 
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construct segments of length m,n,m-+n, and m—‘n on any given 
line. If we are also given a segment of unit length, we may construct 
segments of length mn and m/n as in Fig. 6-1. These two construc- 
tions make use of the fact that a line parallel to one side of a triangle 


z 1 
ews 
n 
m mn m min 


Fig. 6-1 


divides the other two sides in the same ratio. Thus we have the 
proportions mn :m=n:landm: (m/n) =: 1 respectively from the 
triangles in Fig. 6-1. We may now add, subtract, multiply, and 
divide line segments in the above sense using only straightedge and 
compasses, i.e., the four rational operations may be performed as 
classical constructions. 

The extraction of a square root is a special case of finding the geo- 
metric mean or mean proportional (Exercise 9, Section 6-2). The 
proof of this classical construction is 
based upon the fact that any triangle 


Cc 
inscribed in a semicircle is a right tri- 
angle. Thus AABC in Fig. 6-2 is a 
right triangle. The segment CD is per- . 


pendicular to AB at D, where AD=m 4 

and DB =n. Then triangles ADC and 

CDB are similar and AD/CD = CD/DB, 

whence CD = mn. The special case 

Vm in which we are primarily interested Fic. 6-2 

may be accomplished (take n = 1) for 

any given line segment of length m by classical methods whenever a 
segment of unit length is given (or may be obtained by classical 
methods from the given data). 

Given a segment of unit length and segments m and n, we may con- 
struct segments m+n, m—n, m-n, m/n and Vmn, that is, given a 
segment of unit length we have now verified that any given line seg- 
ments may be combined under the four rational operations and the 
extraction of square roots using only straightedge and compasses. 
Conversely, since every classical construction must consist of a finite 
number of applications of the five fundamental assumptions (Section 
6-1) and each of these may be performed using the four rational opera- 
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tions and the extraction of square roots, we have proved that every 
classical construction must consist of a finite set of the basic classical 
constructions. We now define a geometric plane figure as any set of 
points and lines in a plane, and we have 


TuHeroreM 6~—1. A geometric plane figure is constructible by straight- 
edge and compasses if, and only if, the rectangular Cartesian coordi- 
nates of its points (vertices, etc.) can be derived from those of the 
given figure by a finite number of rational operations and extractions 
of real square roots. 


All rational numbers and expressions such as V10 — 25 can be 
constructed by straightedge and compasses as soon as a unit is chosen. 
The above expression is the length of a side of a regular pentagon 
inscribed in a circle of radius two. In the next section we shall see 
that every such constructible expression is a root of an irreducible 
equation with integral coefficients having as.its degree an integral 
power of 2. 


EXERCISES 


1. Given a unit segment, construct segments of lengths 3, 2, 2,2 + V5, 
V3 + V2. 
2. Divide a given line segment into five equal parts. 
3. Divide a given line segment into parts proportional to three given 
line segments. 
4. Construct a five-pointed star. 
5. Construct a regular hexagon when its side is given. 
6. Given an obtuse triangle, construct the inscribed and circumscribed 
circles. 
7. Give an algebraic proof of the construction of a regular decagon 
[13; 122-123], [6; 191-194]. 
8. Given the z-axis, origin and point (1, 1) in a plane, construct points: 
(a) (4,0), (b) (-$,0), (©) (-5 + V2,0), (d) (2,3), (e) (V3, V5). 
9. As in Exercise 8, construct the graphs of (a) « = 5, (b) 22 + 3y = 6, 
(c) V3a + 4y = 2V3. 
10. Prove that the graph of any line with constructible coefficients may 
be constructed by classical methods. 
11. Prove that any circle 


e+yt+brtdyte=0 


with constructible coefficients may be constructed. 
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6-5 Construction of roots of equations. Any linear equation has 
a root that may be expressed in terms of the coefficients, using only 
rational operations. Thus any linear equation with constructible co- 
efficients has a constructible root where a number is said to be 
constructible if a corresponding line segment may be obtained from 
the given data under whatever restrictions are being considered. 
Throughout this section we shall be concerned with numbers that 
are constructible using only straightedge and compasses. 

Any quadratic equation may be put in the form 


(6-1) 2’-—ar+b=0. 
The roots of this equation are precisely [15; 355-356] the intersec- 
tions with the z-axis of the circle 


which reduces to 


when y= 0. Any quadratic equation with constructible coefficients 
may be put in the form (6-1), where a and 6 are constructible. The 
coordinates of the center and the radius of the circle (6-2) are then 
constructible. Thus the real roots of any quadratic equation with 
constructible coefficients may be constructed whenever such real 
roots exist. We have now proved 


THEOREM 6-2. If the coefficients of a linear or a quadratic equation 
may be constructed from the given data using only straightedge and 
compasses, then the real roots of the equation may be constructed 
using only straightedge and compasses. 


We next consider a few results for equations of degree greater than 
two. However, we shall not attempt to give a complete theory 
for these equations. 

In the ring of polynomiais with integral coefficients (Section 3-2) a 
given polynomial p(r) is reducible over the ring of integers (Section 
3-6) if and only if it may be expressed in the form p(x) = q(x) - r(z), 
where q(x) and r(x) are polynomials of positive degree with integral 
coefficients. In particular, any nonlinear polynomial with integral 
coefficients and a rational root is reducible over the ring of integers. 
If an irreducible equation f(z) = 0 with rational coefficients has a 
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constructible root r, it has a root that may be expressed using the 
rational operations and the extraction of square roots. Then (from 
more advanced theories of algebra) all the roots of f(z) = 0 are con- 
jugates of r and may be obtained from r just as 1 — 2 may be 
obtained from 1+ V2. For example, the number V 10 — 25 men- 
tioned at the end of Section 6-4 is a root of 24 — 20z? + 80 = 0. 
This equation has roots V 10 —2V5, V10 + 2V5, -V/10 — 2V5, 


—V10+2V5. In general, the degree d of any irreducible equation 
having a constructible real root must be of the form d = 2*, where 
k is a non-negative integer. This is intuitively evident, since any 
rational root is a root of an irreducible equation of degree 1 = 2° 
and any constructible surd root is one of an even number (including 
itself) of conjugate roots obtained from the given root by considering 
each of the radicals in turn as positive and negative. Let f(x) =0 
be a polynomial equation with rational coefficients having precisely 
the 2” conjugates obtained in this manner as roots. Then f(x) has 
degree 2”. This method of counting conjugate roots may, however, 
cause some roots to be counted more than once as, for example, when 
the given constructible number is 


V5—-V24V34V54 V2- V3. 


In such cases it can be shown [30; 5-12] that every root is counted 
exactly s times for some positive integer s where s divides m, and that 
if g(z) = 0 is an irreducible polynomial equation with rational co- 
efficients having the given constructible number as a root, then 
g(x) = 0 has as its roots the distinct roots of f(z) =0 and f(z) 
= c(g(x)]*, where c is a constant. Thus the degree d of g(x) satisfies 
the relation! d* = 2™, whence d = 2* for some positive integer k. As 
a consequence of this result, we have 


THEOREM 6-3. An irreducible polynomial equation with rational 
coefficients and of degree d, where d cannot be expressed as an integral 
power of 2, has no root that may be constructed from the unit distance 
using only straightedge and compasses. 


Note that one cannot construct all real roots of irreducible poly- 
nomial equations with rational coefficients and degree 2" for every 
integer m (Section 4-5). We shall find Theorem 6-3 very useful 
when we discuss some of the classical construction problems in Sec- 
tion 6-6. 
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EXERCISES 


}. List five irrational constructible numbers. 
2. Choose a unit segment and construct each of the numbers listed in 


Exercise 1. 
3. Give the set of conjugates associated with each of the numbers listed 


in Exercise 1. 
4. For each number listed in Exercise 1 give an irreducible equation with 
integral coefficients having the given number as a root. 
5. Given a coordinate system, construct the roots of the following equa- 
tions: 
(a) 82 —5 =0, 
(b) 22? — 64 —-1=0, 
(c) 2a? ++ 52 —3 = 0, 
(d) 2+ 327~1=0. 
6. Find the distinct conjugates of each of the following: 


14+v2, 2-vV3+4+ v2, Vie V2_-vi v3. 


7. Find an irreducible equation with integral coefficients satisfied by 


each of the numbers given in Exercise 6. 

8. Give three polynomial equations with integral coefficients that cannot 
be solved graphically using only straightedge and compasses. 

9. It can be proved [15; 379] that a regular polygon of n sides may be 
constructed using only straightedge and compasses if and only if 

n = Qype... Pm; 

where the p;’s are distinct prime numbers of the form 27° +1. Indicate 
in the above form all values of n S 30 such that a regular polygon of 7 sides 
may be constructed using straightedge and compasses. (One form of this 
result was first discovered by Gauss while he was still in his teens and greatly 
influenced his decision to devote his life to mathematics.) 


6-6 Famous construction problems. There are three classical con- 
struction problems that challenged geometers for many centuries: the 
construction of a cube with volume double that of a given cube (the 
doubling or “duplication” of a cube), the construction of a square 
with area equal to that of a given circle (the squaring or ‘‘quadra- 
ture” of a circle), and the trisection of any given angle. These 
problems were known to the early Greeks and solutions are still being 
proposed. However, we may now use algebraic criteria (Sections 6-3 
and 6-5) to establish that each of these problems is impossible under 
the classical restrictions. In Sections 6-7 and 6-8 we shall examine 
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a few nonclassical methods for solving the trisection problem and 
observe the manner in which each solution disregards the classical 
restrictions. 

The construction of a cube with volume double that of a given cube. 
This problem is sometimes called the Delian problem since, according 
to tradition, it arose when the oracle at Delos advised the Athenians 
to double the size of the altar of Apollo. If the edge of the given cube 
is taken as the unit of length, the problem requires that a segment of 
length x be constructed, where z?= 2. The equation 2? — 2 =0 is 
irreducible in the ring of polynomials with integral coefficients, since 
by Theorem 4-9 it does not have a rational root. Then by Theorem 
6-3 it does not have a constructible root. Thus it is not possible to 
construct z = “2 and the Delian problem cannot be solved using only 
straightedge and compasses. The problem may be easily solved by 
nonclassical methods. For example, we could sketch the curve y = 2° 
and find its intersection with the line y = 2. 

The construction of a square with area equal to that of a given circle. 
If we take the radius of the given circle as the unit of length, this 
problem requires the construction of a root of the equation x? = a. 
This is possible only if the transcendental (Section 1-10) number 7 
is constructible. We next observe that under the classical restrictions 
every constructible number is algebraic (Section 1-10) and therefore 
that no transcendental number may be constructed using only 
straightedge and compasses. Since every number constructible un- 
der the classical restrictions may be expressed in terms of the integers 
using rational operations and the extraction of square roots, every 
constructible number satisfies a polynomial equation with integral 
coefficients and accordingly is an algebraic number. Thus the trans- 
cendental number Vz is not constructible by classical methods, and 
the construction of a square with area equal to that of a given circle 
cannot be accomplished using only straightedge and compasses. 

The proof that is transcendental was first given by Lindemann in 
1882, but nonclassical constructions of have been known for many 
centuries [30; 55-80]. About 400 B.c. Hippias of Elis gave a non- 
classical construction of a curve known as the quadratrix [55; 19-20] 
that may be used to obtain mw and to trisect any angle. Briefly, 
given a quadrant of a circle OAB, as in Fig. 6-3, we consider a point 
Q moving at constant velocity along the arc AB and a point R moving 
at constant velocity along the radius OB in such a way that the two 
points start simultaneously from A and O respectively and arrive 
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simultaneously at B. At any time t, we may designate the positions 
of the points as Ri and Q,. The locus BPD of the intersection of the 
radius OQ, and the corresponding line 
through Ri parallel to OA constitutes the 
quadratrix. The quadratrix may also be 
obtained by sliding the point R along the 
line OB at a constant rate and rolling the 
circle about O at a constant rate. 

The equation of the quadratrix may be 
obtained from the relations 


(6-3) ye=cl, are tan y/z = Kt, 


where P: (x, y) is a general point of the quadratrix and ¢ indicates 
the time that the particles Q and R have been in motion. Let the 
unit of time be so chosen that R moves from O to B as ¢t varies from 
Otol. Then r/2 =k, and y/x = tan wt/2 is an equation of the quad- 
ratrix. If we also take the unit of length in such a way that OB = 1, 
we have 1 = c, whence y = t and x = t/tan (rt/2). When t = 0, this 
relation may be used to obtain OD = 2/x by using the methods for 
treating indeterminate forms that are discussed in the calculus. Thus 
2/m and therefore 7 may be constructed using the quadratrix, straight- 
edge, and compasses. 

The trisection of any given angle. This problem is still very popular 
in the sense that solutions are still proposed nearly every year. These 
solutions are necessarily nonclassical constructions, although often 
not so intended. We shall first consider an algebraic proof that the 
trisection problem is impossible under the classical restrictions and 
then (Sections 6-7 and 6-8) consider a few nonclassical solutions. 

The usual proof that there exists at least one angle that cannot be 
trisected using the classical methods makes use of a few trigonometric 
identities and an angle of 120°. Given an angle of 120°, we seek an 
angle of 40°. The construction of an angle of 40° is equivalent to 
the construction of a right triangle with hypotenuse unity and base 
cos 40°. Thus an angle of 120° can be trisected if and only if a seg- 
ment of length cos 40° can be constructed. From cos 120° = —3 
and the trigonometric identity 


4 cos? « — 3 cos x = cos 3z, 
we may obtain the relation 
4 cos? 40° — 3 cos 40° + 3 = 0. 
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Taking y = cos 40°, we have 
4y8 — 8y +3 =0. 
Multiplication by 2 and the substitution z = 2y now gives 
@—32+1=0. 
This equation has no rational root (Theorem 4~9) and therefore is 
irreducible in the ring of polynomials with integral coefficients. Then 
by Theorem 6-3 it has no constructible root and z = 2 cos 40° is not 
constructible, i.e:, an angle of 120° cannot be trisected and the trisec- 
tion problem is impossible under the classical restrictions. 

The above proof that no root z is constructible using Theorems 4-9 
and 6-3 may be rephrased in simpler language as follows. The only 
possible rational roots of the equation 2? — 3z + 1 = 0 must be inte- 
gers, since the leading coefficient is unity and any rational root must 
divide the constant term. Thus the only possible rational roots are 
+land-1. Since neither of these integers is a root, the equation has 
no rational roots. If the equation had a quadratic surd root such as 
a+bv2, it would also have the conjugate quadratic surd a — bV2 
as a root and the remaining (third) root would be rational. Since 
any number constructible by classical methods may be expressed in 
terms of integers using a finite number of rational operations and the 
extraction of square roots, every nonrational constructible number is 
one of a set of an even number of conjugates (including itself) (Sec- 
tion 6-5). Thus any equation with integral coefficients having a 
constructible surd root must have an even number of surd roots. In 
particular, any cubic equation with integral coefficients having at 
least one constructible surd root must have exactly two surd roots 
and one rational root. Thus the fact that the above cubic equation 
has no rational root implies that it has no constructible root. As be- 
fore, this implies that an angle of 120° cannot be trisected, whence not 
every angle can be trisected, and the trisection problem cannot be 
solved using only straightedge and compasses. In the next two 
sections we shall consider a few nonclassical methods for trisecting 
angles and see where they fail to observe the classical restrictions. 


EXERCISES 


1. Is it possible under the classical restrictions to divide an arbitrary angle 
into seven equal parts? Explain. 
2. Give a classical construction of any sixteen points of the ellipse 


P/4+y=], 
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3. Can the ellipse in Exercise 2 be completely graphed under the classical 
restrictions? Explain. 

4. Give a nonclassical construction of the ellipse in Exercise 2. 

5. State necessary and sufficient conditions on the coefficients of the 
equation Az? + Bry + Cy? + Dx + Ey + F = 0 in order that the complete 
graph of the equation may be drawn using only straightedge and compasses 
(Section 7-3). 


6-7 Nonclassical geometric trisections. The classical restriction 
that there should be no marks upon the straightedge is disregarded 
in one of the simplest and oldest constructions of the trisections of 
angles. This construction is attributed to Archimedes. It requires 
only compasses and a straight- 
edge with two marks on it. 
A ruler will serve very well. 

Given any acute angle ABC 
(Fig. 6-4) construct a circle of 
radius r about the vertex B. 
Let D be the intersection of 
the circle and the side BC. 
Extend the side AB through 
B. Onthestraightedge mark 
off the lengthr = BD. Now 
keep the straightedge on D 
and slide one mark along AB extended until the other mark contacts 
the circle at some point F. Draw DF and let it intersect AB at E. 
Then Z BEF=4Z ABC. This fact may be proved as follows: Draw BF 
and designate the angles, as in Fig. 6-4. Then EF = FB = BD =r, 
Z1=2Z2,23= 24. Since 23 is an exterior angle of triangle BEF 
and Z5 is an exterior angle of triangle BED, we have 23 = Z1+ 22 
=414+21,245= 214+ 24=414243=41+2Z1+ 21, and thus 
ZABC =3ZBEF. This is not a classical solution of the trisection 
problem, since marks are used on the straightedge. 

Another nonclassical solution of the trisection problem was de- 
vised by Hippias of Elis about 400 B.c. (Section 6-6). This method 
involves the quadratrix (Fig. 6-3). From the relations (6-3), we 
have 


Fig. 6-4 


ZAOQ: z ZAOQ, = OR: . OR,, 


whence angle AOQ: may be trisected by taking OR: = 30Ri, R.T 
parallel to OA, and drawing OTQ:. Then ZAOQ: = $4 AOQ. 


6-7} NONCLASSICAL GEOMETRIC TRISECTIONS 243 


This solution of the trisection problem does not satisfy the classical 
restrictions, since the quadratrix cannot be exactly drawn by classical 
methods. 

Several proposed solutions of the trisection problem consist of a 
sequence of steps such that lines may be drawn as close as desired to 
the required trisecting lines. These solutions do not satisfy the 
classical restrictions, since one must be able to draw the required 
lines in a finite number of steps. 

The popularity of the trisection problem is evident from the ever- 
increasing list of discoverers of methods for trisecting angles. The 
January 5, 1948 Chicago Sun carried an article entitled ‘“Trisect an 
Angle? Simple... He Insists.” The construction described in the 
article employs a circle with diameter equal to the width of the 
ruler used, places the upper left corner of the ruler along a certain 
line, and manipulates the ruler until the upper right corner meets 
another line. Although this construction does not use any marks on 
the ruler, it does use the fixed width of the ruler, contrary to the 
classical restrictions upon the problem (Section 6-1). 

The frequent appearance of methods for trisecting angles em- 
phasizes that mathematicians and teachers have not yet succeeded 
in making known the facts regarding the trisection problem, namely, 
that this problem can easily be solved by nonclassical methods but 
cannot be solved under the classical restrictions. 

There are many other nonclassical constructions for solving the tri- 
section problem [55]. Several of these involve the use of curves, 
such as the graph of 


x? + zy’? + ay? — 3ax? = 0, 


(Fig. 6-5) that cannot be con- 
structed using only straightedge 
and compasses. The curve in 
Fig. 6-5 is called the Trisec- 
trix of Maclaurin and may be 
used to trisect any angle. Given 
a Trisectrix of Maclaurin and 
any angle ABC, draw a line m 
through the point (2a, O) mak- 
ing an angle with the positive x-axis equal to the given angle. 
Find the three intersections Pi, P2, P; of the line m with the given 
curve. One of the lines P;O, where O is the origin, makes an angle 


Y 


Fig. 6-5 


244 CONSTRUCTIONS [cuap. 6 


with the positive x-axis equal to one-third of the given angle. It is 
not difficult to determine which of the three lines P;O is to be used, 
since one may quickly compare three times each of the three angles 
obtained with the given angle. This method of trisecting angles is 
discussed in many analytic geometry texts. It does not observe the 
classical restrictions upon the problem, in that it employs a curve 
that cannot be constructed using only straightedge and compasses. 

We have now considered several nonclassical constructions for solv- 
ing the trisection problem and have observed the manner in which 
each method has failed to follow the classical restrictions upon the 
problem. In the next section we shall consider a few mechanical 
trisectors. 

EXERCISES 


1. Use Archimedes’ construction and Exercise 22, Section 6-2 to find a 
method for trisecting angles of any size. 

2. Draw angles of approximately 80°, 150°, 250°, 300°, and 750°. Trisect 
each of the angles just drawn. 

3. Describe and illustrate Pappus’ nonclassical solution of the trisection 
problem, using straightedge, compasses, and the construction of a hyperbola 
[55; 22-23}. 


6-8 Mechanical angle trisectors. There are several types of me- 
chanical angle trisectors, varying in complexity from a coffee can 
cover with two sticks attached [4] to linkages (systems of bars con- 
nected by pin joints) in the construction of which very careful meas- 
urements must be made. 

The simple angle trisector mentioned above may be made from 
any circular disk. It is a variation of the Tomahawk [55; 37]. Let 
the radius of the disk be r, the center O. Attach a stick OPQ of 
length 2r firmly to the disk. Then attach a second stick PT tangent 

to the disk at P (Fig. 6-6). This device 
may be used to trisect any given angle 
ABC by sliding TP through B until the 
disk is tangent to one side of the given 
P angle, say at E, and Q is on the other 
gq side (Fig. 6-7). The right triangles QBP, 
OBP, and OBE are congruent, whence the 
lines BP and BO trisect the given angle. 

Archimedes’ construction (Section 6-7) provides a basis for a simple 

angle trisector made from four bars of wood [5]. Another type of 


Fic. 6-6 


6-8] MECHANICAL ANGLE TRISECTORS 245 


angle trisector, Sylvester’s Isoklinostat (Fig. 6-8), consists of four 
bars (OA, OC, OE, and OG) pivoted together at one end and joined 
by a system of shorter bars that 

keep the angles between the long Cc 

bars equal (Exercise 1, Section 6-9). E 

Since this type of mechanism could 
be used to divide an angle into any 
number of equal parts, it is called 
an “‘isoklinostat.”” The origin of 
Sylvester’s basic idea for this link- TB Q A 
age may be indicated by the follow- Fie. 6-7 

ing quotation from the title of the 

paper in which it was first pug “On a Lady’s Fan, . 

Another pile: ‘eee: 
tor (linkage) was devised 
by a London barrister, 
Alfred Bray Kempe, in 
1877. Kempe became in- 
terested in linkages after 
hearing Sylvester lecture 
on the subject. His angle 
trisector (Fig. 6-9) 
based upon similar con- 

Fic. 6-8 traparallelograms (quad- 
rilaterals with opposite 
sides equal and one pair of opposite sides crossing each other), 


ABCD ~ ADEF ~ AFGH, 


and can be used for any angle 
less than a complete revolu- 
tion. 

We have now proved that 
the classical trisection prob- 
lem is impossible and have 
seen that by using a protrac- 
tor, linkage, marked ruler, 
suitable given curve, etc., the Fic. 6-9 
trisection problem may be 
easily solved by nonclassical methods. The next section contains 
a more general discussion of linkages. 


oO 
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6-9 Linkages. A linkage may be defined as a system of bars 
connected by pin joints to allow deformability without sliding mo- 
tion. Between 1860 and 1895 considerable work was done with 
linkages. James Watt was dissatisfied with the mechanism used on 
the steam engine to change the straight-line motion of the piston into 
the circular motion of the wheels. This and more fundamental con- 
siderations led to a series of attempts to construct a theoretically 
straight line. Such a line (the inverse of a circle with respect to a 
point on it) was finally achieved by Peaucellier in 1864 and inde- 
pendently by Lipkin in 1871 [25]. Another solution was obtained by 
Bricard in 1895. The rapid development and popularity of the 
subject is illustrated by the fact that six of the twenty-six papers 
presented at the annual General Meeting of the London Mathe- 
matical Society on November 11, 1875 were on linkages. Probably 
the peak in this development occurred in 1876 when Alfred Bray 
Kempe presented to the London Mathematical Society a paper “On 
a General Method of describing Plane Curves of the nth degree by 
Linkwork,” showing how to construct a linkage to trace any plane 
curve f(z, y) = 0 of the nth degree. Thus, theoretically, the graph 
of any plane polynomial curve may be drawn by linkages. However, 
a glance at some of the diagrams of linkages for higher degree curves 
{45] will indicate that the linkages became too complicated to be useful 
in this respect. It has also been proved [2; 52] that no transcendental 
curve may be drawn using linkages. Recently, except for a few 
articles recommending their use as visual aids [36], [41] or material 
of general interest [25], [55], very little has been said about linkages. 

The recent lack of publicity on linkages does not, however, indi- 
cate that they are obsolete. Actually, many applications for link- 
ages have been found, and they are used 
a great deal. A description of the link- 
age computers developed at the Radia- 


fills a good-sized book. The panto- 
graph (Exercise 4, Fig. 6-10) is used 
for copying figures (similar figures) 
and for plotting equipotential points 
in an electrical field. The mechanism 
whereby public officials sign many checks at a time is a form of 
linkage. Nearly all machinery contains linkages — either obvious 
or disguised — as may be readily verified by consulting a textbook 


Fie. 6-10 


tion Laboratory during World War II 
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on mechanisms. From the teacher’s viewpoint, linkages can be very 
useful in showing students that geometry is not only static but also | 
dynamic [86], [41]. 

Linkages give rise to only one of several methods of nonclassical 
construction. We shall conclude this chapter with a brief general 
discussion of classical and nonclassical constructions. 


EXERCISES 


1. Given that the points A, B, C, D, E, F,G in Fig. 6-8 lie on a circle 
with center O, show that AOC = ZCOE = ZEOG if AH = HB =CJ 
= JD = EL = LF and BI = IC = DK = KE = FM = MG, where AH, 
HI, IJ, JK, LM, and MG are each single bars. 

2. Design a linkage that will divide any given angle into five equal parts. 

3. Give two examples of the use of linkages to illustrate dynamic (as 
contrasted with static) mathematical properties in dealing with geometrical 
figures. 

4. A pantograph may be constructed using two long bars AB, AC, and 
two short bars FD = AE, joined as in Fig. 6-10 such that AD = FE. 
Assume that the point Q on AB is held fixed and show that as P traces any 
figure, R traces a similar figure, where P, Q, R are collinear, i.e., show that the 
ratio QP/QR is constant. 


6-10 Summary. The three famous construction problems (Sec- 
tion 6-6) were formulated [2; 20] as early as the fifth century B.c. 
During that same century Hippias of Elis gave a nonclassical solution 
of the trisection problem using the quadratrix. A few years later 
this same curve was used to solve the problem of squaring a circle. 
Also the conchoid was used in the trisection of an angle and the 
duplication of a cube. Thus by the end of the third century 3.c. 
all three of these famous problems could be solved by nonclassical 
methods, the Greek mathematicians were reaching the peak of their 
development, the foundations of our plane geometry were being de- 
veloped by Euclid, and geometry as a science was beginning to 
emerge. However, mathematicians were to wait over two thousand 
years for sufficient development of algebra and geometry to prove 
that the three famous construction problems could not be solved 
using only straightedge and compasses. 

The early Greek mathematicians felt that every construction of 
elementary geometry could be made using only straightedge and 
compasses. Thus these classical constructions have played an im- 
portant role in the development of geometry. In one sense they are 
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the forerunners of projective geometry. In the tenth century, an 
Arabian mathematician considered constructions with straightedge 
and compasses with a fixed opening. Much later (nineteenth cen- 
tury) Poncelet and also Steiner proved that the constructions with 
straightedge and compasses are exactly equivalent to the construc- 
tions with straightedge and a fixed circle (2; 30]. In 1672 Georg 
Mohr and in about 1800 Lorenzo Mascheroni proved that only 
compasses were needed to obtain any point that could be constructed 
using straightedge and compasses. Analytic geometry was now being 
developed, and by the nineteenth century Gauss was able to obtain 
analytic criteria for the constructibility of regular polygons. Others 
discovered that the roots of the equations arising from the three 
famous construction problems could not be constructed, and thus 
that these problems could not be solved using only straightedge and 
compasses. 

Linkages developed rapidly during the last part of the nineteenth 
century. It was soon shown (Section 6-9) that every algebraic 
curve, and in particular a straight line, could be traced using linkages. 
Beginning about this time and continuing into the present century 
Felix Klein contributed a great deal to our understanding of nearly 
all the above material through his famous lectures. 

In the present chapter we have considered the classical construc- 
tions with straightedge and compasses in detail (Sections 6-1 to 6-6). 
We have also mentioned a few methods used in nonclassical con- 
structions (Sections 6-7 to 6-9). Marks on a ruler or suitable given 
curves may be used to trisect arbitrary given angles. Linkages may 
be used for a great variety of constructions. A regular polygon of any 
finite number of sides may be inscribed in a given circle, using a pro- 
tractor. Some devices such as those just mentioned enable one to 
solve problems that cannot be solved by classical methods. Other 
common devices, such as dividers, parallel ruler, fixed square, fixed 
circle, merely permit short-cuts in some classical construction prob- 
lems without making it possible to solve any additional problems. 
In general, any construction problem is solvable if there are no re- 
strictions upon the methods that may be used; some construction 
problems are not solvable (Theorem 6-1) when only straightedge 
and compasses may be used. Accordingly, we have used the results 
obtained by Gauss, Klein, and others, considered many common 
classical constructions, developed an algebraic criterion for determin- 
ing whether or not a given construction may be performed using only 
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straightedge and compasses, applied this criterion to several classical 
problems, considered a few nonclassical constructions, and briefly 
mentioned some modern applications of these methods in teaching 
and industry. 

We have emphasized the famous classical construction problems 
(Section 6-6) and especially the trisection problem. This problem 
has been used to illustrate the application of algebraic methods to the 
solution of classical construction problems. We have seen that al- 
gebraic theories may be used to show that all attempts to obtain a 
classical solution are necessarily in vain. This application of alge- 
braic theories to geometric constructions provides one example of the 
interdependence of algebra and geometry. The remaining chapter 
provides another example of this interdependence through a consid- 


eration of graphical representations of certain common algebraic 
functions. 


EXERCISES 


1. Construct regular polygons of 6,7, 8, and 9 sides. 

2. Specify which of the following sets of numbers contain only con- 
structible numbers under the classical restrictions: integers, rational numbers 
algebraic numbers, real numbers. 

3. Repeat Exercise 2 for numbers constructible using linkages. 

4. Describe three modern machines in which linkages are used. 

5. Describe the linkages in three instruments or common machines that 
you have used. 


6. Discuss Gauss’ contribution to the study of constructions. 


CHAPTER 7 
GRAPHICAL REPRESENTATIONS 


Integers, rational numbers, constructible numbers (Section 6-4), 
real numbers (Section 1-12) may be represented as points on a line 
in Euclidean geometry. Complex numbers may be considéred as 
ordered pairs of real numbers (Section 1-15) and represented as 
points in a plane in Euclidean geometry. Any single-valued function 
of a real variable « may be used to obtain ordered pairs of numbers 
and may be represented graphically. These representations underlie 
our present consideration of algebraic concepts in terms of geometric 
concepts. Throughout this chapter we shall be primarily concerned 
with the graphs in (real) Euclidean spaces of algebraic functions with 
real coefficients. We shall consider the graphs of several types of 
functions, various methods of constructing the graphs, and several 
applications of graphs and graphical methods. 


7-1 Euclidean and complex spaces. The one-to-one correspond- 
ence (Cantor-Dedekind Axiom, Section 1-12) between the set of 
points on a line in Euclidean geometry and the set of real numbers 
provided a basis for a geometrical interpretation of the four rational 
operations in Chapter 6. These concepts can be used to develop 
an isomorphism (Section 1-8) between the set of points on a line in 
Euclidean geometry and the set of real numbers. There also exist 
isomorphisms between pairs of real numbers and the set of points 
on a Euclidean plane, triples of real numbers and the set of points in 
Euclidean 3-space, and, in general, n-tuples of real numbers and the 
set of points in Euclidean n-space. 

On the basis of the above isomorphisms, any point on a line in Eu- 
clidean geometry may be uniquely identified by one real number 
(coordinate), any point on a Euclidean plane may be identified by 
two real coordinates, any point on a Euclidean 3-space by three real 
coordinates, ..., any point on a Euclidean n-space by n real coordi- 
nates. Thus in Euclidean geometry we speak of a line as a one- 
dimensional space, speak of a plane as a two-dimensional space, and, 
in general, discuss n-dimensional Euclidean spaces for any positive 
integer 7. 
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It is also often convenient to refer to a set of points that may be 
made isomorphic with the set of complex numbers as a one-dimen- 
sional complex space. Since a complex number may be considered 
as an ordered pair of real numbers, a one-dimensional complex space 
is isomorphic with a Euclidean plane. Similarly, a space with two 
complex coordinates is isomorphic with a Euclidean 4-space. In gen- 
eral, a complex n-space is isomorphic with a Euclidean 2n-space. 

We have not explicitly considered distance or metric relations in 
the above brief descriptions of Euclidean and complex spaces. Ina 
complete treatment, the distance relations would be involved in the 
establishment of the isomorphisms mentioned above. 

Any function of n variables that vanishes for one or more sets of 
real values of the variables (real n-tuples) has a graph in a (real) 
Euclidean n-dimensional space, i.e., the set of all points with coordi- 
nates (n-tuples) that make the function zero. The function x? + y 
— 1 has the unit circle about the origin in the Euclidean zy-plane as 
its graph. The function z?+ y?+ 1 has no real zeros and is said to 
have a vacuous graph in the zy-plane. Thus a polynomial function 
of n variables may or may not have a nonvacuous graph in a Euclidean 
n-space (Section 7-2). 

The situation is quite different in a space with complex coordinates. 
Every polynomial f(x) with complex coefficients and of positive degree 
has a graph in a space with one complex coordinate (Theorem 4-3). 
For example, x? — 1 has as its graph the points +1 and —1, whether 
the points are considered to be on the real line or a space with one 
complex coordinate such as that discussed in Section 1-16 ;@4+1 
has a vacuous graph on the real line but has the points 7 and —7 as 
its graph in a space with one complex coordinate. This property of 
polynomials f(x) may be extended (Exercises 4, 5, and 6) to show that 
every algebraic function of n variables has a nonvacuous graph in a 
space with n complex coordinates. 


EXERCISES 


1. Give four functions of three variables (a) that have a nonvacuous graph 
in Es, (b) that have a vacuous graph in E;. 

2. Give three functions of n variables (a) that have a nonvacuous graph 
in E,, (b) that have a vacuous graph in F,. 

3. Prove that any polynomial in one variable with complex coefficients 
has @ nonvacuous graph in a space with one complex coordinate. 
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4. Prove that any polynomial in » variables with complex coefficients has 
& nonvacuous graph in a space with n complex coordinates. 

5. Prove that any algebraic function in one variable with complex coeffi- 
cients has a nonvacuous graph in a space with one complex coordinate. 

6. Prove that any algebraic function of n variables with complex coeffi- 
cients has a nonvacuous graph in a space with n complex coordinates. 


7-2 Polynomials. Any linear polynomial in n variables with real 
coefficients always has a real graph in a Euclidean n-dimensional 
space £,. This graph is a point in #, a line in E, a plane in E&;, 
and, in general, a hyperplane in Z,. Thus a real linear function of n 
variables has as its graph an E,_, in E, for all positive values of n. 
Each of these graphs, E,-1 spaces, divides the corresponding EF, into 
two regions, on one of which the function is positive and on the other, 
negative. The graphs are called linear subspaces and play an im- 
portant role in many advanced mathematical theories. 

Given any linear equation in n variables (n > 1) with real co- 
efficients, arbitrarily many real n-tuples of numbers for which the 
equation is satisfied may be found by rational operations. Thus the 
coordinates of arbitrarily many points on the graph may be found by 
rational operations. The graph is completely determined by 7 lin- 
early independent (Section 5-13) n-tuples (points). For example, a 
plane is completely determined by three points that are not on the 
same line (Section 5-14) and, in general, an #,_ is completely deter- 
mined by n points that are not on the same E,-2. When the co- 
efficients of the m variables and the constant term are all real and 
different from zero, the n real, distinct points at which the graph 
intersects the coordinate axes completely determine the graph. 

Any polynomial of degree n in one variable with complex co- 
efficients has n complex zeros (Theorem 4-2). A polynomial of de- 
gree n with real coefficients has n complex zeros but may or may not 
have real zeros, as the examples x? — 1, 7+ 1 given above illustrate. 
Thus a real polynomial equation in one variable may or may not have 
a nonvacuous graph on the real line. By exactly the same reasoning, 
a real polynomial in two variables may or may not have real zeros 
corresponding to a given value of one of the variables. For example, 
x’? + y? — 25 has zeros +3 and —3 when z = 4, but no real zeros when 
x=6. Ifa polynomial such as x? + y? + 1 has no real zeros for every 
real value of x, it has a vacuous graph in the Euclidean plane. In 
general, if a polynomial in n variables has no real zeros for every 
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real set of values for » — 1 of the variables, it has a vacuous graph 
in Euclidean n-space. 

The graph of a polynomial divides the space into regions on which 
the polynomial has constant sign, since any polynomial is a continu- 
ous function of its variables. A polynomial in one variable changes 
sign if and only if the variable passes through a zero of odd multi- 
plicity (Section 4-13). For two or more variables the path of the 
general point (21, r2,..., Zn) in passing through a point on the graph 
of f(t1, t2, ..., z,) must be considered. For example, the poly- 
nomial z?-+ y?— 1 changes its sign at (1, 0) as the point (2, y) 
traverses the line y = 0, but does not change its sign at (1, 0) as the 
point (x, y) traverses the line x= 1. In general, the multiplicity m 
of an intersection point P of a curve C with the graph of a polynomial 
in n variables may be so defined that as the point (21, Xe,..., Zn) 
traverses the curve C, the polynomial changes sign at P if and only 
if m is odd. We shall define only the multiplicity of the intersection 
of a line and a polynomial curve in a plane. 

Suppose a given polynomial curve f(z’, y’) and a given line intersect 
at a point P:(s, t) with a multiplicity &, where k is to be determined. 
By the change of variables (translation, Section 5-15) t=2'—s, 
y= y'—1, the curve f(x +s, y+) =g(z, y) and the given line ex- 
pressed in the new coordinates intersect at the new origin with the 
same multiplicity & as the curve f(z’, y’) intersected the given line 
at P. The equation of the line now has either the form y = mz or 
the form x= 0. After substituting in these two cases, we consider 
respectively the polynomials gi(r) = g(x, mx) and g:(y) = g(0, y). 
The value of k is then determined by the fact that the terms of lowest 
degree in gi(x) or, if the line is x = 0, go(y) have degree k. According 
to this definition, a line and a curve that do not both pass through 
the point P are said to have an intersection of multiplicity zero at P. 

The graph of a polynomial in n variables divides a Euclidean 
n-dimensional space into a finite number of regions, on each of 
which the polynomial has constant sign. The general problem of 


determining these regions [the solutions of 0 < f (21, te, ..., Zn) and 
0 < —f(%1, %,...,2n)] and their boundaries [the solutions of 0 
= f(%1, t2,..., Xn)] has not been completely solved. However, con- 


siderable work has been done for polynomials in two or three vari- 
ables. In particular, we shall now consider real polynomials of degree 
two in two variables (Section 7-3) and real polynomials of degree 
two in three variables (Section 7-4). 
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EXERCISES 


1. Write a linear equation in 7 real variables and find a set of n points that 
determine its graph when n is (a) 2, (b) 3, (c) 4, (d) 5, (e) 6, (f) 10. 

2. Find the multiplicity of the intersection at the origin of the line y = 0 
with each of the following curves: 


(a) y = 2, (d) 23 + 32%y + 2? = 0, 
(b) z= y¥, (e) e+ y = 1, 
(c) y= 2, (ff) «<=0. 


3. Find the multiplicity of the intersection at the origin of each of the 
following lines with each of the curves in Exercise 2: (a) x = 0, (b) y = 2. 

4, Find the multiplicity of the intersection at (2, 1) of the line y = 1 with 
each of the following curves: 


(a) ety =3, (d) @- 2° +y =1, 
(b) + y = 5, (e) 2° = 8y, 
(ec) x = 2y’, (f) 2 -— 3y2 = 1. 


5. Repeat Exercise 4, using each of the following lines: (a) 2 = 2, 
(b) 2 = 2y. 


7-3 Conic sections. The general real quadratic equation in two 
variables has the form 


(7-1) Az’? + Bry + Cy? + De+ Ey + F =0, 


where the coefficients are assumed to be real and A? + B?+ C? = 0. 
The graphs of equations of the form (7-1) are called conic sections, 
since for every set of real coefficients for which (7-1) has a non- 
vacuous graph, the graph may be obtained as the intersection of a 
plane and a right circular cone (possibly degenerate). In this sec- 
tion we shall discuss briefly the development of the hyperbola, parab- 
ola, ellipse, and circle as the intersections of planes with a right 
circular cone, i.e., as plane sections of a right circular cone. We 
shall also mention several of the properties of these conic sections as 
a review of analytic geometry. 

A circle may be defined as the locus of points in a plane equidistant 
from a given fixed point Q of the plane. When there is a coordinate 
system (2, y) and a distance relation in the plane, the circle is the 
graph of a polynomial (2 — h)?+ (y—k)?— 7r?, where its center Q 
has coordinates (h, &) and the distance isr 2 0. A circle with r= 0 
is called a point circle and is classified as a degenerate form of the 
circle, 
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Consider a nondegenerate real circle with center Q and let P = Q 
be an arbitrary real fixed point on the line that passes through Q 
and is perpendicular to the plane of the 
circle. The locus of points on the set 
of lines joining P to points of the circle 
is called a right circular cone (Fig. 7-1). ee 
The cone has two nappes meeting at P. 

The locus of points on the set of lines 

perpendicular to the plane of the circle 

and through points of the circle is called | 

a right circular cylinder (Fig. 7-2) and 

may be considered as a limiting case of 

the cone as the distance PQ increases 
without bound. 

‘Let 7 be an arbitrary real plane and consider the right circular cone 
generated by lines through the fixed point P and a given nondegen- 
erate circle with center Q as above. Let the constant angle between 
the generating lines and PQ be a. A graph of the quadratic equation 
(7~-1) is said to be degenerate if and only if it is obtained by passing 
the plane x through P. This condition may also be expressed alge- 
braically [18; 215-219] as follows: The graph is degenerate if and 
only if A = 0, where 


Fig. 7-1 Fig. 7-2 


24 B D 
A=| B 2 £E|}- 
D E 2F 


A nondegenerate graph of (7-1) is a hyperbola, parabola, or ellipse 
according as B?- 4AC >, =, <0. Geometrically, these three cases, 
respectively, arise according as the smallest angle 6 between the plane 
x and the line PQ is <, =, > a (Fig. 7-3). (The normal to the plane 
makes an angle with PQ equal to the complement of @.) For ex- 
ample, consider the cone 327 + 3y? — z? = 0, with a = 30°. For any 
real number k the plane z = k, with 6 equal to a right angle, intersects 
the cone in a circle 3277+ 3y?—k®?=0; the plane z=2+hk with 
@ = 45° > a intersects the cone in an ellipse 2x7? + 3y* — 2xk — k? = 0; 
the plane z=2V3+k with 6 = 30° =a intersects the conic in a 
parabola 3y? — 2xkvV/3 — k? = 0; and the plane z = 22+ k with@ <a 
intersects the cone in a hyperbola 37? — x? — 42k — k? = 0. 

The degenerate conics may be identified algebraically or geometri- 
cally. From a geometric point of view (Exercise 1), a hyperbola 
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a<6 = 90° 
a<8< 90° 


may degenerate into two intersecting lines, a parabola into two co- 
incident lines or two parallel lines (using a right circular cylinder), 
and an ellipse into a point. The ellipse becomes a circle when 6 is 
a right angle. 

If the coordinate axes are rotated (Section 5-15) through an angle 
y, where tan 2y = B/(A —C) if A#C and y = 45° if A=C, it 
is shown (Exercise 6) in most analytic geometry texts that the equa- 
tion (7-1) takes on the form 


(7-2) A't? + C’y? + D't + E'y + F’ =0. 


It can also be shown (Exercise 7) that the numbers A + C, B? — 4AC, 
and A are unchanged by a rotation or translation of the coordinate 
axes [11; 100]. Thus B? — 4AC = —4A’C’ and the graph, possibly 
degenerate, of (7-2) is a hyperbola, parabola, or ellipse according as 
A’C’ <, =, > 0. Since A’ and C’ cannot both be zero in the quad- 
ratic equation (7-2), the general equation of a nondegenerate parab- 
ola may be written in one of the forms 


(7-8) (y—k)?=2p(@@—h) or («—h)? = 2p(y—k). 


Similarly, if A’C’# 0, let h = —D’/2A’ and k = —E'/2C’. Then a 
nondegenerate ellipse has an equation of the form 
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— 2 ane 2 
(7-4) fer —!) 4 wee md =1, 0<a, 0<b 


and a nondegenerate hyperbola has an equation of the form 
(y-k? (eh, 

a? bo 

The first parabola in (7-3) has axis y = k, vertex (h, k), and passes 
through the points (h + p/2,k +p). It may be defined in the plane 
as the locus of points equidistant from the line x = h — p/2 (called 
the directriz) and the point (h + p/2, k) (called the focus). 

The ellipse (7-4) has center (h, k) and, assuming a? > b’, the ends 
of its major axis are at (h + a, k), the ends of its minor axis are at 
(h, k + b), and its foci are at (h + Va? — bk). If a= b?, it is a 
circle. The ellipse may be defined in the plane as the locus of points 
P such that PF, + PF, = 2a, where F, and F; are the foci. 

The first hyperbola in (7-5) has center (h, k), ends of its major 
axis at (h + a, k), foci at (h + Va? + b?, k), and asymptotes b(a — h) 
= +a(y—k). It may be defined in the plane as the locus of points 
P such that PF, — PF, = + 2a. 

Thus the real graph (when such exists) of the general quadratic 
equation (7-1) may be obtained as the section of a right circular cone 
(possibly degenerate) by a plane and is called a conic section. The 
form of the graph may be specified in terms of the quantity B? — 4AC 
and the rank (Section 5-10) of the determinant A. The definitions 
of hyperbola, parabola, and ellipse as loci on a plane can be proved 
to be equivalent to the definitions as sections of a right circular cone. 
A very readable treatment of conic sections may be found in (38; 
102-138], a more complete treatment in [18; 171-236], a history of 
conic sections and quadric surfaces in [11]. 


(7-5) (x — me (y 7 k)? =] 


EXERCISES 


1. Draw figures illustrating how each of the following nonvacuous degen- 
erate conics may be obtained as a plane section of a right circular cone or ‘a 
right circular cylinder: (a) two intersecting lines, (b) two coincident lines, 
(c) two distinct parallel lines, (d) a point. 

2. Graph the following conic sections: 


(a) 2? + y? = 25, 
(b) 92? + 4y? = 36, 
(c) 92? — 4y? = 36, 
(d) =yt 2, 


(e) 27 ~ 2x = y, 
(f) = y?— 2y +5, 
(2) y=2—6r4+7. 


we 
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3. Identify the graphs of the following equations: 
(a) 2 — 2y2+ 382+y =5, 
(b) 2? — Qay+y?—22+y+7 =0, 
(ec) zy = 12, 
(d) 2? + Qey + y+ 22+ 2y4+1=0, 
(e) 327+ 2ay — y+ 5¢ —- 2y4+1=0, 
(f) 2+ 22y¥t+yY+e+y—-—6=0, 
(g) 2a? — zy + 3y — 42 + by = 0. 

4. Rewrite each of the equations in Exercise 3 in the form (7-2). 

5. Graph the conic sections in Exercise 3. 

6. Derive the equation (7-2) from (7-1) by considering the effect on 
(7-1) of a rotation (Section 5-15), showing how to choose an angle of rotation 
such that the zy term drops out, and expressing the new coefficients in terms 
of the old coetticients and the angle selected. 

7. Show that each of the following expressions is invariant under the 
rotation used in Exercise 6: (a) A + C, (b) B? ~ 4AC, (c) A. 

8. Find the rank (Section 5-10) of the determinant A corresponding to 
each equation in Exercise 3. Consider the general significance of the rank 
of A. 


7-4 Quadric surfaces. The graph of a quadratic equation 
F(z, y, z) = 0 in three variables with real coefficients is called a 
quadric surface. If one of the variables, say z, is missing in the equa- 
tion f(z, y,z) = 0, then f(z, y, z) may be written as f(z, y) and the 
graph in three dimensions (quadric surface) of the quadratic equation 
i(z, y) = 0 intersects every plane z = c in a conic section (Section 7-3) 
congruent to the graph of f(z, y) in the zy-plane. Throughout this 
chapter we shall speak interchangeably of the graph of f(z, y) =0 
and the graph of f(z, y). This terminology is analogous to our 
previous consideration of the roots of a polynomial equation f(z) = 0 
and the zeros of a polynomial f(z). The graph of f(z, y) in three di- 
mensions consists of all points on lines parallel to the z-axis and 
through points of the graph of f(z, y) in the zy-plane. The graph in 
three dimensions is a special case of a cylinder (not necessarily circu- 
lar). Formally, a cylinder may be defined as a surface consisting of 
all points on lines that are parallel to a fixed line and which pass 
through points of a fixed curve in a plane that is not parallel to the 
fixed line. Thus the graph of any real quadratic equation f(z, y, 2) 
= 0 having one of the variables missing may be considered as a 
cylinder having a coordinate axis as the fixed line and a conic section 
as the fixed curve in the coordinate plane that does not contain the 
fixed line. Any plane parallel to the plane of the fixed curve inter- 
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sects the cylinder in a conic section congruent (under a translation) 
to the fixed curve. 

Suppose f(z, y, 2) = 0 is any real quadratic equation in the three 
variables x, y, 2, and mz + ny + rz +d = 0 has any real plane as its 
graph (Section 7-2). Then at least one of the coefficients m, n, r is 
different from zero, and there exists a rotation in space such that 
under the new coordinate system the above plane has equation z = c 
and the quadric surface has equation g(x, y, z) = 0, where g(z, y, z) 
is a real quadratic polynomial. The intersection of the plane and 
the quadric surface is now on the cylinder g(z, y, c) = 0 and, since 
g(x, y, e) is a real quadratic polynomial in x and y, this intersection 
is a conic section. We thus find, by rotating the coordinate system 
such that the new z-axis is perpendicular to the’given plane, that any 
plane section of a quadric surface is a conic section. 

The graph of any quadric surface may be obtained by considering 
the plane sections (conic sections) parallel to the coordinate planes. 
For example, 62x? + a?y? = a’b?z, where 
ab ¥ 0 (Fig. 7-4), has an elliptic section 
in the plane z = ¢ for all positive values 
of c, a point for c = 0, and no real graph jE SS 
when c is negative. It has a parabolic WH__“|_| 
section for all real values of d@ when 
x= dor y =d, and is called an elliptic 
paraboloid. 

The problem of obtaining the quadric y 
surface from its plane sections parallel 
to the coordinate planes is exactly anal- 
ogous to that of obtaining a conic section Fig. 7-4 
from its line sections parallel to the coor- 
dinate axes. For example, the parabola y = x? intersects every line 
x =a in a single point and intersects the line y = b in two distinct 
points when 0 is positive, two coincident points when b = 0, and two 
imaginary points (vacuous graph in the Euclidean plane) when 6 is 
negative. The graph of the parabola can be visualized from these 
intersections, using the fact that the graph is continuous (Sections 
3-12 and 3-13). This method for determining graphs may be used 
for contour lines representing points of the same elevation on maps, 
isothermal lines representing points of the same temperature, and 
many other applications of level curves as discussed in some calculus 
textbooks. Thus, given any polynomial f(z, y), the problem of visu- 


Zz 
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alizing the surface z = f(x, y) from the plane sections in which z = c 
is the same as that of visualizing the topography of a landscape from 
the contour lines on a map. 

The method of determining graphs by means of sections may also 
be used to visualize graphs in four dimensions. In this case the 
sections are taken by three-spaces parallel to the coordinate three- 
spaces. For example, x? + y? = 1 may be graphed as a unit circle 
in the xy-plane or as a cylinder in three-space such that every section 
by a plane z = c is a unit circle. Similarly, x? + y?+ 2? = 1 may be 
graphed as a unit sphere in three-space or as a cylinder in four-space 
such that every section by a three-space w=c is a unit sphere. 
The limitations of this method in four-space, five-space, etc. lie in 
the fact that we are accustomed to three-dimensional space and in 
the powers of visualization developed by the individual using the 
method (Exercises 9 to 14). 

Some quadric surfaces, such as the hyperboloid of one sheet, 


xv y 2 
@e' pe 
(Fig. 7-5), contain straight lines and are called ruled surfaces. For 
example, consider the two pairs of planes 


Doe ¥)\ 
< e(1 +3) 0, 


c 


_Y K(E+£)=0 
aoc 
and 
eye -~¥)\_ 
ae m(1 :) 0, 


For every real value of & the intersection of the first pair of planes is 
a line on the quadric surface, 


obtained by eliminating & between the equations of the two planes. 
Thus one obtains a line on the quadric surface for each real value 
of k. Similarly, one obtains a second set of lines on the quadric 
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surface by considering real values of m in the equations of the second 
pair of planes. When complex coordinates and coefficients are used, 
every central conic (hyperbola or ellipse) has a ruled graph. Cones 
and cylinders are common examples of ruled surfaces in three-dimen- 
sional real space. Real quadric surfaces may be classified as ellip- 
soids, elliptic paraboloids, etc. in terms of the coefficients of the second 
degree terms and the number of lines of the surface through each 
point of the surface. Most analytic geometry texts consider a few 
special quadric surfaces. Our purpose in this section has been to 
indicate the existence of a rather complete theory and classification 
of quadric surfaces analogous to those for conic sections. Further 
details may be found in [11], [16], and [18]. 


EXERCISES 


1. Give a general real quadratic equation in three variables. 

2. Give the equations of five cylinders in three-space having different 
types of fixed curves. 

3. Graph the fixed curves of the cylinders given in Exercise 2. 

4. Graph the cylinders given in Exercise 2. 

5. Discuss the sections by all planes z = c of each of the following 
quadric surfaces: 


(a) 4a? + 9y? + 42 = 36, (da) 2+ Y= 2, 
(b) 2? = 2y, (ec) 2-2 =0, 
(ce) 2 -yY = 1, (f) 2? — 4y? = 82. 


6. Repeat Exercise 5 for all planes x = a and y = b. 
7. Graph the quadric surfaces in Exercise 5. 
8. Give the names of the quadric surfaces in Exercise 5. 
9. Discuss the graph of « — 1 in the following spaces: (a) z-axis, (b) zy- 
plane, (c) zyz three-space, (d) zyzw four-space, (e) xyzwu five-space. 
10. Repeat Exercise 9 for x? — 1. 
11. Discuss the graphs of x? + y? = 4 in the spaces in Exercise 9(b)-(e). 
12. Repeat Exercise 11 for y = z*. 
13. Discuss the graphs in the zyzw four-space of the polynomial equations 
in Exercise 5. 
14. Discuss the graphs in four-space of 
(a) P+ yY¥+24v'=1, 
(b) etyte2+wuw=l1, 
(ce) P+yY=2+ uv, 


15. How many lines on a cone (Fig. 7-1) pass through each point of the 
surface? 
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16. How many lines are there on each point of a cylinder in three-space 
having a nondegenerate conic section as its fixed curve? 

17. Given a general real quadratic equation in three variables (Exercise 1), 
write down its determinant A analogous to that for the general conic section 
in Section 7-3. 

18. Find the rank of A for each of the quadrie surfaces in Exercises 2 and 
5. Consider the general significance of the rank of A. 


7-6 Higher plane curves. The graphs in the zy-plane of poly- 
nomials f(z, y) of degree greater than two are called higher plane 
curves. These graphs have been completely classified when f(z, y) 
has degree three or four, i.e., for cubic and quartic curves. Many 
other curves have been extensively studied. In this section we shall 
define a singular point and, in particular, a double point. Then we 
shall classify double points and finally classify cubic plane curves 
in terms of their double points. A few general properties of higher 
plane curves will be mentioned. 

A point P of a curve such that every line through P intersects the 
curve with a multiplicity (Section 7-2) at least two at P is called a 
singular point of the curve. If some line through a singular point P 
intersects the curve with multiplicity two at P, then P is a double 
point. Any line is either entirely on (i.e., a component of) a curve 
of degree n or intersects the curve in at most n points. This can be 
proved using the fact that if an equation f(z, y) = 0 of degree n and 
the equation of the line are solved simultaneously, then the resulting 
equation in one variable is either identically zero or of degree at 
most n. Similarly, two curves of degree m and n either have a com- 
ponent in common or intersect in at; most mn points. Using such 

arguments, it can be shown that a 
curve of degree n can have at most 
$(n — 1)(n— 2) double points [23 ; 41-42]. 
In particular, a cubic curve has at most 
one double point (Exercise 1). 

* At an ordinary (nonsingular) point, a 
curve of degree n has a unique tangent; 
at a double point it has two tangents; 
and, in general, at a singular point P it 
has k& tangents when every line through 
P intersects the curve with multiplicity 

at least & at P and some line intersects the curve with multiplicity ex- 

actly k at P. 


y 
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Double points are classified as nodes when the tangents are distinct, 
cusps when they coincide. When the tangents are conjugate imagi- 
nary lines, the double point is called an acnode or isolated point. The 
Folium of Descartes, z*+ y° = 3ary (Fig. 7-6), has a node at the 
origin and the line z+ y+a=0 as an asymptote (Section 7-4), 
the semicubical parabola y? = x? (Fig. 7-7) has a cusp at the origin, and 
the curve y? = z?(x — 1) (Fig. 7-8) has an isolated point at the origin. 


y 


Fic. 7-7 Fie. 7-8 


Cubic curves are generally classified as follows, in terms of their 
double points: 


(i) Cubic curves without double points: elliptic cubics, 
(ii) Cubie curves with a node: nodal cubics, 
(iii) Cubic curves with a cusp: cuspidal cubics. 


Many of the properties of cubic curves may be found in [23; 139-243] 
and (26; 201-263]. 

Quartic curves may also be classified in terms of their singular 
points. Such a classification and many of the properties of quartic 
curves may be found in [23; 244-328] and [26; 264-349]. 

Plane curves of any degree n may be considered in terms of their 
double points and other singular points. In particular, any irre- 
ducible curve (Section 7-9) having its maximum number of singular 
points, ie., zero deficiency, is called a unicursal curve. A unicursal 
curve is characterized by the fact that the coordinates of every point 
on the curve may be expressed rationally in terms of a single pa- 
rameter. Unicursal curves are important in several mathematical 
theories. 

The next two sections contain further details on the graphing of 
higher plane curves. 
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EXERCISES 


1. Show that an irreducible cubic curve has at most one double point. 
2. Graph an example of each of the following curves and give its equation: 
(a) elliptic cubic, (b) nodal cubic, (c) cuspidal cubic. 


7-6 Rational functions. A polynomial f(z, y) in x and y with 
complex coefficients may be considered as a polynomial in y with 
coefficients from the ring of polynomials in x with complex coefficients. 
The equation f(z, y) = 0 then defines y as an algebraic function of x 
(Section 3-16). If f(z, y) is of degree n in y, there are exactly n com- 
plex values of y for each value of x such that the coefficient of y” 
does not vanish. Thus an algebraic function is not, in general, 
single-valued for n greater than one. For n= 1 we have /(z, y) 
= v(x)y — g(x) = 0, where p(x) and q(x) are polynomials in x. In 
this section we shall consider the special case y = q(x)/p(x), where 
p(x) and q(x) are relatively prime polynomials in x with real co- 
efficients. 

We shall be especially concerned with intercepts and asymptotes. 
The graph (Fig. 7-9) of the equation 2z + 3y = 6 has z-intercept 3 

y and y-intercept 2. In general, each in- 

tersection of a curve with a coordinate 

D) axis may be taken with the origin and unit 

point to determine a segment of signed 

length equal to the coordinate of the 

point of intersection. This coordinate is 

x called an intercept of the curve. In par- 

ticular, the real zeros of a function y = f(x) 
are the x-intercepts of its graph. 

An asymptote may also be easily described. Suppose a variable 
point P on the graph of f(x, y) moves so that one or both of its 
coordinates becomes indefinitely large. If simultaneously the point P 
approaches indefinitely near to a line ax + by+c=0, that line is 
called an asymptote of the graph of f(z, y). For example, 2’°y — 1 
has both the coordinate axes as asymptotes (Fig. 7-10); ry — 2y — 1 
has the lines = 2 and y=0 as asymptotes (Fig. 7-11). The 
asymptotes of the form y = ¢ are called horizontal asympitotes; those 
of the form x = ¢, vertical asymptotes. There also exist other asymp- 
totes as, for example, the line z + y + a = 0 in Fig. 7-6. 

The horizontal asymptotes of the graph of a polynomial f(z, y) 
may be found by equating to zero the coefficients of the highest 


Fig. 7-9 
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power of z in f(z, y). Similarly, the vertical asymptotes may be 
found by equating to zero the coefficients of the highest power of y. 
For example, zy — 2y — 1 has horizontal asymptote y = 0 and verti- 
cal asymptote x = 2 (Fig. 7-11). 
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The function y = q(x)/p(x), where g(x) and p(x) are polynomials 
in 2, is called a rational function of x (Section 3-3). We shall assume 
that q(x) and p(z) are relatively prime (Section 3-4). The graph 
of this rational function then has zx-intercepts at real roots of q(x) 
and vertical asymptotes corresponding to the real roots of p(z). 


The horizontal asymptotes may also be readily found (Exercises 2 
and 3). Let 


Q(x) = age” + at" +--+ +a, a0, 
p(x) = box™ + bx™ "+--+ + dn, bo #0. 


If n < m, the graph of q(x)/p(x) has the z-axis as an asymptote in 
both positive and negative senses. If n = m, the graph has the line 
Y¥ = o/b, as a horizontal asymptote in both senses. If n > m, there 
are no horizontal asymptotes. We may frequently also find other 
asymptotes of rational functions (Exercise 5). With these few rules 
and the fact that the function changes sign at a vertical asymptote 
x = 6 if and only if the root x = 6 is of odd multiplicity in p(x), the 
graphing of the rational function y = q(x)/p(z) is no more difficult 
than that of the polynomial z= p(x) - g(r). In fact, y and z have 
the same sign whenever z ¥ 0, since z = y[p(z)|?. 
Consider the example 
_ (% — 2)(a? — 4)(22 — 7) 
a 1P@ +3) 


y 
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The curve has 2, 2, —2, and % as x-intercepts, vertical asymptotes 
at x = 0, 1, 1, —3, horizontal asymptote y = 2. The general shape 
of the graph is given in Fig. 7-12. A more exact graph can be 
obtained by using the calculus to obtain the inflection points or 
simply by plotting a few additional points. 


y 


This method may also be used to graph functions of the form 
p(x) = q(x). First consider p(x)y = q(x) and then let t= +Vy. 
The graph in ¢ and z will be real only for those values of x correspond- 
ing to positive or zero values of y. For example, in order to graph 
the function 


f(x, 2) = x(@ — 1)?(@ + 3)8 — @ — 2)(2? — 4) (22 — 7) = 0, 


we first graph the corresponding equation, where y = @, as in the 
example above. From the above graph it is evident that the graph 
of f(z, t) is real only for values of x on the intervals x < —3, -2 S 
z< 0,2 =2,and7/2 < x. Then the point (2, 0) is an isolated point, 
the line x = —3 is a vertical asymptote, the lines ¢ = + V2 are hor- 
izontal aymptotes, and the graph of f(z, t) is of the form given in 
Fig. 7-13. 
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y 


Fig. 7-13 


EXERCISES 


1. Give the z- and y-intercepts of the following curves: 
(a) 2/a + y/b = 1, 
(b) y = a? — 22, 
(ce) (@ -—4)y = 2+ 5, 
(d) vy — Qzy —2?+246=0, 
(e) (2? — 2x — 3)y = a3 — 227+ 2, 
(f) (@ + 1)y? = x(x — 2)%(@ — 3). 

2. Consider y = g(z)/p(x) in the form yp(x) = g(x) and discuss the 
horizontal and vertical asymptotes, using the coefficients of the highest 
powers of the variables. 

3. The horizontal asymptote of y = ¢(x)/p(x) may be defined as y 
= lim q(x)/p(z) whenever the limit (finite) exists. Use the methods of 


Section 3-11 to verify that the statements made regarding horizontal asymp- 
totes in Exercise 2 are also valid under this new definition. 

4. Find the vertical and horizontal asymptotes of the curves in Exercise 1, 
whenever such exist. 

5. Write y = q(z)/p(z) in the form s(z)/p(xz) + r(x) where the degree 
of s(z) is less than that of p(x) and prove that the graph of the given rational 
function is asymptotic to the graph of the polynomial y = r(x). 
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7-7 Algebraic functions. A polynomial equation f(z, y) = 0, 
where f(z, y) is considered as a polynomial in y with coefficients 
from the ring of polynomials in x with complex coefficients, defines y 
ag an algebraic function (Section 3-16) and has as its real graph an 
algebraic plane curve. The concept of an algebraic function is an 
extension of the concept of a polynomial in that every polynomial 
p(x) satisfies f(z, y) = y — p(x), that is, a polynomial is a special 
case of an algebraic function that arises when f(z, y) has the form 
y — p(x). Similarly, a rational function (Section 7-6) is a special 
case of an algebraic function that arises when f(z, y) has the form 
p(z)y — g(z). 

We have seen (Section 3-10) that any polynomial p(z) is a single- 
valued function of x. Also, a rational function of x is single-valued 
whenever it is defined (Section 3-3). However, an algebraic function 
defined by a polynomial equation f(z, y) = 0 of degree n in y may 
have n values of y corresponding to a given value of z. For example, 
y’? — x = 0 associates two real values of y with each positive value 
of x. Our discussion in this section consists of a very brief introduc- 
tion of a graphical representation (the Riemann surface) of the n 
values of the algebraic function y (not necessarily real or distinct) 
corresponding to each value of x (Theorem 4~2). 

We have often spoken of a polynomial with real coefficients as a 
“real polynomial.” In some texts a curve is said to be real if the 
function f(x, y) has real coefficients. With this definition a real 
curve may have only imaginary points, as in the case of 2? + y? + 1. 
We shall adopt the terminology that the real graph of any curve is 
composed of the real points whose coordinates (real n-tuples) make 
the function vanish. 

When considering our number system in Chapter 1, we extended 
the rational number system to the real number system in order to 
obtain a continuous system (no gaps in the axis of real numbers). 
Then we extended the real number system to the complex number 
system with the property that every polynomial of degree n in a 
single variable with complex coefficients has exactly n complex roots 
(Theorem 4-2), i.e., the complex number system is algebraically 
closed. 

Analogous geometric statements can be made as follows. We 
considered a line of rational points in order to have the roots of all 
linear equations with integral or rational coefficients. This line was 
extended to the real line for the sake of continuity, i.e., so that any 
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curve joining points on “‘opposite sides” of a line will intersect the 
line. Finally, the real line was extended to the complex plane in 
order to represent all the roots of any polynomial in one variable 
with complex coefficients. 

A similar extension may be made geometrically in considering the 
graphs of algebraic functions. In a space with two complex coordi- 
nates, the equation y’ — x = 0 associates with every complex value 
of x exactly two values of y. These values of y are real and distinct 
when z is positive, real and equal when z is zero, conjugate imaginary 
when z is negative. Visualization of such a space is difficult, since 
it corresponds to a four-dimensional Euclidean space. The complex 
variable x is essentially defined over a Euclidean plane. The two 
values of y may be identified with two surfaces or sheets y = + Vz 
and y=— Vz. On this new surface of two sheets, called the 
Riemann surface of the function y? — xz = 0, the algebraic function 
y = f(x) is single-valued. The sheets of a Riemann surface often 
cross themselves at points (called branch points), since two planes in 
four-space may intersect ina single point. Even though this property 
makes visualization difficult, the concept of sheets has been found 
to be helpful. 

In general, there is associated with every algebraic function y(z), 
defined by a polynomial equation f(z, y) =0 of degree n in y, a 
Riemann surface of n sheets on which the function is single-valued. 
Essentially, the Riemann surface is the graph of the function in a 
space with two complex coordinates. Points on the Riemann surface 
in the neighborhood of the points corresponding to z = a may be 
studied using infinite series expansions (Section 3-11) in a variable 
t, where 2 =a+? [8; 32]. A thorough treatment of this rather 
intricate procedure may be found in [8]. 

The remainder of this chapter is devoted to a few practical proce- 
dures in the construction of real graphs, graphical solution of algebraic 
equations, and the determination of empirical equations. 


EXERCISES 


1. Give three of each of the following types of algebraic functions of z: 
(a) polynomial, (b) rational function but not a polynomial, (c) algebraic fune- 
tion but not a rational function. 

2. Indicate the number of sheets in the Riemann surface of each of the 
functions written down in Exercise 1. 
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7-8 Curve tracing. The tracing of the curve for a given equation 
may be performed by constructing the curve mechanically, by plot- 
ting numerous points with a certain degree of accuracy, or by 
plotting a few selected points and determining the shape of the curve 
from its symmetry, singular points, and asymptotes. We shall con- 
sider each of these methods briefly. 

Theoretically, the problem of mechanically constructing the real 
graph of any algebraic plane curve f(z, y) = 0 of degree n was com- 
pletely solved by Alfred Bray Kempe using linkages (Section 6-9). 
In practice, the linkages often become very complicated and cumber- 
some as 7 increases. However, many common plane curves may be 
conveniently constructed using linkages. Yates [54] indicates how 
to construct many curves mechanically, including the cardioid, 
cassinian, cissoid, conic sections, Lemniscate of Bernoulli, and 
Limagon of Pascal. We all use compasses to draw a circle and, 
possibly, a loop of string around pegs at the foci to draw an ellipse. 
Some people find a pantograph (Exercise 4, Section 6-9) and a few 
other mechanical devices very useful. However, most mechanical 
methods require too much equipment and often very special devices 
for ordinary use. 

The plotting of a curve of degree n by means of a large number 
of points can be difficult as well as tedious. The difficulties arise 
algebraically in that the roots of polynomial equations of degree n 
must be approximated, and they arise geometrically in that the 
sequence of points on the curve or the association of the points 
plotted may not be immediately obvious. In general, the method of 
simply plotting points is most useful for unicursal curves (Section 
7-5). 

Given the equation f(x, y) = 0 of the curve to be graphed, there 
are several methods for simplifying the procedure of plotting numer- 
ous points. In the first place, the points at which the curve inter- 
sects the coordinate axes are easy to plot and are usually at least as 
easy to obtain as any others: the z-intercepts are the real zeros of 
f(x, 0) and the y-intercepts are the real zeros of f(0, y). For example, 
w+ y — Se+y—6 has f(x, 0) = 2? — 52 — 6, whence the z-inter- 
cepts are 6 and —1; f(0, y) = y°+y— 6, whence the y-intercepts 
are 2 and —3. 

Secondly, the curve may be symmetrical to certain axes or points, 
so that only a portion of the graph need be carefully plotted and the 
remainder can be obtained by symmetry. For example, the graph 
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of y— 2? is symmetrical to the y-axis. In general,.the graph of 
f(z, y) is symmetrical 


to the z-axis if f(z, y) = f(z, -y), 

to the y-axis if f(z, y) = f(—z, y), 

to the origin if f(z, y) = f(—zx, —y), 
and to the line y = z if f(z, y) = f(y, z). 


Tests for symmetry with respect to many other axes and centers 
may be developed (Exercise 3), but the above are the most common 
and the easiest to apply (Exercise 2). 

Another concept that simplifies the plotting of points is that of 
excluded regions. Frequently there exist sets of values of a variable 
for which the graph has no real value. Such sets of values are called 
excluded regions. For example, the graph of y = x? has no real points 
for negative values of y; the graph of y* = 2x — x” has no real points 
when x < 0 or2 < z; the graph in Fig. 7-13 has no real points when 
-382<-2,0824<2,0r2<2< §. 

Frequently the behavior of a graph near the origin or some other 
point is of special interest. By means of a translation x’ = x — a, 
y’ = y— 6 the behavior at any point (a,b) may be studied as the 
behavior at the new origin. In general, the terms of least degree 
determine the behavior of the curve near the origin. Given any 
polynomial f(z, y), let g(x, y) = 0 be the polynomial equation ob- 
tained by equating the terms of lowest degree in f(z, y) to zero. 
If g(z, y) is constant and different from zero, the graph of f(z, y) does 
not pass through the origin. In any case all terms of g(x, y) are of 
the same degree, that is, g(r, y) is a homogeneous polynomial. A 
homogeneous polynomial of degree r in x and y with complex coeffi- 
cients may always theoretically be expressed as the product of r 
linear polynomials with complex coefficients. The graphs of the 
linear factors of g(x,y) are the tangents to the curve f(z, y) =0 
at the origin. For example, if f(z, y) = x? + y? — 3axry, where a ¥0 
(Fig. 7-6), then g(x, y) = —3axry and the tangents at the origin 
arez=QOandy=0. Similarly, the graph of 2? + zy? + ar? — ay? =0 
has tangents z+ y = 0 and x — y = 0 at the origin. 

We found horizontal and vertical asymptotes very useful in graph- 
ing rational functions (Section 7-6). In general, given any poly- 
nomial f(z, y) of degree n, the terms of degree n and n — 1 determine 
the behavior of the curve for large numerical values of the coordi- 
nates. Let h(z, y) be the homogeneous polynomial consisting of the 
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terms of f(z, y) of degree n. The real graphs of the linear factors of 
h(x, y) are parallel to the asymptotes of the graph of f(z, y). In the 
example f(x, y) = 23+ y?— 3ary (Fig. 7-6), A(x, y) = 23+ 3, and 
the only asymptote is parallel toz-+ y=0. In general, the equations 
of the asymptotes depend upon the terms of degrees n and n— 1 
[27; 13]. If A(z, y) does not contain a term x", let p(y) be the coeffi- 
cient of the highest power of z occurring in the original polynomial 
f(z, y). Then the graphs of the linear factors of p(y) are the hori- 
zontal asymptotes of f(z, y). A similar statement can be made 
regarding the vertical asymptotes, as illustrated by the rational 
functions (Section 7-6) when considered in the form p(zx)y — g¢(z). 
The general theory of asymptotes involves the Newton Diagram or 
the analytical triangle [27; 15]. 

We have now discussed the use of intercepts, symmetry, excluded 
regions, tangents at the origin (or any other specified point), and 
asymptotes in tracing the graph of a polynomial f(z, y). The 
singular points (Section 7-5) may also be effectively used. Frost 
[22] and Johnson [27] treat this subject in an elementary manner 
and do not assume any calculus. Hilton [26] makes very effective 
use of more advanced mathematical concepts. We shall conclude 
this section with a single example of the powerful methods used in 
more advanced texts, such as [26]. 

Given any polynomial f(x, y) of degree n, we may make each term 
of the polynomial of degree n by inserting a suitable power of z and 
thereby obtain a homogeneous polynomial f(z, y, z). For example, 
if f(z, y) = 23+ y3 — 3ay, then f(z, y, 2) = 23+ y3— 3zyz. We now 
use the notation f, to indicate the first partial derivative with respect 
to x of f(z, y, z), that is, the first derivative of f(z, y, z) with respect 
to x where y and z are considered as constants. Similarly, f., is the 
partial derivative of f, with respect to y, ete. Inthe case of f(z, y, z) 
= 23+ y8 — 3xyz, we have 


fz = 3x? — 3yz, fy = 38y? — 322, f, = —3zy, 
Sox = 62, Sv = 5y, fiz = 90, 
fey = fyz = —382, fue = fey = —32, fez = fas = —3y. 
The determinant of the second order partial derivatives of f(x, y, 2), 
fun dey te 
A(x, y,2) = |fue fav fuel 
tex teu Sez 
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has as its graph the Hessian [26; 98] of the given curve. The impor- 
tance of the Hessian arises from the fact that the intersections of a 
curve with its Hessian are precisely the singular points and inflection 
points of the given curve. For example, the Hessian of x3 + y? — 3zyz 
is the graph of the polynomial 


62 —32z —3y 
H(a, y, 2) =| —82 6y —32x]| = —54(z? + 93). 
-3y -3r 0 


The intersections of the graphs of f(x, y) = z° + y' — 3zy and H(z, y) 
= —54(z* + y°) must also lie on 54f(z, y) + H(z, y) and therefore 
on at least one of the coordinate axes. Thus the only singular point 
or inflection point of the graph of f(z, y) = 2°+ y? — 3zy is at the 
origin (Fig. 7-6). 

In this section we have considered several methods for graphing 
plane curves. However, we have in no sense exhausted the subject, 
since one can easily write down the equation of a higher plane curve 
that cannot be readily graphed by these methods. Thus, recognizing 
the difficulty of graphing most higher plane curves, we shall consider 
the above discussion as a brief treatment of methods that may 
facilitate the graphing of any given higher plane curve but cannot 
be expected to make graphing a simple routine. In the next section 
we shall consider a few special types of graphs. 


EXERCISES 


1. Find the z-intercepts and the y-intercepts of each of the following 
curves: 
(a) 2 —8e+y+7y + 12 =0, 
(b) z* + y* — 3axy = 0 (Fig. 7-6), Folium of Descartes, 
{c) ey +a2?7— y= 0, 
(d) zy — 2 —4y = 0, 
(e) vy? — 2? — 4y? = 0, 
(f) 2*y + ay — a? = 0, Witch of Agnesi, 
(g) 23 + ay? — 2ay? = 0, Cissoid of Diocles, 
(h) z* + zy? + ay? — 3az? = 0 (Fig. 6-5), Trisectrix, 
(i) 2° + zy? + ax* — ay? = 0, Strophoid, 
(j) zy + b’y — ax = 0, Serpentine, 
(k) ¥ = a(@ — 1)(z — 2), 
Q) y= — 2a + 1)(@ — 2). 
2. Test each of the curves in Exercise 1 for symmetry with respect to 
the (a) z-axis, (b) y-axis, (c) origin, (d) line x = y. 
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3. Develop tests for symmetry with respect to each of the following lines: 
(a) = 1, (b) e =a, (c)y = b, (d)r-—y = 0. 

4. Indicate the excluded regions, if any exist, for 2 and y in the graphs 
of each of the curves in Exercise 1. 

5. Find the tangents to the following curves at the origin: 


(a) zy’ = 2%, (c) @ + 2)y? = a(x + 1), 
(b) Y = 2a —- 1), (d) ay? — 2 = at. 


6. Find the tangents at the origin, if any exist, for the graphs of each 
of the curves in Exercise 1. 

7. Discuss the behavior of x? + y* — 6zy at (3, 3). 

8. Use the Hessian to find the singular points of each of the following 
curves: (a) 3 — zy? — y’, (b) 2? + zy? — 2. 

9. Graph the curves in Exercise 8. [Hint: The curve in Exercise 8(b) is 
reducible (Section 7-9).] 


7-9 Special graphs. We now consider four special methods 
that may be used in graphing. We shall consider graphs of reducible 
curves, graphs obtained by the composition of ordinates, graphs of 
transcendental functions, and Peano’s space-filling arc. 

Whenever the polynomial f(z, y) may be factored as 


f(z, y) = g(a, y) - A(z, y), 


the graph of f(z, y) is said to be reducible and consists of the totality 
of points on the graphs of g(x, y) and h(x, y). The graphs of the 
factors of f(x, y) are called components of the graph of f(x,y). For 
example, the graph of x?+ xy? — x [Exercise 8(b), Section 7-8] has 
two components corresponding to the factors x and 2?+y?—1, 
respectively. Thus the graph of any reducible curve may be obtained 
by graphing each of its components. 

The graphing of f(x, y) may also often be simplified by solving for 
one of the variables, say y = r(x), where r(x) is not necessarily a 
polynomial. For example, 


22? + y® — Qay + 2x — 2, 
when solved for y, gives 
yard V2— 2x — 2, 
which can be graphed as y = y, + ye, where yi =2 and 


y=tV2—-2-x 
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or (x + 1)? + y3=3. When f(z, y) = 0 is solved for y, this method 
of plotting the curve is referred to as graphing by the composition 
of ordinates. 

Throughout our discussion, we have been primarily concerned 
with graphs of polynomials. Graphs may also be defined by tran- 
scendental functions such as y = sin x or y = log, x, where 1 < p, 
by several polynomials 


y = —x when xz < 0, 
5 when x = 0, 

=z? when x > 0, 
or by other symbols such as y = |z| or y = [x], where the bracketed x 
indicates the greatest integer less than or equal to x. Several such 
functions are discussed in [24; 55-60]. It is even possible to define y 
so that its graph is very misleading, due to the breadth of the marks 
corresponding to the points plotted. For example, suppose 

y = 1 when z is rational, 
= 0 when z is irrational. 

Since the rational numbers are dense and the irrational numbers are 
uncountable (Section 1-13) on every segment (a, b), a < b, the graph 
of the above single-valued function appears to be the two lines y = 0 
and y= 1. Several other examples of graphs that cannot be given 
by a single polynomial in z and y may be found in Exercise 3. 

We now conclude our discussion of the tracing of graphs by men- 
tioning an arc with a very unusual property. This arc, Peano’s 
space-filling arc, passes through every interior point of a square. It 
is called an arc because each point on it may be specified by a single 
real value of the parameter ¢, 0 < ¢ < 1, just as the interior points of 
a unit segment on the z-axis may be specified by a single real value of 
z,0<x<1. A description of the manner in which the interior 
points of the square are associated with real values of t,0 <t < 1, 
may be found in [21; 56]. The arc has importance in mathematical 
theories, since it gives a one-to-one correspondence between the 
points of an element of area (two-dimensional) and the points of a line 
segment (one-dimensional). 


EXERCISES 
1. Graph the following: 
(a) x(z? + y? — 2x + 2y — 7), 
(b) @—- yY)@+y— Dd, 
(c) a? — x’y — 22 + 2Qy, 
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2. Graph the following by composition of ordinates or abscissas: 
(a) y= 2+], 
(b) 2? — 4ry + 4y¥ = x — 4, 
(ec) 22 + 6ay + 9¥ +2+ 6y+1=90, 
(d) y=au+sing. 
3. Graph the following: 


(a) y = 2 — [2]. (e) y = 1 when z is rational, 
(b) y = |z|. =—1 when z is irrational. 
(c) y= —xzwhenz $0, (f) y? = lz]. 
= x when x > 0. (g) y= 2 — [Zz]. 
(d) y = “x when z is the square 


of an integer, 
x otherwise. 


7-10 Graphical solutions. If the solution of a problem is obtained 
by observing the intersections of lines and curves on a plane, it is 
necessarily an approximate solution. However, an approximate 
solution is frequently very useful. The following graphical addition 
is a trivial example of the general procedure. 

Consider the family F of lines s+ y=C and make a chart by 
graphing the lines corresponding to values of C less than some 
positive number N in absolute value. The sum a+ b of two real 
numbers may now be found graphically by plotting the point (a, 6) 
and observing the particular value of C that would correspond to the 
line through (a, b) of the family of lines F. 

The applications of graphical methods are very numerous. Addi- 
tion, subtraction, multiplication, and division, compound and simple 
interest, solution of quadratic, cubic, and quartic equations, integra- 
tion and differentiation are considered in [46]. The use of curves in 
the trisection problem has been discussed in Section 6-7. Many 
other applications of graphical methods may be found in [33]. 

Another application of graphical solutions is found in the use of 
slide rules and nomograms. For example, on most slide rules one 
may find the square root of a number on the A scale by looking 
directly below it (assuming the ends of the scales correspond) on the 
C scale. The correspondence between the number and its square 
root is usually observed by means of a cross-hair (movable narrow 
line perpendieular to the scales). The slide rule is thus a special 
case of an alignment chart or nomogram. Many nomograms consist 
of three precisely located lines or curves with scales (possibly very 
different in units and meaning) marked upon each. The nomogram 
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is then used by placing a straightedge through points on two of the 
scales according to given data, and reading the result from the third 
scale. Maurice d’Ocagne [42] devised some excellent nomograms 
and developed methods for handling equations in more than two 
variables on the plane. Many of the procedures in more recent books 
are based upon the work of d’Ocagne. The reader is referred to 
special texts on the subject for details regarding the construction and 
use of nomograms. We shall conclude our discussion of graphical 
representations with a brief discussion of the problem of finding an 
equation or curve to fit a given set of points. 


EXERCISES 


1. Draw graphs that may be used to approximate each of the following 
when 0 = 6 < 10: 


(a) Vb, (c) Vb, (e) Vb +3, 
(b) B? +1, (d) 3, (f) Vb +3. 


2. Draw several curves in a family of curves that may be used to approxi- 
mate each of the following: 


(a) a+b, (ce) ab, (e) a? + 2ad + 67. 
(b) a — 6, (d) a/b, 
3. Solve the following systems of equations and inequalities graphically: 
(a) y =2, (c) sna<y 81, 
y < 2, lz| < 3. 
CP a. (d) 1/z > 1/y, 
(b) 1 -y > 2, ve+y? = 25. 
O<2r<y. 


7-11 Curve fitting. We have previously constructed graphs for 
given equations. In this section we assume that a set of correspond- 
ing values of two variables is given and endeavor to find the equation 
between the variables that best fits the given data and the conditions 
of the problem. Often the data is obtained by observation or experi- 
ment, and new insight into the problem can be gained from an 
equation between the variables. 

It is always possible to find a curve of degree less than or equal 
to n — 1 that passes through n given points. However, the graph 
may be such that additional sets of values from the graph do not 
approximate the corresponding new pairs of values obtained from 
the problem. We shall mention a few methods for determining an 
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equation, called an empirical equation, that the given data approxi- 
mately satisfies. Since a straight line is one of the easiest curves to 
visualize, We shall consider it on several types of coordinate scales. 
The suitability of an empirical equation is often measured by means 
of averages or by the method of least squares, i.e., by minimizing 
the sum of the squares of the differences between the results in the 
given data and those arising from the equation. The topic of curve 
fitting is considered in many analytic geometry texts, for example, 
[38; 204-223]. More extensive treatments are found in [14; 3-88] 
and in [33; 120-169]. 

The graph of y = az + 6 is a straight line with slope a and y-inter- 
cept b on ordinary graph paper. Conversely, whenever the points 
corresponding to the given data appear to lie on a straight line on 
ordinary graph paper, they can (by a change of coordinates if the line 
is parallel to the y-axis) be closely fitted by an equation of the form 
y=ar+b. The constants a and 6 can be readily calculated from 
the given data or from the graph of the line. 

The method of averages may be applied to the linear relation 
y = at+b as follows. The given pairs of values, for example, 


zl 2 3 4 5 6 7 
y 3.20 4.30 480 6.10 7.00 8.20 9.10 


are divided into two sets (since two constants are to be determined) 
approximately equal in number. For example, take the first three 
and last four pairs in the above data. The pairs of each set are 
substituted into the linear relation, giving the rectifying equations 


32= a+b, 61=4a+6, 
43=2a+0, 7.0=5a+5b, 
48=3a+b, 8.2=6a+5, 

9.1 =7a+b; 


the elements of each set are added, 
12.3 = 6a+ 3b, 30.4 = 22a + 46, 


and the resulting two equations are solved simultaneously fora=1 
and b = 2.1 to give the empirical equation y = + 2.1. The method 
of averages may also be used to fit a parabola y = az? + bz es c 
to the data by dividing the pairs of values into three sets and solving 
the three resulting linear equations for the three parameters a, b,c. 

The method of least squares, when applied to the linear relation 
y = ax +b, essentially gives values of a and b such that 
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D= > (az; +b— yi)! 
j=1 


is a minimum where there are n pairs of values (z;, y;), j = 1, 
2,...,, in the given data. This may be done by solving the two 
linear differential equations 6D/éa = 0, 8D/5b = 0 simultaneously for 
a and b. It may also be done [38; 219-222] by solving simultane- 


ously the equations 
>i = a> a+ nb, 


Dai = aS +b > 2. 


If the rectifying equations y; = az;-+6 form one column and the 
XY; = ax} + bx; another, we have for the above example 


382= a+ b 82= a+ 6b 
43= 2a+ 6b 86= 4a+ 2b 
48= 3a+ 6 144= 9a+ 3d 
6.1= 4a+ 6 24.4 = 16a+ 46 
7. = 5a+ b 35. = 25a+ 5b 
82= 6a+ b 49.2= 36a+ 66 
91= Va+ 6b 63.7 = 49a+ 7b 
42.7 = 28a + 7b 198.5 = 140a + 285 


whence a= 0.99 and b = 2.14, to give the empirical equation y 
= 0.992 + 2.14. These methods clearly apply, with slight modifica- 
tions, to the linear relations log y = a log z + log b and log y = ax +b, 
which we now consider. 

The equation y = bz* is equivalent to log y = a log x + log 6 that 
is linear in log y and log x. Thus logarithmic paper is used, on 
which the distances Ox and Oy represent the logarithms of x and 
y respectively instead of their magnitudes. Whenever the points 
corresponding to the given data appear to lie on a straight line on 
logarithmic paper, they can be closely fitted by an equation of the 
form y = bz* and the constants may be readily determined from the 
graph. This method may be extended to include y = br*+¢ by 
considering it in the form log (y~c) =alogx+log 6. The value 
of c¢ may be calculated by trial and error or graphically [14; 12]. 

We observe also that y = 10°+** + ¢ may be considered in the form 
log (y—c) =ax+b as a linear graph on semilogarithmic paper. 
Finally, when the rate of change of one variable with respect to the 
other is linear, we have 
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and the variables may be related by 


oY  2an + or y=ar+brt+e. 
ke 
If the reciprocals of z and y are linearly related, i.e., 
vet + a, 
y 2 
then 
— x < 
4 ax+b 


There are other common types of empirical equations, but the 
above indicate one of the uses of various coordinate papers and 
some of the advantages of graphical methods. More extensive 
treatments of empirical equations may be found in [14] and many 
texts on statistics. 


EXERCISES 


1. Use the method of averages to find an equation of the form y = az + b 
that approximately fits the following data: 


zi 2 38 5 1 12 
y 22 43 65 11 21 24 


2. Plot the given points and the line obtained in Exercise 1. 
3. Find an equation of the form y = ax? + bx + ¢ for the data given in 
Exercise 1. 


7-12 Conclusion. Throughout this chapter we have considered 
the relationships between graphs and equations. In Sections 7-1 
to 7-10 our primary concern has been to obtain the graph ofa given 
function; in Section 7-11, to find an equation of a certain type having 
a curve that best fits the points corresponding to certain given data. 
These considerations illustrate the importance of the relationship 
between the fundamental concepts of algebra and the fundamental 
concepts of geometry. In particular, we have seen that many 
algebraic problems may be expressed geometrically and, similarly, 
many geometric problems (for example, the classical constructions 
in Chapter 6) may be expressed algebraically. This illustrates the 
fact that a study of the basic concepts of any branch of mathematics, 
and in particular our study throughout this text of the fundamental 
concepts of algebra, increases one’s understanding of all phases of 
mathematics. 
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The symbols and notation listed first appear and are defined on the 
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pages noted at the left. 


Page 
3,6 
3,14 
3,14 


334, 

a = b (mod m) 
a # b (mod m) 
[7] (mod m) 
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o(m) 
p(z) 
f(z) 


[a,, j= 1, 2, see 
ail, j= I, 2,. moe 


(ab) 
z 
Chr 
fe 
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Abelian group, 39 
Absolute value, 21, 43 
Acnode, 263 
Addition, properties of, 10, 11 
Adjoin, 54-55 
Affine transformation, 224 
Aleph zero, 36 
Algebra, Fundamental Theorem of, 
139 
Algebraic complement, 199 
extension, 55 
function, 182, 264-269 
number, 26 
plane curve, 268 
Algebraically closed, 49 
Allowable coefficients, 102 
Analytic functions, 133 
Angle trisectors, 242-245 
Approximate solutions, 169-171 
Archimedes, angle trisection of, 
242 
postulate of, 61, 109 
Arithmetic, Fundamental Theorem 
of, 68 
Arithmetic mean, 20 
Associates, 103 
Asymptotes, 264, 272 
Augmented matrix, 208 
Average, 20 


Base, 25, 75-80 
Binary operations, 5 

relations, 5 

system, 78-79 
Binomial, 99 
Bolzano-Weierstrass Theorem, 34 
Bounded numbers, 33-34 
Bounds for roots, 159, 163-164 
Branch point, 269 


Cantor-Dedekind Axiom, 32 
Cantor Theorem, 35 
Cardan’s formulas, 153 
Cardinal numbers, 2-7 
transfinite, 35-38 
Casting out nines, 85-86 
Cauchy convergence criterion, 119- 
120 
sequence, 34, 119, 133 
Chinese Remainder Theorem, 95 
Circle, 254 
point, 254 
quadrature of, 239 
Class of elements, 1 
of a permutation, 177 
Classical constructions, 229-241 
assumptions for, 230 
basic, 233-235 
Closed cut, 28 
interval, 115 
set under an operation, 5 
Coefficients, 99 
set of allowable, 102 
Cofactor, 188-189 
Column expansion, 187 
index, 174 
Commutative addition, 10 
group, 39 
multiplication, 13 
Complementary minors, 199 
Complex number, 41-42 
amplitude of, 46 
argument of, 46 
classification of, 53 
exponential representation of, 46 
imaginary part, 42 
quotient of, 43-44 
real part, 42 
trigoaometric representation of, 46 
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Complex plane, 43 
n-space, 251 
Component, 274 
Composite number, 63 
Composition of ordinates, 275 
Conditional equation, 134 
Cone, right circular, 255 
Congruence, 83-95, 113 
class modulo m, 87-89 
linear, 93-95 — 
solvable linear, 94 
Congruent modulo m, 83 
Conic sections, 254-258 
degenerate, 255-256 
Conjugate complex numbers, 43 
imaginary roots, 142-143 
Constructions, 228-249 
Continued fraction, 74-75 
Continuous functions, 122-127 
at a point, 123 
graph of, 122 
on an interval, 124 
uniformly, 127 
Continuum, cardinal number of, 38 
Contradictory, 27 
Contrapositive, 24 
Contrary, 27 
Convergence, Cauchy criterion for, 
119-120 
Convergent sequences, 119 
series, 121 
Coordinates, 31-32, 46 
Countably infinite sets, 36 
Cramer’s Rule, 172, 205-208 
Cubic curves, 262-263 
Cubic equations, 150-154 
reduced, 152 
resolvent, 155 
Curve, algebraic plane, 268 
cubic, 262-263 
higher plane, 262-267 
quartic, 263 
reducible, 274 
unicursal, 263 


Curve fitting, 277-280 
Curve tracing, 246, 270-276 
Cusp, 263 
Cuspidal cubic, 263 
Cuts, 28-30 
Cyclic group, 52 
Cylinder, 258 
right, 255 


Becimal, exact, 25 
infinite nonperiodic, 26 
infinite periodic, 25, 82 
repeating, 25, 82 
Decimal notation, 80-82 
Dedekind cut, 28 
Postulate, 28 
Theorem, 28 
Deficiency, 263 
Defined operation, 5 
Degree of a polynomial, 99 
Delian problem, 239 
De Moivre’s Theorem, 50-54 
Dense set, 19 
Denumerably infinite set, 36 
Derivative, 127-129 
partial, 272 
Descartes’ Rule of Signs, 156-160 
Determinant, 174 
column expansion, 187 
evaluation, 195 
expansion, 192 
geometric applications, 217-227 
Laplace’s expansion, 199 
notation, 174-175 
order, 185 
principal diagonal, 175 
row expansion, 183-185 
Digits, 25 
Dilation, 226 
Dimension of Euclidean spaces, 250- 
251 
complex spaces, 251 
Diophantine problems, 95-97 
Directrix, 257 
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Discontinuity, 123-125 

finite, 125 

infinite, 125 

oscillating, 125 

removable, 124 
Discriminant, 141 
Divergent series, 121 
Divides, 58, 102 
Divisibility, tests for, 85-86, 135 
Division, 16 

Algorithm, 60-63, 104-106 

sequence, 161 

synthetic, 135-137 
Divisor, 12 

common, 59 

greatest common, 59, 109 
Domain of a function, 115 
Double points, 262-263 
Duplication of cube, 239 


Elementary symmetric polynomials, 
141, 144-149 
Elementary transformations, 204 
Ellipse, 255-257 
Elliptic paraboloid, 259 
cubic, 263 
Empirical equation, 278 
Equation, conditional, 134 
empirical, 278 
linear homogeneous, 205 
rectifying, 278 
systems of linear, 205-211 
theory of, 184-171 
Equivalence relation, 7 
Euclidean Algorithm, 71-75, 109- 
112 
n-spaces, 250 
transformation, 225 
Euler’s ¢-function, 88 
Theorem, 92 
Evaluation of a determinant, 195 
Evolution, 16 
Excluded region, 271 
Exponential notation, 12 


Factor, 12 
Theorem, 135 

Fermat’s Last Theorem, 95-97 
Simple Theorem, 92 

Field, 39, 54-57 
adjunction to, 55 
algebraic extension, 55 
quotient, 55, 101 
skew, 39 

Finite number, 23 
permutation, 179 

Focus, 257 

Folium of Descartes, 262~263 

Function, 114 
algebraic, 132 
analytic, 133 
continuous, 122-127 
decreasing, 117 
discontinuous, 123-125 
domain of, 115 
graph of, 251-275 
increasing, 117 
inverse, 127 
multiple-valued, 115 
range of, 115 
single-valued, 115 
Sturm, 161 
symmetric, 149-150 
transcendental, 132 


Geometric mean, 232, 234 
transformations, 221-227 
Graphical solutions, 276-277 
Graphs, 250-277 
Greatest common divisor, 59, 70, 72, 
108, 161 
Group, 39, 52 


Heine-Borel-Lebesgue Theorem, 34 
Hessian, 273 

Hindu-Arabic notation, 78 
Homogeneous polynomials, 271 
Homothetic transformations, 227 
Horizontal asymptote, 264 
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Horner’s method, 169-170 
Hyperbola, 255-257 
Hyperboloid of one sheet, 260 
Hyperplane, 252 


Ideal, 113-114 
Identity element under an operation, 
12 
Identity relation, 102, 134 
transformation, 226 
Imaginary numbers, 42 
Incommensurable, 24 
Independent polynomials, 103 
Indeterminate, 98-102 
Indicator of m, 88 
Indirect proof, 24 
Induction, principle of complete, 9 
mathematical, 9 
Inequalities (See Order relations) 
Infinite decimals, 25-26, 81-83 
sequences, 118 
series, 121, 131 
sets, 35-38 
Initial, 99 
Inner product, 201 
Integers, 2, 22 
Integral domain, 58 
points, 31 
Intercept, 264 
Interval, 115 
Inverse elements, 15 
operations, 15-16 
transformation, 226 
Inversion, 177 
Involution, 16 
Irrational numbers, 24, 26, 30 
Irreducible polynomials, 106-109 
Isoklinostat, 245 
Isolated point, 263 
Isolation of roots, 164 
Isomorphism, 18 


Kempe’s angle trisector, 245 
Klein’s definition of a geometry, 221 


Laplace’s Expansion, 199 
Least common multiple, 60, 70, 104 
Least squares, method of, 278 
Limit, 116, 118-122 
Line of a matrix, 187 
Linear birational transformation, 148 
combination, 195 
congruence, 93-96 
subspace, 252 
Linear Equations, Fundamental 
Theorem for Systems of, 209 
Linearly dependent, 213-214 
independent, 214 
ordered, 14 
Linkages, 244-247 


Mathematical induction, 9 
Matrices, 173 
augmented, 208 
coefficient, 208 
cofactors of, 188-189 
equal, 223 
geometric applications of, 217-227 
lines of, 187 
minors of, 188, 198-204 
normal form of, 204 
notation for, 174 
order of square, 175 
product of, 201 
rank of, 202-203 
square, 174 
triangular, 197 
Mean proportional, 234 
Mersenne prime, 67 
Minor(s), algebraic complement of, 
199 
complementary, 199 
of an element, 188 
principal, 204 
rth, 198 
Modulus of a complex number, 43 
of a congruence, 83 
Monie polynomial, 103 
Monomial, 98-99 
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Multiplication, properties of, 10-12 
Multiplicity of roots, 164 
graphical intersections, 253 


Nappes, 255 
Natural number, 2 
order, 176 
Negative numbers, 20-23 
Newton Diagram, 272 
Newton’s method, 169 
Nim, 79 
Nodal cubics, 263 
Node, 263 
Nonnegative number, 19 
Norm, 43 
Normal form of a matrix, 204 
Numbers 
absolute value of, 21, 43 
algebraic, 26 
bounded, 33-34 
cardinal, 2-7 
complex, 40-54 
composite, 63 
constructible, 236 
finite, 23 
imaginary, 42 
irrational, 24, 26, 30 
natural, 2 
numerical value of, 21 
ordinal, 2 
perfect, 60 
prime, 63-70 
pure imaginary, 42 
rational, 17-23, 81-82 
real, 24, 35 
signed, 21 
theory of, 58-97 
transcendental, 26 
transfinite cardinal, 35-39 
unbounded, 33 
Number systems, 39-40, 54-57 


One-to-one correspondence, 2 
Open cut, 28 
interval, 115 


Order-isomorphism, 18 
Order of determinants, 185 
elements of cyclic groups, 52 
Square matrices, 185 
Order relations for complex numbers, 
4l 
nonnegative integers, 14-15, 17 
rational numbers, 17-24 
real numbers, 28-31 
transfinite cardinal numbers, 35 
Ordered products, 225-224 


Pantograph, 246-247 
Parabola, 255-256 
semicubical, 263 
Peano’s postulates, 8-9 
space-filling are, 275 
Permanence, 157, 177 
Permutation, 175 
class of a, 177 
even, 177 
finite, 179 
odd, 177 
¢-function, 88-92 
Plane figure, 235 
Point reflection, 226 
Polynomial equations, 134-171 
conditional, 134 
cubic, 150-154 
degree of, 139 
identity, 134 
isolation of roots, 163-164 
multiple roots, 164-168 
number of roots, 139-141, 156-164 
of degree greater than 4, 142 
quartic, 154-156 
rational roots, 148 
roots, 134 
solution of, 134, 139, 141-142, 166— 
171 
transformations of roots of, 146— 
150 
Polynomials, 98-134, 144-150, 161, 
252-264 
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Polynomials (Cont.): 
associate, 103 
derivative of, 128-129 
elementary symmetric, 144-149 
graphs of, 252-264 
homogeneous, 188, 271 
independent, 103 
irreducible, 106, 143 
monic, 103 
reducible, 106 
relatively prime, 103 
ring of, 100 
Sturm’s, 161 
symmetric, 149-150 
zeros of, 134 
Postulates for real numbers, 28-30 
Prime numbers, 63-71 
Primitive roots, 52, 87-89 
solutions, 96-97 
Principal ideal, 114 
minor, 204 
value, 46, 50 
Product symbol, 69 
of matrices, 201 
Proof by elimination, 27 
Pythagorean equation, 95-97 
Theorem, 96 


Quadratic equation, 151 
Quadratrix, 239-240 
Quadrature of circle, 239 
Quadric surfaces, 255, 258-262 
Quartic curves, 263 

equation, 154-156 
Quotient field, 55 


Range, 115 

Rank, 202-203 

Rational functions, 101, 264-267 
numbers, 17-23, 81-82 
operations, 5 
roots, 148 

Real graph, 268 
numbers, 26, 28 
part of complex number, 42 
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Real polynomial equations, 159 
Reciprocal modulo m, 94 
Rectifying equations, 278 
Reduced cubic equation, 152 
Reducible curve, 274 
polynomial, 106 
Reductio ad absurdum, 24 
Reflexive relation, 7 
Relatively prime, 60, 88, 103 
Remainder Theorem, 135 
Residues modulo m, 87 
class of, 87-89, 114 
complete system of, 87 
reduced system of, 88-89 
Resolvent cubic equation, 155 
Riemann surface, 268-269 
Ring, 54-55 
of integers, 58 
of polynomials, 100 
Roots, 134 
bounds for, 159, 163-164 
conjugate imaginary, 143 
construction of, 236-237 
isolation of, 163-164 
multiplicity of, 164 
of unity, 52, 87-89 
simple, 164 
transformations of, 146-150 
Rotation, 221-222 
Row expansion, 183-184 
index, 174 
Russian peasant multiplication, 78, 
80 


Secant, 128-129 
Segment, 115 
Sequence, 118 
Cauchy, 119 
convergent, 119 
division, 161 
limit of, 119 
null, 118 
Sturm, 161, 165-166 


Series, infinite, 121, 131 
Set(s), 1 

closed, 5 

continuous, 32 

elements of, 1 

empty, 4, 28 

equivalent, 3 

finite, 3 

infinite, 3 

mutually exclusive, 4 

nonempty, 15 

null, 4 

proper subset of, 4 

subsets of, 4 

void, 28 

well-ordered, 15, 61-62 
Set-theoretic addition, 4 
Sieve of Eratosthenes, 65 
Simple root, 164 
Singular point, 262 
Slope, 128-129 
Solutions, 17, 93, 96, 134 

approximate, 169-171 

graphical, 276-277 
Spaces, complex, 251 

Euclidean, 215, 250 

four-, 260-261 
Square matrix, 174 

determinant of, 174 

principal diagonal, 175 
Straightedge, 229 
Sturm functions, 161 

polynomials, 161 

sequences, 161, 165-166 
Sturm’s Theorem, 160-168 

for multiple roots, 166 
Subtraction, 16 
Summation symbol, 185 
Surfaces, quadric, 258 

Riemann, 268-269 

ruled, 260-261 
Symmetric functions, 149-150 

graphs, 271 

polynomials, 149-150 
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Symmetric relations, 7 

Synthetic division, 135-138, 159 

Systems of linear equations, 205-211 
augmented matrix of, 208 
consistent, 207 
determinant of coefficients, 205 
Fundamental Theorem for, 209 
matrix of coefficients, 208 


Tangents, 128 

at the origin, 271 
Taylor’s formula, 130 

series, 130-133 
Tomahawk, 244 
Totient of m, 88 
Transcendental function, 132 
Transfinite cardinal number, 35 
Transformations, geometric, 221-227 

group of, 226 

of roots, 146-150 

ordered product of, 228-224 
Transitive relation, 7 
Translation, 221-222 
Transpositions, 178-183 
Triangular matrix, 197 
Trinomial, 99 
Trisection of any given angle, classi- 

cal, 240-241 

nonclassical, 242-245 

Trisectrix of Maclaurin, 248 


Unbounded numbers, 33 
Unicursal curve, 263 
Unique Factorization Theorem, 68 
Units, 59, 63, 102 
Unity, 12, 55 

roots of, 52, 87-89 


Vacuous graph, 251 
Vandermonde’s determinant, 198 
Vector, 46 
Variable, 93, 98 

change of, 112-113, 138-139 
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Variable (Cont.): 
continuous real, 115 
dependent, 114 
independent, 114 
positive integral, 115 

Variation, 157 

Vertical asymptote, 264 


INDEX 


Well-ordered, 15 
Wilson’s Theorem, 95 


Zero, 12 
cut, 29 
deficiency, 263 
divisor, 39, 59, 90 
of a polynomial, 134 


